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In memoriam

Viorel Arndutu was my undergraduate and PHD student and also co-
worker in a field where he had a pioneering contribution in Romania: nu-
merical analysis of optimal control problems governed by partial differential
equations. His contribution to the development of this research direction
is indeed remarkable. Computer scientist by training, he became our main
specialist in scientific computation of infinite dimensional optimization prob-
lems and his premature disparition represents a big loss for our mathemat-
ical community. Viorel had a great intelect and a nice personality and will
remain forever in our memory.

Viorel Barbu
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Viorel Arnautu

(13.10.1955 — 04.01.2014)

Viorel Arnautu was born on October 13-th, 1955, in Iasi, the old cap-
ital of Moldavia, in a well-known family of physicians and professors. His
whole life and career was dedicated to mathematics, that he studied in the
schools and in the Department of Mathematics of the ”Al. 1. Cuza” Univer-
sity in Iagi. He obtained his Ph.D. in Applied Mathematics in 1987 under
the supervision of Academician Viorel Barbu. His scientific education also
includes a postdoc grant in 1991 at the Laboratory of Numerical Analysis,
CNRS and University Paris VI. After a short period at the Computer Center
of the ”Al. I. Cuza” University in lasi, his professional career included posi-
tions of assistant professor (1982 — 1992), associate professor (1992 — 2002)
and full professor until his untimely death in the beginning of 2014. All
the positions were in Numerical Analysis and Information Technology, at
the Faculty of Mathematics, ” Al. 1. Cuza” University in lasi, Romania. He
also held temporary positions for various time periods at the Institute for
Applied Mathematics, Freiburg, Germany (1984) and at the Department of
Mathematics, Universita degli Studi di Bari, Italy (1985). With the Uni-
versity of Jyvéskyla (Pekka Neittaanméki) and the Weierstrass Institute
Berlin (Juergen Sprekels, Dietmar Hoemberg) a very long cooperation was
active for many years, concretized in several research projects and many co-
authored scientific works. Other important collaborators of Viorel Arnutu
were Vincenzo Capasso, Viorel Barbu, Dan Tiba, Sebastian Anita. The
research interests of Viorel Arnautu span a large range of subjects: numer-
ical methods (theory, algorithms and computer programs) for optimal con-
trol problems governed by PDE’s and by variational inequalities; numerical
methods for Hamilton-Jacobi equations (the synthesis of optimal control);
numerical methods for PDE’s and integral equations; applied mathematics,
applied optimal control problems; free boundary problems: epidemic mod-
els; optimization of plates; laser hardening of steel; 3D curved mechanical



structures; population dynamics. Viorel Arnautu is the author or co-author
of four books and more than 25 papers published in international journals
and proceedings volumes:

e Optimal Control from Theory to Computer Programs (in cooperation
with Pekka Neittaanméki), Kluwer Academic Publishers, Dordrecht,
Boston, London, 2003.

e Numerical Methods for Variational Problems, University of Jyvaskyla,
Department of Mathematical Information Technology, Lecture Notes
8/2001, Jyvéskyla, Finland, 2001.

o Metode numerice pentru probleme variationale. Teorie si algoritmi,
Editura Universitatii ” Alexandru Ioan Cuza”, Tasi, 2001.

e An Introduction to Optimal Control Problems in Life Sciences and
Economics. From Mathematical Models to Numerical Simulation with
MatLab (in cooperation with S. Anita, V. Capasso), Birkhaduser, Boston,
2010.

He had four Ph. D. students. He is survived by his wife Marcela and his
two children. All his relatives, his friends and collaborators, his students will
remember his very warm and pleasant personality, his positive and friendly
attitude, his humour and his kindness.

Pekka Neittaanmaki
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DYNAMICS AND CONTROL OF AN
INTEGRO-DIFFERENTIAL SYSTEM
OF GEOGRAPHICAL ECONOMICS*

Sebastian Anital Vincenzo Capasso? Herb Kunze?

Davide La Torre!

Dedicated to the memory of Prof. Dr. Viorel Arnautu

Abstract

In this paper we consider the impact of induced environmental
pollution on the qualitative behavior and control of a system of ge-
ographical economics. Our underlying mathematical model extends
other results in the literature along different directions. A general
class of production functions is considered, including, in addition to
the classical Cobb-Douglas production function, convex-concave pro-
duction functions. The dynamics of the pollution is modelled via a
diffusion equation coupled, via an integral source, with the geographi-
cally distributed production. Reciprocally, we suppose that the (neg-
ative) influence of pollution may be modeled as a negative feedback
acting on the production function, and therefore on capital accumula-
tion. We analyze the qualitative behavior of the coupled system, and

*Accepted for publication on October 4-th, 2014
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then propose an optimal control problem for the above model. In or-
der to solve the system of partial differential equations which describes
the optimality conditions, we implement a Forward-Backward Sweep
algorithm. Numerical simulations are reported which illustrate the be-
havior of the system and its optimal control.

MSC: 35K57; 35Q91; 93D15; 49K20; 91B62; 91B76

keywords: Geographical economics; Environmental pollution; Reaction-
diffusion systems; Integral nonlocal term; Qualitative analysis; Optimal con-
trol; Non-concave production function

1 Introduction

Different from standard macroeconomic models and environmental eco-
nomics, recent literature tends to develop a global theory combining these
two branches of literature (see [12]). In this paper, following this new trend,
we analyze the negative impact of induced pollution on the qualitative be-
havior, and on the control of a mathematical model of geographical eco-
nomics. We suppose that the (negative) influence of pollution may be mod-
eled as a negative feedback to the production function and therefore on
capital accumulation.

The first studies in geographical economics date back to Beckman [9] and
Puu [25], who consider regional problems based simply on flow equations.
These works led to the development of a notion of geographical economics
that uses general equilibrium models to analyze the peculiarities of local
and global markets, as well as the mobility of production factors (see [20],
[22], [23]). More recently, this geographical approach has been introduced
in economic growth models to study the connections between accumulation
and diffusion of capital on economic dynamics (see [10], [11], [14], [16]). The
Solow model [30] with a continuous spatial dimension has been extensively
studied. Camacho and Zou [14] analyze problems of convergence across
regions when capital is mobile, while Brito [11] considers the case in which
both capital and labor are mobile. Capasso et al. [16] introduce technology
diffusion in the same model, under the additional feature of a convex-concave
production function. The Ramsey model [26] has been extended to a spatial
dimension by Brito [11] and Boucekkine et al. [10], respectively in average
and total utilitarianism versions. Other contributions which explore the
spatial dimension in environmental and resource economics can be found in

[5], [13], [31].
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Before moving to the case analyzed in this paper, we wish to point out a
key feature of our models (see also [16]) which concerns the extension of the
production function to a larger class of functions, including both the classical
Cobb-Douglas case, and convex-concave production functions. The neoclas-
sical theory, developed firstly by Solow (1956), is founded, among others,
on two main assumptions driving its main results, namely the fact that
the production function exhibits decreasing marginal returns, and infinite
marginal productivity for very small input levels (Inada conditions). This
ensured that a unique non-trivial equilibrium exists, so that every economic
system would converge in the long-run to such a capital level. However,
such a model provide a good description of systems with an high level of
economic development, and are not applicable to less developed countries
(see [27], [28]). In fact, the presence of fixed costs is an importance hin-
drance to the development of poor countries and only when the production
level can get sufficiently high to compensate for such costs, returns will be-
come decreasing. In order to build a theory able to describe the evolution
of both advanced and less favored countries, we have relaxed these assump-
tions while keeping the general framework unaltered; in this way we have
shown that it is possible to predict the so called poverty traps [16]. In [17]
related inverse problems have been faced.

A short announcement of the main results of our research has been
presented in a letter [3]; here we offer all relevant mathematical analysis
supporting the anticipated results, together with the outcomes of related
numerical simulations.

In Section 2 we present the underlying mathematical model describing
the strong coupling of the evolution equations for the production and the
induced environmental pollution.

In Section 3 we analyze the qualitative behaviour of the system, for large
times and for some relevant cases.

In Section 4, we perform a numerical simulation of the steady-state model
using reasonable parameter values. The results illustrate that both k£ and p
approach nontrivial and spatially heterogenous equilibria.

In Section 5, we formulate an optimal control problem and solve a par-
ticular case using the Forward-Backward Sweep method. We assume that
there is a representative agent who wishes to maximize his inter-temporal
utility subject to the dynamic constraints (2)-(4). If we denote by
c(x,t)k(z,t) the pointwise instantaneous “harvesting effort”, the control
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problem reads as

T

max / / e Oe(x, t)k(x, t)dx dt, (1)

ceU 0 Q

subject to the relevant dynamics; ¢ is a nonnegative real number. The

general cost function using the CIES utility function would have been

[C(ZL’, t)k(l‘, t)]liﬂ -1
1-5

anticipate that this general case can be treated in the same fashion as we

have treated here the case when § =0, as in (1).

, where 8 € [0,1) is a positive parameter; we may

2 The underlying dynamical model

Let k(z,t) and p(z,t) respectively denote the capital stock held by and
the pollution stock faced by a representative household located at x at date
t, in a habitat Q (where Q C R? is taken as a nonempty and bounded domain
with a smooth boundary), and ¢ > 0. We also assume that the initial capital
and pollution distributions, k(z,0) = ko(z) and p(z,0) = po(x), are known
and satisfy

ko, po € L>(2), ko(z) > koo > 0,po(z) >0 ae. x €, (H)

and there is no capital or pollution flow through the boundary of 2, namely
that the normal derivatives %(x, t) = %(m, t)y=0atx € 0N and t > 0. We
assume a continuous space structure of both physical capital and pollution,

so that the model we are interested in is the following:

ok sf(k(z,t))

gt(xvt) = d1Ak(z,t) + W — 61k(x,t) — c(z, t)k(x, 1) @)
w0 = el ) +0 [ D) )i~ ban(a.)
for (z,t) € Qo,00, where
g :[0,4+00) — (0, +00) is continuously differentiable and increasing,
9(0) =1 and lim,_, 4~ g(r) = +00,
subject to homogeneous Neumann boundary conditions
ok dp
a(mat) - %(xat) =0, (:U,t) € ZO,ooa (3)

and initial conditions

k(x,0) = ko(x), p(x,0) = po(x), x €. (4)
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The control variable c(x,t) describes the level of consumption at the loca-
tion x, at the time ¢ (¢ € L*(2 x (0,400)), 0 < ¢(z,t) < L a.e.) and
di,d2,s,0,01,02, L are positive parameters. Here Q.5 = © x (a,b) and
Ea,b = 00 X (a, b)

In the above model (2) the symbol f denotes a production function; we
assume it is of the following form

apr?
1+ 0427“'77

f(r)

where a1 € (0,+00), ag € [0, +00), v € (0, +00). The choice of g(p) = 1+p?
appears suddenly in the literature. We shall use this assumption in our
present paper as well.

For basic results concerning the solutions to reaction-diffusion systems
without integral terms we refer to [29]. We wish to remark that we deal here
with a reaction-diffusion system including an integral (nonlocal) feedback in
the evolution equation of the pollution concentration.

Let us notice that for ag = 0 and v € (0, 1], we get the well known Cobb-
Douglas production function. On the other hand, for ay > 0 and v > 1,
we get an S-shaped production function. Paper [28] is the first contribution
in the economic literature dealing with non-concave or convex/concave pro-
duction functions. From an economic perspective this kind of assumption is
justified by empirical evidences from less developed countries. Finally, the
kernel ¢(x’,x) describes the way in which pollution spreads over space; it
satisfies the following hypotheses: ¢ € L*(2 x Q), and ¢(z/,2) > 0, for
a.e. (/,2) € QA x Q. For v € [1,400), via Banach’s fixed point theorem and
using the fact that f is continuously differentiable, it is possible to prove
that there exists a unique and nonnegative solution to (2)-(4) on the whole
positive time semi-axis. Whenever v € (0,1), f is no longer differentiable
at 0; however, since by (H) we have that ko(z) > koo > 0 a.e. = € Q, com-
parison results for parabolic equations and the fixed point theorem imply,
in this case too, the existence and uniqueness of a nonnegative solution to
(2)-(4), on the whole positive time semi-axis.
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3 Large-time behavior of the underlying dynami-
cal system

3.1 The case p =0 and time-independent ¢

In this case system (2)-(4) reduces to

g’g = Ak(z, t) + sf (k1) — 61k(z, 1) — c(2)k(z, ), (2,1) € Qooe
a(m,t) =0, (x,t) € Xo,00
k(x,0) = ko(x), z €.

(6)
In the following we discuss the large time behavior of (6) under different
hypotheses on the parameter values.

I) In the production function (5) we first assume that ag = 0 and
v € (0,1). In this case we are assuming that the production
function f takes a Cobb-Douglas form. Then for any space in-
dependent initial datum kg1, with kg; > 0 sufficiently small, we
get

sf(ko1) — d01kor — c(x)ko1 > 0, a.e. z € Q;

i.e. koi() is a (strict) lower solution to

diAk(z) + sf(k(z)) — 01k(z) — c(x)k(z) =0, z€Q
%(m) =0, x € 09.

(7)
Hence, by using comparison results for parabolic equations (see
e.g. [19]) we obtain that the solution k; to (6), subject to the
initial datum kg1, is monotonically increasing in ¢ € [0, +00), for

almost any x € €.
On the other hand any space independent initial datum ke with
ko2 > 0 sufficiently large, is a (strict) upper solution of (7), i.e.

Sf(k’og) — 01kga — C(I)kog <0, ae x€ Q.

By the same arguments as above, we obtain that the solution
k2 to (6), subject to the initial datum kgg, is monotonically de-
creasing in t € [0, +00), for almost any z € Q.
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The monotonicity of k; and kg implies that k1 (-, t) — k1, ka(-, ) —
ko in LY(RY), as t — o0, for any ¢ € [1,+00), where k; and ko
are nonnegative solutions to (7). In addition this yields 0 <
INcl(x) < I;:Q(x) a.e. x € Q.

Actually, using a standard argument for parabolic equations (see
[29]), let us prove that ki(z) = ko(z), a.e. = € Q. Since k;
satisfies

d ARy () + sarki(2)Y — 01k (z) — c(2)ki(z) =0, z€Q

%(a?) =0, x € 09,

multiplying by ko and integrating on () gives that
—d1/ VEHV/;‘QCZ.T + sal/ ];?iczdx = /(51 + C)/;‘llzizdx.
Q Q Q
In the same manner we get that
—d1/ V]zllvg‘gdx + sal/ ];71;7;dx = /((51 +C)/;‘1£72dx.
Q Q Q
We infer that

/Q o (2) T (@) (i (2) — Foa (2) ) dee = 0

and taking into account that ki and /%2 are positive and l%l(x) <
/fg(m) a.e. x € , we conclude that k1 = ko. Let us denote by
k(x), a.e. x € £, the common function.

We may now notice that, for any kg satisfying (H) we can choose
the space independent ky; > 0 sufficiently small and kg2 > 0
sufficiently large and such that kg < ko(z) < koo for a.e. z € Q.
Again the comparison results in [19] imply that any solution k to
(6) subject to the initial datum kq satisfies lim;_, 4 o0 k(-, ) = k in
L?(9). Regularity results for the solutions of parabolic equations
imply that limy o0 k(-, ) = k in L(Q) as well [4].

In the production function, see (5), we assume that ag = 0 and
v € (1,400). For any space independent kg1 > 0, with ko
sufficiently small, we get that for any ¢ € (0,+00) sufficiently
small :

sf(ki(z,t)) — hki(x,t) — c(x)k1(z, 1)
= sarki(x,t)T — 01k1(x,t) — c(z)ki(z,t) < f%kl(x, t)
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a.e. x € (), where ky is the solution to (6) corresponding to
ko := ko1. The comparison result for parabolic equations implies
that the mapping ¢t — ki (z,t) is decreasing on [0, +00) for almost
any z € € and consequently

sf(ki(z,t)) — d1ki(z,t) — c(z)ki(z,t)
= sarki(z,t)" — d1ki(x,t) — c(x)ki(x,t) < —%kl(m,t)
for any t € [0, +0), a.e. x € Q. We then deduce that
0 < ki(z,t) < ka(z,t)

a.e. x € Q, for any t € [0, +00), where k13 is the solution to

gg(x,t) = d1Ak(x,t) — %k(w,t), (x,t) € Qo,00
o (@,6) =0, (@.0) € Sooe (O
k(ﬂj,O) = ko1, x € Q.

Since the unique solution to (8) is k11(z,t) = ko exp{—% ,

YVt > 0, a.e. x € ), we conclude that
k1(-,t) = 0 in L™(Q),
as t — +00, exponentially.
On the other hand for any space independent and sufficiently
large ko2 > 0, we get in the same manner as in (I1) that for any
t €[0,400):
sf(ka(x,t)) — 01ka(z,t) — c(x)ko(x, )
= ko(x,t)[sa1ka(z,t)7 7 — 81 — c(x)] > Cho(x, 1)

a.e. = € §, where ko is the solution to (6) corresponding to
ko := kg2 and ( is a positive constant, and that the mapping
t — ko(z,t) is increasing on [0, 4+00) for almost any z € Q.

Using again the comparison result for parabolic equations we get
that

kg(x, t) Z koz exp{(jt},
a.e. x € Q, for any t € [0, +00), and consequently

Essinfq ka(-,t) — +o0,

as t — 400, exponentially.

15
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ITI) Let us now assume that ag = 0 and v = 1. Then system (6)

becomes
%(x,t) = d1Ak(z,t) + (saq — 61 — c(2))k(x,t), (x,t) € Qoo
gi(mt)—() (x,t) e X
o ’ 0,00
k(x,0) = ko(x), x €.

We have now the following cases happening.

1. For any c satisfying sa; — 61 —c(z) < —C a.e. (z,t) € Qo,00,
where ( is a positive constant, then the comparison result
for parabolic equations implies that

k(z,t) < ||koll Lo () exp{—(t},
a.e. x € Q, Vt >0, and so
k(-,t) = 0 in L>(Q),
as t — +00, exponentially.
2. For any c satisfying sa; — 01 — ¢(z) > ¢ a.e. (2,t) € Qo,00,

where ( is a positive constant, then the comparison result
for parabolic equations implies that

k(x,t) > koo exp{Ct},
a.e. x € Q, Vt >0, and so
Ess infq k(-,t) = +oo in L*(Q),

as t — +00, exponentially.

3. For any c a constant satisfying sa; — d; — ¢ = 0, then

k(- t) — / ko(z)dz in L*™(Q),
Q
as t — +o0.

IV) We consider now the case as > 0, with v € (1,+00), so that
the production function f, as defined by (5), is S—shaped. Then
there exists a positive constant n such that n = sup %(7") We

r>0
also have that f'(r) > 0, Vr > 0. In addition, if > 0 is small

then f(r) ~ aqr?. If r > 0 is large, then f(r) ~ 5!. By the
same comparison techniques used above, it is possible to prove
the following
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1. If we also have that n — 01 —c¢(z) < —¢; < 0 ae. x € Q
(where ¢; is a positive constant), then k(-,¢) — 0 in L>(£2),
as t — +o0.

2. If we assume that n — 61 — c¢(z) > ¢; > 0 a.e. x € Q (where
c1 is a positive constant), then for any initial datum kg with
a sufficiently small norm (in L*°(f2)), one gets k(-,t) — 0
in L*(Q), as ¢ — 400. On the other hand for any initial

s (koo)

koo B

we may conclude that k(-,t) — k in L>®(Q), as ¢ — 400,

and k is a nontrivial nonnegative solution to

datum kg such that > 01+ |lel| o) ae. @ € €,

d1~Al~€ + 8% — 01k —c(x)k=0, e

9)
%(m) =0, x € 0N

V) Assume now that ag > 0 and v = 1. Then the derivative of

G(z,r) = 57 il(;r —or —c(z)r
with respect to r is
%(w,r) = 3(14_&#7,)2 — 1 —c(x)
which is a decreasing function of r.
1. If %—f(m,O) =sa;— 0 —c(x) < —cp < 0ae x€N(cisa

positive constant), then the solution & to (2) satisfies
k(-,t) — 0 in L*(Q)
as t — +o0.

oG
2. If E(m,O) > cp > 0a.e. €, then it follows as in the

case (I1) that for any space independent and sufficiently
small kg; > 0 we get that

k‘](',t) — ];‘1 in LOO(Q)7

as t — 400, where k; is the solution to (6) corresponding
to ko := ko1, and ki is a positive solution to (7). In the

17
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same manner as in case (I) it also follows that ky = kg = k,
which is the unique nontrivial nonnegative solution to (7),
where ky and ky are constructed as in (I). Using again the
comparison result for parabolic equations we get that

k(-,t) =k in L>(Q),
as t — +o00, where k is the solution to (6).

VI) If ag > 0 and v € (0,1), then for any space independent and
sufficiently small ko; > 0 we get that the mapping ¢t — ki(x,t)
is increasing on [0, +00), for almost any = € Q and that

k‘](',f) — ]~€1 in LOO(Q),

as t — o0, where k; is the solution to (6) corresponding to
ko := ko1 and k; is a solution to (7) satisfying in addition

0< ]2‘1(%) < ];2(.%’)

a.e. © € . Here ky and ks are constructed as in (I). As in the
first case (I) we get that

and since the function integrated here is nonnegative, we may
conclude that

Fa(@)f (k1(2)) = ki (2) f (k) = 0

a.e. x € ) and consequently that k1 = ks = k and this is the
unique nontrivial nonnegative solution to (7).

Repeating the argument in case (I) we may finally infer that for
any ko satisfying (H) we get

k(-,t) =k in L®(Q),

as t — +o0.

The above discussion shows that, under the hypotheses as > 0 and v > 1,
which correspond to the case of an S-shaped production function, a saddle
behavior emerges; i.e. for sufficiently small initial datum kg, the production
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k(z,t) diminishes to 0, as t — +o00, while when kg is sufficiently large the
production tends to a certain nontrivial steady state. As a conclusion, let
us notice that these results could also be obtained by assuming a general
function f € C([0,+00)) such that f'(0) =0, f'(r) > 0 for any r > 0 and
lim, 400 f(r) = 7 € (0,+0) (see e.g. [15]). To investigate systems with
nonlinear diffusion we have to combine the techniques in this paper with
those in [18].

3.2 The general case with pollution diffusion

We are dealing here with the case when ag > 0 and v > 1. Assume
that 0 < ¢(z,t) < L a.e. (z,t) € Qoo. Let (k,p) be the solution to (2)-
(4). Comparison results for parabolic equations imply that k(z,t) < ka(z, 1)
a.e. (z,t) € Qo o, where ko is the solution to (6) corresponding to ¢ = 0
and p = 0. By using comparison results for parabolic equations including
integral terms (see [2]), we get that 0 < p(z,t) < py(z,t) a.e. (z,t) € Qo,00,
where D, is the solution to
%(m,t} = dQApz(x,t)—l—G/Qf(kg(x',t))ap(x',x)dx'—ézpz(af,t), (z,t) € Q0,00

subject to boundary and initial conditions as in (3) and (4).

If koo is sufficiently large, then ky(t) — ko in L®(Q), as t — 400, where
ks is the maximal nonnegative solution to (5) corresponding to ¢ = 0. This
implies that Py(-,t) — P2 in L®(Q), as t — 400, where o is the solution to

doAps(x) + Q/Qf(ffg(x’))cp(x’, z)dx’ — opo(z) =0, z€Q

9
%(x) =0, x € 00,
Now for any € > 0, there exists t(¢) > 0 such that k(x,t) > k¥(z,t) a.e.

xz € Q, for all t > t(e), where k} is the solution to

ok sf(kZ(x,1))
GRS AGCAILOVR WY )
aa;f * hAk T 01kZ(x,t) — Lk(z,t), (2,1) € Que) 0
o (2,1) =0, (,1) € Zi(e) 0o
satisfying kX (z,t(e)) = k(x,t(e)) a.e. = € Q. In conclusion, if 79@2”(1:)) _

01— L > pu>0ae x € then for any koo sufficiently large we get the
existence a sustainable economy, characterized by the persistence of k and
the boundedness of the level of pollution. Moreover, for ky sufficiently small,
the production k(-,t) tends to 0 in L*°(2), as ¢ — +o0o, which corresponds
to a collapsing economy.
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4 Numerical simulations

In the following simulations we use the parameter values

51 =0.05, 63 = 0.01, s =0.25, d; = 0.01, dy =0.01, § =0.1, c=0

z—a'|?
oz, x) = \/%e_l = P(x), € =0.001, () = 2?
k(z,0) = e=** and p(z,0) = €%, Q= [a,b] = [-1,1], T = 600
a; =100, ae =100, v =14
gp)=1+p

(10)

The above choices of parameter values are explained as follows:

91 = 0.05 can be found in [6] and they describe the physical capital
share and the depreciation rate of physical capital, respectively.

02 = 0.01 represents the environmental ability to absorb pollution.
The growth of CO2 emissions tripled between 2000 and 2004, growing
by more than 3 percent per year according to a new study published
in Proceedings of the National Academy of Sciences USA. Since the
air quality is decreasing, it is ural to suppose that the environmental
ability to absorb pollution is less than 3 per cent.

di and dy determine the diffusivity. We set them both equal to 0.01.

s is an efficiency parameter that we assume to be greater than 0.2 (see

[21]).

0 is a normalization factor.

12
1 lz—a|

In p(z', x), the expression = is a classical Gaussian kernel,

=
and the function ¢ (x) allows from some place-dependent behaviour in
the kernel.

a1 = ag = 100 and v = 4 are set to values so that f is S-shaped.

T = 600 is the length of the time interval.

The solution surfaces are plotted in Figure 1.
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Figure 1: Solution surfaces for capital and pollution in the case of an S-
shaped production function, kernel, and parameter values as in (10).

5 An optimal harvesting problem

Here we will consider only the case 8 = 0, ag > 0, v > 1. The results
in the previous section imply that for any ¢ € L*(Qo,), 0 < ¢(z,t) < L
a.e. in @, then (k¢ p°), the solution to (2)-(4) corresponding to ¢ satisfies
0 < k%(z,t) < ko(z,t) ae. (x,t) € Q. Since ka € L®(Qo,00), there exists
M > 0 such that 0 < ko(x,t) < M ae. (z,t) € Qoo We may conclude
that

SN

0< / / e O(x, t)ke(x, t)dx dt < LMmeas()
0 Q

and 7
0< / / e Oc(x, t)kC(x, t)dx dt < LMmeas(Q)eT.
T Q

This means that instead of investigating the control problem formulated
in Section 2 we could treat the following approximating optimal control
problem with a finite horizon time (it is an optimal harvesting problem):

T

(OH) max / / e O(x, )k (x, t)dx dt,
celU Jo Q

where T' > 0 is fixed (and large), and U = {v € L*(Qo1); 0 < v(x,t) <

L a.e. in Qo} is the set of controls, and (k¢ p°) is the solution to (2)-(4)

corresponding to g(p) = 1+ p?, and Qo7 and Xy (instead of Qo and

Y0,00, respectively).
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Since this is a standard optimal control problem, the existence of at
least one optimal control ¢* can be proven following [1, 7, 8]. In addition,
the following result holds.

Theorem 1 If (k*, p*) is the optimal state corresponding to c*, and if (q1, q2)
is the solution to the following problem

(z,t) = —d1Aq (z,t) — (Sm - 51> q1(x,t)

—0f'(k*(2,1)) Jo a2(', t) (@, 2")da’ + *(x,t) (e + qu (2, 1))

(7,t) = —d2Aga(,t) + 28{1(]{_;:(;:(2)53;2(;7 ‘) q1(x,t) 4 02g2(x, t),
(11)

for (z,t) € Qo,r, subject to homogeneous Neumann boundary conditions and
final conditions

iy
ot

9¢2
ot

QI(va) =0, QQ(va) =0, S Q? (12)

then 5t
. 0, if e 4 q(x,t) <0
¢ (”“"’t)_{ L, if e 4 q(x,t)>0.

Equations (11)-(13) provide the necessary optimality conditions for (OH).
It is obvious that taking into account (13) we may rewrite (11) as

(z,t) = —d1Aqi(x,t) — (5% - (51> q1(z, 1)

—0f'(k*(x,t)) [ @2(', t)p(x, 2")dz' + L(e™% + q(z,1)) 7T,

28f(]€* (:L‘, t))p* (2117 t)
(1+p*(z,1)%)?

(13)

9a
ot

9

oy (z,t) = —doAga(z,t) +

q1(x,t) + d2g2(z, 1),

(14)
for (x,t) € Qor, subject to homogeneous Neumann boundary conditions,
and final conditions (12). Using the theorem given before, we can derive a
gradient type algorithm (see [1]) to approximate the optimal control ¢*.

We must solve Equations (2) and (14) subject to homogeneous Neumann
boundary conditions, the initial conditions at ¢ = 0 for k(z,¢) and p(z,t),
and the final conditions at ¢ = T for ¢q1(z,t) and g2(z,¢). One solution
approach is to reverse time in Equations (14) via the change of variable 7 =
T —t, turning the problem for ¢; and g into forward problem with zero initial
conditions. Starting with the solutions k°(x,t) and p®(z,t) corresponding
to (z,t) = 0, we use an iterative procedure.
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Figure 3: Approximation of the optimal control c*.

The iterative algorithm is very intuitive, and efficient. It is generally
referred to as the Forward-Backward Sweep method [24]. A numerical sim-
ulation of the above procedure is provided in the following example.

Example: We solve the optimal control problem using the same parameters
as in Section 4, but for L = 1, and T' = 20, and in addition setting 6 = 0.1
in the objective function. In Figure 2 we plot the optimal states k* and p*.
We also include an approximation of the level sets of ¢* in Figure 3.
Acknowledgement. The work of S. Anita was supported by a grant of the
Ministry of National Education, CNCS-UEFISCDI, project number PN-II-
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Abstract

In this paper we investigate the optimal position of the support of
the control for some optimal harvesting problems. First we refer to
a logistic model with diffusion. We remind the existence result of an
optimal control and the necessary optimality conditions for the related
optimal harvesting problem. Then we obtain an iterative method to
improve the position of the support of the optimal harvesting effort in
order to maximize the harvest (for a simplified model without logistic
term). Numerical tests illustrating the effectiveness of the theoretical
results are given.
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1 Introduction

Since R. A. Fisher introduced in [12] a mathematical model of spatially
structured population, a related flourishing literature was developed (e.g.
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[14], [15], [16],) which combines diffusive motion of individuals with non-
linearities arising from their growth and competition process. For models
related to dynamics of population we refer to [3]. In this paper we recall
the results obtained in [8] for a logistic model with diffusion. We consider a
related optimal harvesting problem. We want to find firstly the magnitude
of the control that acts on a certain subdomain and to study the position
of the subdomain where the control acts in order to optimize the cost (for
basic results and methods in the optimal shape design theory we refer to
[13]).

We consider the following Fisher’s model corresponding to a biological
population that is free to move in an isolated habitat @ ¢ RN, N € {2,3}:

8ty(x7 t) - dAy(.I‘,t) - a(a:)y(:c,t) - k(l‘)y2(.’1},t), (xvt) € QT’
Oy(z,t) =0, x,t) € B, (1)
y(x70 :y0($)7 ‘TEQa

where 2 is a domain with a sufficiently smooth boundary 092, Q7 := Q X
(0,7), Xp := 92 x (0,T), T > 0, y = y(x,t) is the population density at
(z,t) € Q x [0,7] and yo(x) is the initial population density. The logistic
term, k(z)y?(z,t), describes a local intraspecific competition for resources.
Here d is the diffusion coefficient and a(x) indicates the natural growth rate
of the population. We have prescribed homogeneous Neumann conditions on
the boundary 02, corresponding to the case of isolated populations. This is
an extended model of the one in Section 5.2 from [4], because the population
coefficients become functions of x. We start with the following hypotheses:

(H1) a € L>*(Q2), de€(0,400);
(H2) yo € L>®(Q), wo(x) 20 ae. z€Q with [[yol[ze() > 0;
(H3) ke L>*(Q), k(z)>0 ae. x€.

The optimal harvesting problem is

T
Maximize/ /u(m,t)y“(w,t)dw dt, (2)
0 w

subject to v € K, where K = {w € L®w x (0,7)); 0 < w(z,t) <
L ae.}, L >0. u(x,t) represents the harvesting effort at (x,t) € w x [0, 7],
where w C () is a nonempty domain with sufficiently smooth boundary dw
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and such that © \ @ is a domain. Here y" is the solution of the problem

aty - dAy - a(x)y - k(x)yz - Xw(ac)u(:n,t)y(x,t), (l’,t) € QTa
Oy(z,t) =0, (z,t) € I,
y(z,0) = yo(x), T €Q,
(3)
(Xw is the characteristic function of w).
We intend to use the necessary optimality conditions to find the position of
w in Q (in the set of all of its translations) which gives the maximum value
for the harvest. So we have two maximizing problems: firstly, for a fixed
w we find the harvesting effort which gives the maximum harvest; secondly,
using this optimal effort (control) we investigate the best position of w in
order to maximize the harvest.
In fact, our problem of optimal harvesting takes the following form:

T
MamimizeweoMamimizeueK/ / u(x, t)y"(z,t)dx dt, (4)
0 w

where O denotes the set of all translations of w in €.

The paper is structured as follows: in the second section we recall the
necessary optimality conditions for our boundary value problem with logistic
term and we find the derivative of the optimal cost value with respect to
translations of w in  for the linear problem (see [8]). In section 3, we
use these results to develop a conceptual iterative algorithm suitable for
improving the position of the support of the control. In the last section
numerical test are included to sustain the theoretical results.

2 An iterative method to improve the position of
the support of the harvesting effort. The case
k =0 (the model without logistic term)

First, we refer to the model with logistic term. The existence result of
an optimal control for the problem (2) follows the lines in [4].

Theorem 1 Problem (2) admits at least one optimal control.

Let us denote by p = p(x,t) the adjoint state, i.e. p satisfies

O+ dAp = —a(z)p + 2k(2)y" p+ xw(z)u*(L+p),  (z,t) € Qr,
6Vp(xat) = 07 l‘,t) S ET;
p(x,T) =0, reQ,
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where (u*,y"") is an optimal pair for (2). For the construction of the adjoint
problems in optimal control theory we refer to [11]. We have

Theorem 2 If (u*,y*") is an optimal pair for problem (2) and if p is the
solution of problem (5), then we have:

u*(m,t):{ %7 }1ggi:g§8 a.e. (z,t) €wx(0,T). (6)
Proof. The existence and uniqueness of the adjoint state p can be proved
via Banach’s fixed point theorem.

Let v € L®(w x (0,T)), arbitrary but fixed, such that u* + ev € K for
sufficiently small € > 0.

From the optimality of u* we get that

T u*4ev t) — u* t T .
/ /U*(IL‘,t)y ((E, ) Y (557 )dl‘dt+/ /v(m,t)y“ +EU($,t>d$dt <0,
0 w € 0 w
(7)

for sufficiently small ¢ > 0.
In order to continue the proof of the theorem, we need the following conver-
gence result (see [4]).

Lemma 1 One has

u* 4ev

y —y" in L™®(Qr)
and
— f in L¥(Qr),

as € = 0+, where f = f(x,t) is the solution to

OWf —dAf = a(z)f = 2k(@)y" [ — xw(2)u* f — xw(2)oy™,  (2,1) € Qr,
Oy f(x,t) =0, z,t) € X,
(8)

Returning to the proof of the theorem, passing to the limit in relation (7)
and taking into consideration the results above, we obtain that:

/()T/wu*(:v,t)f(x,t)dwdt + /OT/UJU(Jc,t)Z/M* (z,t)dzdt < 0. )
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We multiply the parabolic equation in (8) by p and integrate on Qp. We
get that:

[ e D21 7) = .0) 0o T/Q foupode [ T/Q 0f Apdrdt =

_/0 pfdxdt//?k z)y® fpdrdt— //upfdxdt / /pvy dzdt.

We using the fact that p is the solution of the problem (5) and we obtain

that
T T i
—/ /fu* dxdt = —/ /pvy“ dxdt. (10)
0 w 0 w

From (9) and (10) we get that

/T/ v(z, )y (z,t)(1 4 p(z,t))dzdt <0, for any v € L%(w x (0,T)),

such that u*+ev € K, for sufficiently small € > 0 (we have used the positivity
of y*" in Qr). So, the optimal control satisfies (6).

Next we remind an iterative method to improve the position of the sup-
port of the harvesting effort obtained in [8] for the model without logistic
term. So, in the follows we will ignore the logistic process, i.e., we will take
the case k = 0. Let us consider wy C €2, where wy C 2 is a nonempty domain
with sufficiently smooth boundary dwp and such that Q \ @y is a domain.
We denote by O the set

O={w+VcQ VeRNL

For any arbitrary but fixed w € O, we denote by (u},y’) an optimal pair
for problem (2). The optimal control problem to be investigated is:

T
Mam'mizeweo/ /u:(m,t)y::(;r:,t)dxdt, (11)
0 w

where y¥ = y* (z,1) is the solution to problem

6ty($a ) dAy(iE,t) = a(x)y(mvt) - Xw(m)ui(x,t)y(m, t)7 (CL‘, t) € QTa
({L’, ) - 07 (l‘,t) € ETa
( ,0) = yo(z), z e
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In this case, the adjoint system is

Orp + dAp = —a(x)p + xw(¥)u;(1+p),  (2,t) € Qr,
Oyp(x,t) =0, x,t) € X, (13)
p(z, T) =0, x €

and the optimal control is given by

0, 1+ pu(x,t) <0

uy(z,t) = { L L4 poled) > 0 (14)
a.e. (z,t) € wx (0,T), where p, = po(z,t) is the solution to (13).
By (13) and (14) we get that p,, is the solution to
op + dAp = —a(x)p + xw(@) L1 +p)*T,  (z,t) € Qr,
8Vp(27,t) =0, (E,t) € X, (15)
p(z,T) =0, x € Q.

Multiplying (12) by p., and multiplying (13) by ), and both integrating on
QT we obtain:

/OT /wu::(x,t)yfd(w,t)dmdt: _ /Q o(2)p (2. 0)d.

In conclusion our problem of optimal harvesting becomes a problem of min-
imizing another functional with respect to the positions of w.
Let us denote

J“’Z/Qyo(w)pw(w,O)dx,

where p,, is the solution to (15).
Hence the minimization problem to be investigated is

Minimize,coJ®. (16)

For every V € R", consider the derivative of J with respect to translations.
Actually

JeteV _ g = /Q(pw+5V(wa 0) - pw(SC, 0))y0(3})dI

and multiplying with % we have

yo(z)dx

E[Jw-i-s\/ _ J‘*’] _ / perEV(xvo) —pw(x,O)
g [e) g
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For ¢ — 0+ we obtain that
dJe(V) = / z(z,0)yo(x)dx,
Q

where z = z(z,t) is the solution of the following boundary value problem:

Oz + dAz = —a(x)z + Lxw20h(1 + pu(,t)) + Lmy,, ), (2,t) € Qr,
Oyz(x,t) =0, x,t) € X,
z(x,T) =0, r el
(17)
Here h(r) =rT,
1, r>0
oh(r) =< I, r=20
0, r<0

where I = [0, 1], and

My, () (P) = /6 (1 + pu(z, 1)) "o(2)V - v(z)do, for any ¢ € H'(Q)

where v(z) is the outward normal versor at = to Ow, outward with respect
to Q\ w. We need to evaluate the form of the directional derivative for our
functional. We recall the following result obtained in [8]:

Theorem 3 For any w € O and for any V € RV,

T
dJ“’(V):—LV-/O /8(1 (@) go (2, O)o(@)dodt,

where py, is the solution for (15) and g, = g.(x,t) is the solution for the
following boundary value problem:

Org — dAg = a(x)g — Lxwgoh(l + py(z,t)), (z,t) € Qr,
Ovg(x,t) =0, z,t) € X, (18)
g(x,0) = yo(x), z €N

(For basic properties of the solution to such a problem we refer to [10]).
Proof. We multiply equation (17) with g, and we integrate on Qp. This
yields

T T
/ / 9w (Orz + dAz + a(x)z)dxdt = L/ / z(x,t)é(x, t) g (x, t)dxdt+
0 Q 0 Jw
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T
+ T VT g
+L/0 /aw<1+pw> go(, OV - v(z)dodt

where §(x,t) € Oh(1 + py(z,t))a.e. (z,t) € w x (0,T).
Integrating by parts and using the fact that z(z,T) = 0 and g, (x,0) = yo(z)
we obtain that

- /Q yo(z)z(x, 0)dx — /0 ! /Q 2090 — dAgy, — a(x)gu]dzdt

:L/OT/wzf(x,t)gw(x,t)d;vdt+L/0T/aw(l + pw) T gu(x, )V - v(z)dodt

and from (18) we get that:

T
- /Q yo(x)z(z,0)dzx = L/O /8w(1 + pw) T gu(z, )V - v(z)dodt.

The directional derivative of J“ will be of the form

T
dJ“’(V)=L/0 /a(1+pw(x,t))+gw(:c,t)v.u(x)dadt

and we get the conclusion of the theorem.

3 A numerical algorithm

From Theorem 3 we derive the following conceptual iterative algorithm,
based on a gradient method, to improve the position (translation) of w € O
in order to obtain a smaller value for J«.

Step 0: set k=0, J©) := 106,
choose w(© the initial positon of w.
Step 1: compute p**t1) the solution of the adjoint problem (15)
corresponding to w®).
compute J*F ) = /yo(x)p(k+1)(x,0)dx.
Q
Step 2: if |[J*TD) — J®)| < 2y or JEHD > JK)
then STOP (w® is the optimal position of w)
else go to Step 3.

Step 3: compute g(kH) the solution of problem (18) corresponding to
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w® and pk+1),

Step 4: compute

T
+
V= —/ / (1 +p(k+l)($,t)) g (2, t)v(z)dodt
0 guwk)
if |[V| <eq
then STOP (w® is the optimal position of w)
else go to Step 5.

Step 5: compute the new position of w
wktD) = pV + W),

Step 6: if w1 = (k)
then STOP (w® is the optimal position of w)
else k:=k+1;
go to Step 1.

In Step 5, p > 0 is a given parameter (the gradient steplength), and 1 > 0
in Step 2 and €2 > 0 in Step 4 are prescribed convergence parameters.

The conceptual iterative algorithm, used to improve the position of w in
order to obtain a smaller value for J“, is a descent method. For more
information about gradient (descent) methods, see [9], Section 2.3. The
steplength p from Step 5 is variable from an iteration to the next one. To
fit it we have used Armijo method (see [7] for more details).

4 Numerical tests

In order to simplify the discretization formulae for the numerical tests
we have considered Q and w(® to be squares with the sides parallel with Oz
and Oz axes (the space variable is © = (21, 23)). Let @ = (0,1) x (0,1) and
the length side of w is equal with 0.2. We introduce equidistant discretization
nodes for both axis corresponding to 2. The interval [0, T is also discretized
by equidistant nodes. The parabolic system from Step 1 is approximated
by a finite difference method, descending with respect to time levels. An
implicit scheme is used. The resulting algebraic linear system is solved by
Gaussian elimination. The parabolic system from Step 3 is approximated
also using a finite difference method, but ascending with respect to time
levels. Integrals from Step 1 and Step 4 are numerical computed using
Simpson’s method corresponding to the discrete grid. In all following figures
the square drawn with solid line represent the initial position of w, and the
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Figure 1. START/STOP position of w

square drawn with dashed line is the improved position of w.

Test 1. We consider the natural growth rate of the population a(x,x3) =
5, (r1,22) € Q, d =1, and final time T' = 1. We take the space discretization
step Ax; = Axgy = 0.05, and the time discretization step At = 0.025. The
nodes along both axes Ox; and Oxy are numbered from 1 to 20. The left-
down corner of € is numbered as (1, 1) while the right-up corner is numbered
as (20, 20). For the convergence tests we consider e1 = g5 = 0.001. We start
with w(® which has the left-down corner at node (1,1) and the MATLAB
program corresponding to the above algorithm gives after 5 iterations the
optimal w which has the left-down corner at node (8,8). The convergence
was obtained by the test in Step 2. The initial and the optimal position
of w are shown in Figure 1. The corresponding graph of the optimal state
y(x1,x9,t) for t = 1 is given in Figure 2.

Test 2. The results obtained using the same input data from example 1,
except the initial position of w, are shown in Figure 3. We start with w(©
which has the left-down corner at node (16,10) and the MATLAB program
corresponding to the above algorithm gives after 5 iterations the optimal
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w which has the left-down corner at the node (7,8). The convergence was
obtained by the test in Step 4.

Test 3. We consider a(z1,22) = 2 — 21, (21,22) € 2, d = 1, and final time
T = 1. We take the space discretization step Ax1 = Axg = 0.05, and the
time discretization step At = 0.05 since the finite difference method used is
implicit. We start with w(®) which has the left-down corner at node (16, 16)
and the MATLAB program corresponding to the above algorithm gives after
4 iterations the optimal w which has the left-down corner at the node (7,9)
(see Figure 4). The convergence was obtained by the test in Step 4.

Let us point out that the final position of w given by the computer program
is central with respect to Q no matter the starting position w(®). This is in
accordance with a more general theoretical result obtained in [2].

Test 4. For the natural growth rate of the population a(z1, x2) = zasin(z1),
(z1,x2) € Q, the optimal position of w is no more central with respect to Q.
The left-down corner of w(® is (4,7) and the left-hand corner of the final w
is (2,4) and it is obtained after 4 iterations (see Figure 5). The convergence
was obtained by the test in Step 4.

Let us point out that the algorithm is fast according to the number of
iterations.
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1 Introduction

This paper deals with second-order optimality conditions of a special
boundary control problem for the viscous Cahn—Hilliard equation with dy-
namic boundary conditions. It continues the work [2] by three of the present
authors in which the first-order necessary conditions of optimality were de-
rived. For the work of other authors concerning the optimal control of
Cahn-Hilliard systems, we refer the reader to the references given in [2].

Crucial contributions in [2] were the derivation of the adjoint problem,
whose form turned out to be nonstandard, and an existence result for its
solutions. As is well known, first-order conditions are in the case of non-
linear equations usually not sufficient for optimality. Also, second-order
sufficient optimality conditions for nonlinear optimal control problems are
essential both in the numerical analysis and for the construction of reliable
optimization algorithms. For instance, the strong convergence of optimal
controls and states for numerical discretizations of the problem rests heavily
on the availability of second-order sufficient optimality conditions; further-
more, one can show that numerical algorithms such as SQP methods are
locally convergent if second-order sufficient optimality conditions hold true.
For a general discussion of second-order sufficient conditions for elliptic and
parabolic control problems, we refer the reader to [6] and references therein;
for the case of control problems involving phase field models, we refer to,
e.g. [3, 5]

In this paper, we aim to establish second-order sufficient optimality con-
ditions for the boundary control problem studied in [2]. To this end, we
assume that an open, bounded and connected set  C R3, with smooth
boundary I'" and unit outward normal n, and some final time T > 0 are
given, and we set @ := Q2 x (0,7) and X :=T x (0,T). Moreover, we denote
by Ar, Vrp, On, the Laplace—Beltrami operator, the surface gradient, and
the outward normal derivative on I', in this order. We make the following
general assumptions:

(A1)  There are given nonnegative constants bg, by, ba, br, by, which do
not all vanish, functions zq € L*(Q), zx € L%(X), 2q € L?(Q), zr € L*(T),
as well as a constant My > 0 and functions ur min € L*(X) and up max €
L>®(X) with ur min < Urmax a.e. in .



Second-order analysis of control for the viscous C.—H. equation 43

(A2)  There are given constants —oo < r_ < 0 < ry < +oo and two
functions f, fr: (r—,r4+) — [0, 4+00) such that the following holds:

ffr € CHroiry), £(0) = fr(0) =0, (1)
f” and f{ are bounded from below, (2)
li "(r)y =1 [ =— d 1 "(r) =1 [ = 3
Jim fi(r) = lim fp(r) =—co and  lim fi(r) = lim fp(r) = +oo, (3)
I (r)] < n|ft(r)|+C for some n, C > 0 and every r € (r_,r.). (4)

In fact, (1) is fully used only in the last part of the paper, and many of our
results hold under a weaker assumption. We also note that the conditions
(1)—(4) allow for the possibility of splitting f" in (3) in the form f' = g+,
where 3 is a monotone function that diverges at r+ and 7 is a perturbation
having a bounded derivative. Since the same is true for fr, the general
assumptions of [1] are satisfied. Typical and important examples for f and
fr are the classical regular potential fo, and the logarithmic double-well
potential fi,e given by

Freg(r) = %(ﬁ ~12, remr (5)

frog() = (1 +7r)In(1+7)+ (1 —r)In(l —r)) —cr?, re(-1,1), (6)

where in the latter case we assume that ¢ > 0 is so large that fi,s is non-
convex.

With the above assumptions, we consider the following tracking type
optimal boundary control problem:
(CP) Minimize

b by,
3(y.ur.ur) = 3 |y~ zalfzq) + 5 lur — zllzas

bQ ) bF 2 bO 2
+ 5 19(T) = 2all2@) + 5 lyr(T) = 2rllzz@ey + 5 lurlzas) (1)
subject to the control constraint

ur € Ugq := {vr € H'(0,T; L*(T)) N L=(X) :
UpPmin < U0 < Urmax a-€. on 3, ||Owrla < Mo} (8)

and to the Cahn-Hilliard equation with nonlinear dynamic boundary con-
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ditions as the state system,

Oy —Aw=0 in Q, 9)
w=0y—Ay+ f'(y) inQ, (10)
Ohw=0 on X, (11)

yr=yr on X, (12)

Oryr + Ony — Aryr + ff(yr) =ur on %, (13)
y(,0)=yo in Q yr(,0)=yo. onT. (14)

Here, and throughout this paper, we generally assume that the admissible
set Uqq is nonempty. Moreover, we postulate:

(A3)  yo € H*(Q), yor := yor € H*(), and it holds (notice that yo €
()

r_ <yo<ry in (15)

We remark at this place that in [1] the additional assumption dpyg = 0 was
made; this postulate is however unnecessary for the results of [1] to hold,
since it is nowhere used in the proofs.

The system (9)—(14) is an initial-boundary value problem with nonlinear
dynamic boundary condition for a Cahn-Hilliard equation. In this connec-
tion, the unknown y usually stands for the order parameter of an isothermal
phase transition, and w denotes the chemical potential of the system.

Our paper is organized as follows: in Section 2, we provide and collect
some results proved in [2, 1] concerning the state system, and we study
a certain linear counterpart thereof that will be employed repeatedly in
the later analysis. In Section 3, the existence of the second-order Fréchet
derivative of the control-to-state mapping will be shown. Section 4 then
brings the derivation of the second-order sufficient condition of optimality.

In order to simplify notation, we will in the following write yr for the
trace yp of a function y € H 1(Q) on T, and we introduce the abbreviations

V.=H\Q), H:=1*Q), V:=HYT), Hr:=L*T), H:=H x Hr,

Vi={(v,or) €V x Vi : op =vyr}, §:= H*(Q) x H*(I),
X :=HY0,T; Hr) N L>®(X), Y:= H(0,T;H) N L>(0,T; V), (16)
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and endow these spaces with their natural norms. Moreover, for the generic
Banach space X we denote by X* its dual space and by || - ||x its norm.
Furthermore, the symbol (-, -) stands for the duality pairing between the
spaces V* and V', where it is understood that H is embedded in V* in the
usual way, i.e., such that we have (u,v) = (u,v) for every u € H and
v € V with the standard inner product (-, -) of H. Finally, for u € V*
and v € L'(0,T;V*) we define their generalized mean values uf? € R and
v € LY(0,T), respectively, by setting

uft = |§12| (u,1)  and v4(t) == (v(t))? for a.e. t e (0,T), (17)

where || stands for the Lebesgue measure of Q.
During the course of our analysis, we will make repeated use of the
elementary Young’s inequality

1
ab < da® + o b?> for every a,b> 0 and & > 0, (18)
of Holder’s inequality, and of Poincaré’s inequality
v < é(HVUH%{ + |’UQ|2) for every v € V, (19)

where € > 0 depends only on 2.
Next, we recall a tool that is commonly used in the context of problems
related to the Cahn—Hilliard equation. We define

domN :={v, e V*: v =0} and N:domN — {veV: v =0} (20)
by setting, for v, € dom N,
Nv, € V, (Nv,)? =0, and / VNv, - Vzdr = (vi,2) YzeV. (21)
Q

That is, v = Nw, is the unique weak solution with v = 0 to the Neumann
problem for —A with datum v,. Indeed, if v, € H, then the above variational
equation means that —ANw, = v, in Q and d,Nv, = 0 on I'. Moreover, we
have

(s, Nvy) = (04, Nuy) = /(VNU*) (VNwv,)dz VYuy,ve € domN, (22)
Q
whence also, for every v, € H'(0,T;V*) satisfying (v.)? = 0 a.e. in (0,7),
d
2(0vi(t), Now(t)) = 7 |va(t)||?  for a.a. t € (0,T), (23)

where we set  ||v.||? ::/ |VNv,|? dz for every v, € V*.
Q
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2 The state equation
At first, we specify our notion of solution to the state system (9)—(14).

Definition 1. Suppose that the general assumptions (A1)-(A3) are ful-
filled, and let ur € X be given. By a solution to (9)—(14) we mean a triple
(y,yr,w) that satisfies

y € Wh>2(0,T; H) N H'(0,T;V) N L>(0,T; H*(Q)), (24)
yr € Wh(0,T; Hr) N H(0,T; V) N L*(0,T; H*(T)), (25)
yr(t) =yt)p fora.a. te(0,T), (26)
r— < ianessy < su%essy <ry, r-< infzess yr < SupEess yr <r4, (27)

w e L>®(0,T; H*(Q)), (28)

as well as, for almost every t € (0,7, the variational equations
/ Oy(t) vz + / Va(t) - Vode =0, (29)
Q Q
/ w(t)vde = / Oy(t) vdr + / Owyr () vp dl + / Vy(t) - Vudz
Q Q r Q
+ [ V(o) Seordr + [ o) vdo
r Q
+ [ (rlar(e) = ur @) orar. (30)
r
for every v € V and every (v,vr) € V, respectively, and the Cauchy condition
y(0) =yo, yr(0) = yor- (31)

Remark 1. It is worth noting that (recall the notation (17))

(By(t)? =0 for a.a. t € (0,T) and y(t)* = myg for every t € [0,T],
where mg = (yo)% is the mean value of yo, (32)

as usual for the Cahn—Hilliard equation.

Now recall that U,y is a convex, closed, and bounded subset of the
Banach space X and thus contained in some bounded open ball in X. For
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convenience, we fix such a ball once and for all, noting that any other such
ball could be used instead. The next assumption is thus rather a denotation:

(A4)  The set U is some open ball in X that contains U, and satisfies
lurll g2y + llurllpes) < B Vur €U, (33)

where R > 0 is a fixed given constant.
Concerning the well-posedness of the state system, we have the following
result.

Theorem 1. Suppose that the general hypotheses (A1)—(A4) are fulfilled.
Then the state system (9)—(14) has for any ur € U a unique solution
(y, yr,w) in the sense of Definition 1. Moreover, there are constants K > 0,
K3 >0, and7_,74 € (r—,r1), which depend only on Q, T, the shape of the
nonlinearities f and fr, the initial datum yo, and the constant R, such that
the following holds:

(i) Whenever (y,yr,w) is the solution to (9)—(14) associated with some
ur € U, then

(s yr)llw.ee 0,030 nH (0,7 L 0,758) + 10l 0mm2 ) < KT, (34)
r—<y<7ry a.e in Q, r—<yr<ry a.e on X. (35)

(ii) Whenever (yi,yir,w;), i = 1,2, are the solutions to (9)—(14) associated
with w;r € U, ¢ = 1,2, then

[ (y1, y1,0) = (Y2, vo,0) |t 0,790 L (0,rv) < K3 lurr —uarllrzx) . (36)

Proof. We may apply Theorems 2.2, 2.3, 2.4, 2.6 and Corollary 2.7 of [1]
(where 'V has a slightly different meaning with respect to the present paper)
to deduce that (i) holds true. Moreover, assertion (ii) is a consequence of
[2, Lemma 4.1]. O

Remark 2. It follows from Theorem 1 that the control-to-state operator
S:U— WLOO(Oa T; :Hj) N Hl(oa T; V) N LOO(Oa T; 9)7 ur (ya yF) ) (37)

is well defined and Lipschitz continuous from U, viewed as a subset of L*(X),
into Y. Moreover, owing to (34) and (35), we may assume (by possibly
choosing a larger K7) that for any ur € U the corresponding state (y, yr) =
S(ur) satisfies

mas (I1FOW)l=@ + 15 G0l ) < K- (38)
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Next, in order to ensure the solvability of a number of linearized systems
later in this paper, we introduce the linear initial-boundary value problem

oOX—Ap=0 in Q, (39)

p= X —-AX+AX+g in Q, (40)

Oapt =0 on X, (41)

Xr =Xr on X, (42)

OXT + OpX — ArXp +ArXr = gr on X, (43)
X(0)=Xo in €, Xp(0)=Xo.:=Xqp on T, (44)

and its variational counterpart, namely, for almost every ¢t € (0,7,
/ oX(t)vdxr + / Vu(t) - Vode =0 for every v eV, (45)
Q Q

/Qu(t)vdx—/QatX(t)vdx+/F8tXp(t) ur dl"—&—/ﬂVX(t)-Vvdx
+/vaxp(t).vpvp dF—i—/Q()\(t) X(t) +g(t) vdx
+/F(/\F(t) Xr(t) — gr(t)) vrdl  for every (v,vr) €V, (46)

together with the Cauchy condition
X(0) = Xo, Xr(0) = Xop- (47)
We have the following result.

Lemma 1. Suppose that (g,gr) € H'(0,T;3H) N (L>®(Q) x L>(X)) and
(A, Ar) € WEee(0, T; H) N (L°(Q) x L=(X)) are given, and let Xo € H?(2)
be such that Xo. := Xqp € H?(T'). Then the problem (39)—(44) has a unique
solution in the sense that there is a unique triple (X, X, p) that fulfills (45)—
(47) and whose components satisfy the analogue of the regularity require-
ments (24), (25), and (28), respectively. Moreover, there exists a constant
K3 >0, which depends only on Q, T, ||A||pe(q), and ||Ar||ec(s), such that
the following holds: whenever Xy = 0, then

|G X0) 1 a 0,7:900L (0,73v) < K3 [1(g, 90l 22 0,759¢) - (48)
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Proof. In the following, we denote by C;, ¢ € N, positive constants that
only depend on the quantities mentioned in the assertion. First, we observe
that the results concerning existence, uniqueness, and regularity follow from
a direct application of [1, Cor. 2.5]. Now assume that Xo = 0. Then we
have X}(t) = 0 for almost every ¢ € (0,7). We thus may choose in (45)
v = N(X(t)), and in (46) v = —X(¢). Adding the resulting equalities and
integrating with respect to time, we arrive at the identity

t t
(||X(f)|3+||X(t)|%1+||XF(t)||%1F)+/O /Q VX di ds +/O / Ve dr ds

t t
://(—g—)\X)deds + //(gr—)\FXF)XFGTdS
0/Q 0JT

for all ¢ € [0,7]. Estimating the right-hand side with the help of Young’s
and Poincaré’s inequalities, and applying Gronwall’s lemma, we have that

N =

(X)) | oo 0,7530n 20,70y < C1 (95 90) 1 L2(0,1:90)- (49)

Moreover, we may insert v = N(9:X(¢)) in (45) and v = —9X(¢) in (46).
Adding the resulting equations, integrating with respect to time, and using
(21), we obtain the identity

t t t
/ ||8tX(s)||fds+//|8,5X|2d:cds+//|8tXp|2dFds
0 0J/Q 0oJI

+5 (VX + 19000 )

t t
= // (—g — )\X) 815)( drds + //(gr — )\F XF) 6tXp dl'ds. (50)
0J/Q oJI

Invoking Young’s inequality, we can easily infer from (49) and (50) the esti-
mate
”(XaXF)HHl(O,T;}f)mLOO(O,T;V) < Oy ||(979F)||L2(0,T;9{)a (51)

whence the assertion follows. ]

3 Differentiability properties of the control-to-state
mapping
The main objective in this section is to prove that the control-to-state

mapping is twice continuously differentiable. We begin our analysis with
the following result.
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Theorem 2. Suppose that (A1l)—(A4) are fulfilled. Then the following
holds true:

(i) The control-to-state mapping 8 is Fréchet differentiable in U as a map-
ping from U C X to Y.

(ii) Let ur € U, and let (y,yr) = 8(ur) be the associated solution to the
state system (9)—(14). Then the Fréchet derivative DS8(ur) € L(X,Y) is
given as follows: if hp € X, then D8(up)hr = (§,&r), where (&,&p, ) with

& € Wh(0, T3 H) N H'(0,T; V) N L¥(0, T; H(Q), (52)
&0 € Wh(0,T; Hr) N H'(0,T;Ve) N L¥(0, T; HA(T)),  (53)
¢ & L0, T 1), (54

is the unique solution to the linearized system

BE—AC=0 in Q, (55)

(= —AL+ f"(y)€ in Q, (56)

OaC =0 on %, (57)

e =¢r on X, (58)

9€r + Onér — Arér + fr(yr) ér = hr  on X, (59)
£0)=0 inQ, &(0)=0 onT. (60)

(iii) The mapping DS : U — L(X,Y), ur — DS8(ur), is Lipschitz continuous
on U in the following sense: there is a constant Kj > 0, which depends
only on the data and the constant R, such that for all uir,usr € U and all
hr € X it holds that

[(D8(u1,r) — DS(ugr))hrlly < Kj lluir —usrllr2s) lhrllr2s).  (61)

Proof. First observe that the system (55)—(60) is of form (39)—(44), and
with (X, Xp, @) == (§,€ér,¢), 9 =0, gr := hp, and (A, Ar) := (f"(v), f£(yr)),
the assumptions of Lemma 1 are fulfilled. Consequently, for every hr € X,
there is a unique triple (£, &r, ¢) that satisfies the corresponding variational
system (45)—(47) and whose components have the regularity properties in
(52), (53) and (54). We may therefore apply [2, Thm. 4.2] to conclude the
validity of the assertions (i) and (ii).

It remains to show (iii). To this end, let ur € U be arbitrary and let
kr € X be such that ur + kr € U. We denote (yk,y{i) = S(ur + kr) and
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(y,yr) = 8(ur), and we assume that any hr € X with ||hr|x =1 is given.
It then suffices to show that there is some L > 0, independent of hr, ur and
kr, such that

(€%, €8) — (&,€0)lly < Llkrllrecs) (62)

where (€%, &E) = DS(ur +kr)hr and (€,&r) = D8(ur)hr. For this purpose,
in the following we denote by C;, i € N, positive constants that depend
neither on ur, kr nor on the special choice of hr € X with |hr|x = 1.
To begin with, observe that the triple (E, Ep, E) = (EF €k R — (&6, ) is
the unique solution to the variational analogue of the initial-boundary value
problem

OE—AC=0 in Q, (63)

C=0E— AL+ [ E+ W) — f'(y) in Q, (64)

On( =0 on %, (65)

fr=¢&r on %, (66)

i + Onf — Arér + f{(yr) &0 = —€E(FH(WR) — f(yr)) on B, (67)
£€0)=0 inQ, &(0)=0 onT. (68)

Moreover, the components of (E, 5}, Z ) enjoy the regularity properties indi-
cated in (24), (25), and (28), respectively.
Now observe that it follows from Theorem 1, from part (i) of this proof,

and from (38), that (g, gr) == (6" (f"(4*) — f" (), =& (f"(yt) — f"(ur)))
belongs to (0,73 H) N (L®(Q) x L*(X)), while (X, Ar) = (f"(y), f{'(yr))
belongs to W1°°(0, T; H) N (L>®(Q) x L>(X)). Moreover, (38) also implies
that for every ur € U we have for (y,yr) = S(ur) the estimate

1" W@y + I wr)llzes) < K7

Hence, it follows from estimate (48) in Lemma 1 that

IE0lly < CalllE" (F"WP) = " W)l 2@)
+HEE ) = fEr)llzzs))- (69)

Now, by the mean value theorem and (38), there exists a positive constant
(5 such that almost everywhere in @ (on X, respectively)

") =) < Caly*—yl  and |ff(yf)—fr(yr)l < Calyf—yrl. (70)
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At this point, we recall that U is a bounded subset of X. Since ur + kr € U
and ||Ar]lx = 1, we thus can infer from (38) and from the estimate (48)
in Lemma 1 that (¢%,&F) is bounded in Y independently of kr, ur and the
choice of hr € X with ||hr||x = 1. Using the embedding V' C L*(Q2) and the
stability estimate proved in Theorem 1, we therefore have that

T
I8 (W) — £ )2y < Co /0 /Q (152 W~ ul?) dz at

T
< o [ (€0 i 19(0) ~ 9O )

< Gl (W",u8) — Woun)ll§ < Callkrllag - (71)
Since an analogous estimate holds for the second summand in the bracket
on the right-hand side of (69), the assertion follows. O

With the Lipschitz estimate (61) at hand, we are now in the position
to show the existence of the second-order Fréchet derivative. We have the
following result.

Theorem 3. Assume that (A1)—(A4) are fulfilled. Then the following
holds true:

(i) The control-to-state operator 8 is twice Fréchet differentiable in U as a
mapping from U C X to Y.

(ii) For all ur € U, the second Fréchet derivative D*$(ur) € L(X,L(X,Y))
is defined as follows: if hr,kr € X are arbitrary, then D?$(ur)[hr, kr] =:
(n,mr) is the unique solution to the initial-boundary value problem

om—AY =0 in Q, (72)

9 =0m—An+ f'y)n+ ) ey in Q, (73)
O =0 on X%, (74)

n-=mnr on X, (75)

denr + Onn — Arnr + fr(yr) nr = *flgs) (yr)ervr on %, (76)
n(0)=0 in Q, nr(0)=0 on T, (77)
where we have put

(y,yr) =8(ur), (¢,¢r)=DS8(ur)hr, (¢,¢r)=D8(ur)kr.  (78)
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(iii) The mapping D8 : U — L(X,L(X,Y)), ur — D?8(ur), is Lipschitz
continuous on U in the following sense: there exists a constant KZ > 0,
which depends only on the data and on the constant R, such that for every
urr,ugr € U and all hr, kr € X it holds that

1(D*8(u1,r) — D*8(ua,r))[hr, kr]lly

< K |lurr —uarll2s) Ihrllzze) krllzes)- (79)
Proof. At first, it is easily verified that the pair (g,gr) := (f®(y) @,
—fé?’)(yp) orvr) belongs to HY(0,T;H) N (L®(Q) x L*>®(X)). We thus can
argue as in the proof of Theorem 2 to deduce from Lemma 1 that the system
(72)—(77) is uniquely solvable in the sense that its variational counterpart has
a unique solution (n, nr,¥) whose components enjoy the regularity indicated
in (24), (25), and (28), respectively. Moreover, by (48) we have the estimate

L2<z>> - (0

Here, and in the remainder of the proof of parts (i), (ii), we denote by C;,
1 € N, positive constants that do not depend on the quantities hr, kr, and
ur. Using (38), and invoking the embedding V' C L*(Q2), we find that

Il < € (0w ev]

+ Hfég)(yrﬁpr wr‘

L2(Q)

) T
3) <C // 2 ||? da dt
[r@wew],, g < €2 | [ lel 1wl
T
< 02/0 o1 1974 @t < Cs i@l oy 110,71
< Cullhrlfags kel 7 (81)

where the validity of the last inequality can be seen as follows: by definition
(recall (78)), (¢, ¢r) is the unique solution to the linear problem (55)—(60).
We can therefore infer from (48) that [[(¢, ¢r)lly < Cs |hrllr2(s). By the
same token, we conclude that |[(v,%r)lly < Cg|kr|2(x). The asserted
inequality therefore follows from the definition of the norm of the space Y,
and we obtain from similar reasoning that also

Hflgg)(yr)wr ¢F‘

pegy = O lrllzae) Morllzas -

Hence, we get
I, no)lly < Csllbrllr2(s) kel - (82)
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In particular, it follows that the bilinear mapping X x X — Y, [kp, hr] —
(n,nr), is continuous.

Now we prove the assertions concerning existence and form of the second
Fréchet derivative. Since U is open, there is some A > 0 such that upr+kr € U
whenever || kr|lx < A. In the following, we only consider such perturbations
kr € X. We observe that for (y,yr) = 8(ur) and for (y*,y%) = 8(ur + kr)
the global estimates (34)—(36) and (38) are satisfied.

After these preparations, we notice that it suffices to show that

HDS(UF + kr) — D8(ur) — DQS(“F>kF’|L(X,9)

= | Shlp || (DS(UF + kr) — DS(UF) — DQS(UF)kF) hFHy
hrl||x=1

IN

C k|72 (83)

with a constant C' independent of kp.
To this end, let hp € X be arbitrary with ||hp||x = 1. We put (p, pr) =
DS8(ur + kr)hr, define the pairs (¢, ¢r), (¥,9r) as in (78), and define

(vsvr) := (p, pr) — (»,r) — (1, 710)-

Observe that the components of (v, vr) have the regularity properties indi-
cated in (24) and (25), respectively. Moreover, in view of (83), we need to
show that

vy < C kel - (84)
(%)

Now, invoking the explicit expressions for the quantities defined above,
it is easily seen that the triple (v,vp,m) (where 7 is defined below) is the
unique solution to the variational counterpart of the linear initial-boundary
value problem

ov—An=0 in Q, (85)

T=0wv—Av+ f'(y)v+o0 in Q, (86)

Onm=0 on X, (87)

v =vyp and Owr + 0w — Arvr + fi(yr)vr =or on X, (88)
v(0)=0 in Q, vp(0)=0 on T, (89)
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where we have put
o= (16~ ') ~ FOW e,
or 1= —pr () - Ho0) + K ) erer. (90)

In view of (38), and since it is easily checked that (o,or) belongs to the
space H1(0,T;H) N (L®°(Q) x L*°(X)), we may again invoke the estimate
(48) in Lemma 1 to conclude that (84) is satisfied if only

(o, o) l2 0,530 < 6||k1“||2L2(z)- (91)

Applying Taylor’s theorem to f”, and recalling (38), we readily see that
there is a function wy € L*>(Q) such that, a.e. in @,

"G =) = O @ -y =) + Oy + wr -y (92)

Hence, we have that

c=pfOY W —y—v) + P (p—p) + pwr @ —y)?.  (93)

Now observe that from the proof of Fréchet differentiability (see inequality
(4.5) in the proof of [2, Thm. 4.2]) and from (61) we can conclude the
estimates

1", ut) = (v, 9r) = (0 9r)lly < Co k7 »
1(p, pr) = (0, ¢r)lly < Cro llkrllr2(s) - (94)

Moreover, we can infer from inequality (36) in Theorem 1 that

105", 98) = (woyr)lly < K5 llkellz2es) (95)

and it follows from Lemma 1 that (p,pr) is bounded in Y by a positive
constant that is independent of kr, hr € X with ||kr|lx < A and |Ap|x = 1.
Finally, we conclude from Lemma 1 (ii) that with a suitable constant C1; > 0
it holds

1@, ¢r)lly < Cullkrllras) - (96)

After these preparations, and invoking Holder’s inequality and the continuity
of the embeddings V C L*(Q) and V C L5(9), we can estimate as follows:

T
loll72(q) < 012/0 /Q(Ipl2 v* =y =P+ 0Pl — ¢ + [pfly* — y|*)de dt
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T
< Cia [ (100l 16 =5 = D)0 e
10O a0 10(0) — 2O Eaiay + 1O ey 1951 — 9Dy ) dt
G sup (oI} 165 — 9O + @I o) — Ol

te(0,T)
+ @I 1" (t) - ?J(UH%/)
Cua kel 2z (97)

IN

IN

By the same reasoning, a similar estimate can be derived for [lor| 72,
which concludes the proof of the assertions (i) and (ii).

Next, we prove the assertion (iii). To this end, suppose that upr € U and
that hp and kp are arbitrarily chosen in X, and let ép € X be arbitrary with
ur+4dr € U. In the following, we will denote by Cj, i € N, positive constants
that do not depend on any of these quantities. We put

y.yr) = S(ur), (4°,yp) = S(ur + dr),

¢,¢r) = DS(up)hr,  (¢°, ) = D8(ur + dr)hr,

. 9r) = DS(ur)kr,  (¢°,47) = DS(ur + dr)kr,

n,nr) = D*S(up)[hr, k], (%) = DS(up + ér)[hr, k).

o~ o~ o~ o~

From the previous results, in particular, (36) and (61), we can infer that
there is a constant C; > 0 such that

1@ er)lly + 1, eDlly < Cullbrlzcs).
1, o)y + 1@ 9R)ly < Cullkrlras).s

1, e)lly + NP m2)lly < Cllbellzeesy kel 2,

N

1(y° 92) = W yr)lly < Cullérllzes),
16e°, 1) — (9, 00)lly < C1llérllzas) Ihrllz ),

1, 460) — (,9r)lly < C1 vl pegs) el 2(s) - (98)

Now observe that (7,7r) = (7°,7%) — (n,7r) and 9 = 90 — 9 (where ¥°
and ¢ have their obvious meaning corresponding to (73)) satisfy the linear
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initial-boundary value problem

Hii—AV=0 in Q, (99)

D=0 — A+ f"(y)ii+o in Q, (100)

O =0 on X, (101)

ir =7fr and Oy + Onfl — Arir + fi(yr) ir = or  on X, (102)
7(0)=0 in Q, #7p(0)=0 on T, (103)

where we have put

o= (f"(°) — ") + (FO @) ¥ — fO () o),
or =~ (L) — Fr) — PP b vf — 1 (ur) ervr) . (104)

The system (99)—(103) is again of the form (39)—(44), and since it is readily
verified that (o, or) belongs to the space H(0,T;H) N (L¥(Q) x L>(X%)),
we may employ Lemma 1 once more to conclude that

1, 0)lly < Cal[(o, o)l 20,796 (105)
so that it remains to show an estimate of the form
(0, o0)ll L2090 < Csllorllrzs) [1hrllr2es) lkrllrzes) - (106)
Since
O = () v
)

=Y () = fO W) + fO0) 0 (¥° — ) + fOy) v (¢ — f) .
107

we can infer from (38) that, almost everywhere in Q,

ol < Co (I’ 1y’ =yl + & 18] 19" =yl + 1 [0 =] + [¢] |&" = ¢]) . (108)

Using (98), Holder’s inequality and the continuity of the embedding V' C
L4(Q), we find that

[ [ (e =) ard < [ (1000 16° =00l

5 s
< GCslln HZLOO(O,T;V)Hy _y”%OO(O,T;V)

< Co 1001172y 1172y kel Z2 ) - (109)
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Similar reasoning yields

1% (% = 0)2aq) + (6 = 0)22(q)
< C? ||5F||%2(2) HhFH%2(2) ||k1“||%2(2) . (11())

Moreover, once again invoking (98), Hélder’s inequality, and the continuity
of the embedding V' C L5(f2), we conclude that

T
512 20,90 2
| (&R 1R 15 =) doa
T
< [ (16" = Oy I Ol 100 ey

) )
Cs e ||%°°(O,T;V) ||¢||%oo(o,T;V) ly° — yH%OO(O,T;V)

<
< Co llorlZes) Ihrll7e(s) Ikl Zas) - (111)

Finally, we can estimate [lor|[z2(x), deriving estimates similar to (108)-
(111), which entails the validity of the required estimate (106). With this,
the assertion is completely proved. OJ

4 Optimality conditions

Now that the second-order Fréchet derivative of the control-to-state op-
erator for problem (CP) is obtained, we can address the matter of deriv-
ing second-order sufficient optimality conditions. As a preparation of the
corresponding theorem, we provide the adjoint system and the first-order
necessary optimality conditions. Since these were already established in [2],
we only present the results without proofs.

At first, it is easily shown (cf. [2, Thm. 2.2]) that (CP) has a solution.
For the remainder of this paper, let us assume that ar € U,q is any such min-
imizer and that (g, gr, @), where (7,yr) = S(ar), is the associated solution
to the state system. Recall that (g, gr, @) has the regularity properties (24),
(25), and (28), respectively, and that (38) is satisfied for (y,yr) = (7, 9r).

The adjoint system to the problem (CP) is formally given by

g+Ap=0 in Q, (112)

—0(p+q) —Aq+ f"(§) g =bg(y — 2q) in Q, (113)

Onp=0 on %, (114)
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qr = qp and — 0iqr + Ong — Argr + f{r(Ir) qr = b(yr — zz) on %,

(115)
(p+a)(T) =ba(y(T) — za) in €, (116)
qF(T) = bp(gF(T) — ZF) on F, (117)

and was derived in [2] under the additional compatibility assumption
bo =br =0. (118)

In order to keep the technicalities at a reasonable level, we will from now
on always assume that (118) is fulfilled; we remark that in [2, Remark 5.6]
it has been pointed out that this assumption is dispensable at the expense
of less regularity of the adjoint state variables.

The following result was proved in [2, Thm. 2.4].

Theorem 4. Let (A1) -(A4) and (118) be fulfilled. Then the adjoint system
(112)—(117) has a unique solution in the following sense: there is a unique
triple (p, q, qr) with the regularity properties

p € H'(0,T; H*(Q)) N L*(0,T; H' (), (119)
g€ H'(0,T; H) N L*(0,T; H* (%)), (120)
qr € H'(0,T; Hr) N L*(0,T; H*(T)), (121)
qr(t) =q@)r  for a.a. t € (0,1), (122)
that solves for a.a. t € (0,T) the variational equations
/ ()vdm—/Vp -Vvdzr VYvelV, (123)
/at ) +q(t vdx+/Vq Vvdx+/f” )q(t) vdx
/ atqp vp dal’ + / qur -Vrop dl + / ) qr( ) vp dl’
= / bo (9(t) — 2¢(t))vde + / by, (yr(t) — zs(t))vr dT
Q r
for all (v,ur) €V, (124)

and the final condition

/(p+Q)(T)vdx+/qF(T) vpdl =0 V(U,UF) eV. (125)
Q T
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Now, let us introduce the “reduced cost functional” 5 : U — R by

d(ur) == 3(y,yr,ur), where (y,yr)= 8(ur). (126)

Since ar is an optimal control with associated optimal state (7, gr) = S(ar),
the necessary condition for optimality is

Dg(ﬂr)(vp — ar) >0 for every vr € Uyg, (127)

or, written explicitly (recall that bg = br = 0),

bQ/OT/Q(y—zQ)ﬁdxdt + bg/OT/F(Z/F—Zz)&dth

T
+ bo/ /Z_LF (vr —ar)dl'dt > 0 for every vr € Ugyg, (128)
0 JI

where, for any given vr € Uy, the functions &, &r are the first two com-
ponents of the solution triple (§,&r, () to the linearized problem (55)—(60)
associated with hr = vp — 4p. Moreover, since the adjoint variables have
been constructed in such a way that

bg /OT/Q(ﬂ—zQ)gd:c dt + by, /OT/F(QF—ZZ)& dldt = /OT/F qr(vp—ar)dldt,
(129)

we can rewrite (128) in the form (see also [2, Thm. 2.5])

T
/ /(qr +bour)(vp —ar)dl'dt > 0 for every vr € Uyg. (130)
0o JI

In particular, if by > 0, then @r is the orthogonal projection of —gr /by onto
U,q with respect to the standard scalar product in L?(X).

After these preparations, we now derive sufficient conditions for optimal-
ity. But, since the control-to-state operator 8§ is not Fréchet differentiable
on L?(¥) but only on U C X, we are faced with the so-called “two-norm
discrepancy”, which makes it impossible to establish second-order sufficient
optimality conditions by means of the same simple arguments as in the
finite-dimensional case or, e. g., in the proof of [6, Thm. 4.23, p. 231]. It will
thus be necessary to tailor the conditions in such a way as to overcome the
two-norm discrepancy. At the same time, for practical purposes the condi-
tions should not be overly restrictive. For such an approach, we follow the
lines of Chapter 5 in [6], here. Since many of the arguments developed here
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are rather similar to those employed in [6], we can afford to be sketchy and
refer the reader to [6] for full details.

To begin with, the quadratic cost functional J, viewed as a map from
CO([0,T]); H) x U into R, is obviously twice continuously Fréchet differen-
tiable on C°([0, T]; ) x U and thus, in particular, at ((9, r), ar). Moreover,
since bo = br = 0, we have for any ((y,yr),ur) € C°([0, T]; 3) x U and any
((v,vr), hr), ((w,wr), kr) € CO([0,T]; H) x X that

D*3((y,yr),ur)[((v,vr), hr), ((w, wr), kr)]

—bQ/ /”dexdt—l— bz/ /vapdl“dt + bo/ /hrkrdrdt 131)

It then follows ~from Theorem 3 and from the chain rule that the reduced
cost functional J is also twice continuously Fréchet differentiable on U. Now
let hr,kr € X be arbitrary. In accordance with our previous notation, we
put

(¢.r) = DS(ur)hr, (1,¢r) = DS(ur)kr, (n,nr)= D*$(ur)[hr, kr].

Then a straightforward calculation resembling that carried out on page 241
in [6], using the chain rule as the main tool, yields the equality

D*j(ar)[hr, kr] = D(y,y03((,9r), @) (n,1r)

+D*3((g,gr). ar)[((¢, 1), hr) . (0, ¢r) kr)]. (132)
For the first summand on the right-hand side of (132), we have

T
Dy 3((, 7)), ar)(n,nr) = bQ/o /ﬂ(ﬂ—zQ)ndmdt

T
+ by / / (9 — 2x) e dT'dt, (133)

where (1, 7r) solves the system (72)—(77). We now claim that

bQ// y—zg)ndxdt + bz/ / gr — zx)nrdl dt
——/O/Qf“)(y)sowdmdt—/o/Ffp3><yr>sorwpqurdt. (134

To prove this claim, we test (72) by p, insert v = ¢ in (123), and add the
resulting equations to obtain

T
0=//(5‘t77p+q19)dmdt. (135)
0 JQ
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Next, we test (73) by ¢. Since qr = gr, we find the identity

T T
//qﬁd:vdt //&gnqudt—k//Vn'quxdt
//8t77pquf‘dt +//vpnp Vrqr dl dt +//f” Ynqdz dt
+/ /f(?’)(@)wﬁqudt +/ /ff’(ﬂr)nrqrdfdt
0 JQ 0o JI

T
+/0 /Ffﬁ)(ﬂr)@ribr(ﬁdfdt. (136)

Now observe that the initial condition 7(0) = nr(0) = 0 and the final con-
dition (125) imply, using integration by parts with respect to time, that

T T
//5t77(p+q)dxdt+//8tnpqurdt
//c% p+q) ndwdt—/ /nrathdth

Hence, by adding (135) and (136) to each other, we obtain the identity

O:—/ /@(p—}—q)ndwdt—/ /npatquI‘dt —|—/ /Vn-qua:dt
0 Ja 0oJr 0 Ja
T T T
- / / Ve - Vegr dUdt + / / " (@)nqdedt + / / FO @) v de dt
0Ja

/ / (yr) nr qr dl' dt +// (yr) er ¢r qrdl dt. (137)

Inserting (v, vr) = (n,nr) in (124), we finally obtain that

0 :/OT/Q(bQ@—ZQ)TI + f(3)(z7)sowq) dz dt

"’/OT/F(bz@F —zs)nr + fég)(gr)gor Yr qp) dr dt,

by comparison. From this the claim (134) follows.
Now we can recall (131)—(134) in order to find the representation formula

D) e ] =bo [orl3agey + | / (b0 - 079@®)) ol do di

/ / bs — ar £ () ler > U de (138)
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Equality (138) gives rise to hope that, under appropriate conditions,
D2J(ar) might be a positive definite operator on a suitable subset of the
space L?(X). To formulate such a condition, we introduce for fixed 7 > 0
the set of strongly active constraints for ur by

Ar(ar) = {(z,t) € X: |gr(z,t) + by ur(x,t)| > 7}, (139)

and we define the 7—critical cone C(ur) to be the set of all hp € Xpy, :=
{hr eX: ||athFHL2(E) < Mo} such that

=0 if (a,t) € Ar(ar)
hr(z,t) >0 if ar(z,t) = urmin and (x,t) € A-(ur) . (140)
<0 if ap(z,t) = urmax and (x,t) ¢ A-(ur)

After these preparations, we can formulate the second-order sufficient opti-
mality condition (SSC) as follows.
There exist constants § > 0 and 7 > 0 such that

D*j(ar) [hr,hr] 2> §||hr(|Fa)  Vhr € Cr(ar),

where D2J(ar) [hr, hr] is given by (138) with (7,7r) = S(ar),
(¢, or) = D8(ar)hr and the associated adjoint state (p,q,qr). (141)

The following result resembles Theorem 5.17 in [6].

Theorem 5. Suppose that the conditions (Al)-(A4) and (118) are ful-
filled, and assume ar € Uqq, (7,7r) = S(ar), and that the triple (p,q,qr)
satisfies (119)—(125). Moreover, assume that the conditions (130) and (141)
are fulfilled. Then there are constants € > 0 and o > 0 such that

j(ur) > g(ﬂr) +UHUF_'ELI‘H%2(Z) for all up € Uyg with ||UF—’HFHQC < e.
(142)
In particular, ar is locally optimal for (CP) in the sense of X.

Proof. The proof closely follows that of [6, Thm. 5.17], and therefore we can
refer to [6]. We only indicate one argument that needs additional explana-
tion. To this end, let up € U,q be arbitrary. Since J is twice continuously
Fréchet differentiable in U, it follows from Taylor’s theorem with integral
remainder (see, e.g., [4, Thm. 8.14.3, p. 186]) that

dtur) — dar) = Diar)er + 5 D(alor, or] + Ri(ur,ar),  (143)
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with vr = ur — ar and the remainder

RH(UF,TLF) = /01(1 — S) (DQj(ﬂp + SUF) — D25(a1~)) [Ur,vr] ds. (144)

Now, we estimate the integrand (D2?J(ar + svr) — D2J(ar))[vr, vr] in
(144). To this end, we put

(v®,yp) = 8(ur + svr), (¢,er) = D8(ur)vr, (¢°,¢p)= D8(ur + svr)ur,
(n,nr) = DQS(EF)[UD UF]7 (n°,np) = DQS(UF + SUF)[UD UF]

and use the representation formulas (131)—(133). We obtain

D(y,yr)g((ysa yf‘)’ ur + SUF)(ﬁS7 7)1‘2) - D(y,yr)g((gv ZjF); '&F)(na 77F) =1 + I,
(145)

with the integrals

bQ/O/Q(yS_ZQ) (n® —n)dzdt + bg/o/r(yf;_zZ) (ns — ) dT dt.

(146)

IQI

Moreover,

D*3((y*,yp), ar + svr)[((#°, 1), vr) s (%, 01),vr)]
=D*3((7,9r), ar)[((¢,r),vr), (9, r),0r)] =I5, where

Ig—bQ//(,D—(,O ©° + ) dxdt—i—bg// —or)(pt + ¢r)dl' dt.
(147)
We now estimate the integrals I, I, and I3, where we denote by C;, i € N,
constants that depend neither on s € [0, 1] nor on ur € Uyq. At first, using
the Cauchy-Schwarz inequality, we obtain
|| < max{bq,bs} I(v*, 1) — (@, 90) | 20,7590 11 (0 m0) | 22 0,7530)
< max{bq,bs} |(y*,y2) — (@, 70)lly [(n,7r)lly

<Cis Heriz(g), (148)

A
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where in the last inequality we have employed the estimates (36) and (82).
Similarly, we have

2| < max{bg, bs}|(y*, yP) — (2q, 2) 220,790 10, n2) = (m,m0) |22 (0,7:90)
< max{bq, bs} 1(¥", yp) — (2q, 22) 20,090 1%, mp) — (m,70) [y
< Cosllor|Zmy, (149)

where, for the last inequality, we used (A1) and (34) to estimate the first
norm and (79) for the second one. Finally, we get

13| < max{bq, b= }||(#", @) — (@, ¢r) 20,790 [1(¢%, ©7) + (5 r) | L2 0,7:3¢)
< max{bg,bs} [[(¥°, 1) — (@, er)lly [[(¢°, 1) + (0, ¢r)lly
< Cy s |lorl|7ex)- (150)

For the last inequality, we applied (61) to estimate the first norm and the
triangle inequality and (48) to estimate the second one. Combining the
above estimates, we thus have finally shown that

5 1

[Rluran)| < & [ (=95l ds < Callorlx forles) - (151
0

with global constants C4 > 0 and Cys > 0 that do not depend on the choice

of up € Uyg. But this means that

‘Ra(uF,ﬂp)‘
HUF - uFHL2(2)

With this information at hand, we can argue along exactly the same lines as
on pages 292-294 in the proof of Theorem 5.17 in [6] to conclude the validity
of the assertion. O
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We consider a nonlinear delay differential evolution inclusion sub-
jected to nonlocal implicit initial conditions and we prove an existence
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1 Introduction

The goal of this paper is to prove an existence result for bounded C°-
solutions to a class of nonlinear delay differential evolution inclusions sub-
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jected to nonlocal implicit initial conditions of the form

u'(t) € Au(t) + f(t), t€ Ry,
f(t) € F(t,u), teRy, (1)
u(t) = g(u)(t), te[-70],

where X is a Banach space, 7 > 0, A : D(A) C X — X is the in-
finitesimal generator of a nonlinear semigroup of contractions, the multi-
function F : Ry x C([—7,0]; D(4)) — X is nonempty, convex weakly
compact valued and strongly-weakly u.s.c., and g : Cp([—7, +00); D(A)) —
C([—7,0]; D(A)) is nonexpansive and has affine growth, i.e. there exists
mg > 0 such that

lg(u)llc=ro01:x) < llullc,o400):x) + ™0 (2)

for each u € Cy([ —7, +00); D(A)).

If T is an interval, Cy(I; X) denotes the space of all bounded and con-
tinuous functions from I, equipped with the sup-norm | - |lc,(7,x), while
Cy(I; D(A)) denotes the closed subset in Cy(I; X) consisting of all elements
u € Cp(I; X) satisfying u(t) € D(A) for each ¢ € I. Let a € R. On
the linear space Cy([a,+00); X) let us consider the family of seminorms
{I-llx; k € N, k> a}, defined by |lul|r = sup{||u(t)||; t € [a,k]} for each
k € N, k > a. Endowed with this family of seminorms, Cy([a,+00); X)
is a separated locally convex space, denoted by C~'b([a, +00); X). Further,
C([a,b]; X) stands for the space of all continuous functions from [a,b] to X
endowed with the sup-norm || - [|¢((a];x) and C([a,b]; D(A)) is the closed

i

subset of C([a,b]; X) containing all v € C([a,b]; X) with u(t) € D(A)
for each ¢ € [a,b]. Finally, if u € Cp([—7,4+0); X) and t € R4, uy €
C([-7,0]; X) is defined by

ug(8) == u(t + s)

for each s € [—7,0].

The existence problem on the standard compact interval [0, 2], in the
simplest case when 7 = 0, i.e. when the delay is absent, was studied by
Paicu, Vrabie [41]. In this case C([—7,0]; D(A)) identifies with D(A), F
identifies with a multifunction from [0,27] x X to X. By using an inter-
play between compactness arguments and invariance techniques, they have
proved an existence result handling periodic, anti-periodic, mean-value evo-
lution inclusions subjected to initial condition expressed by an integral with
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respect to a Radon measure pu. A very important specific case concerns T'-
periodic problems, which corresponds to the choice of g as g(u) = u(T), was
studied by Paicu [39]. For F single-valued, this case was analyzed by Aiz-
icovici, Papageorgiou, Staicu [3], Cagcaval, Vrabie [18], Hirano, Shioji [34],
Paicu [40], Vrabie [44]. For a survey concerning: periodic, anti-periodic,
quasi-periodic and almost periodic solutions to differential inclusions, see
Andres [6]. As long as differential inclusions subjected to general nonlocal
initial conditions without delay are concerned, we mention the papers of
Aizicovici, Staicu [5] and Paicu, Vrabie [41]. The case of periodic retarded
equations and inclusions subjected to nonlocal initial conditions were stud-
ied by Vrabie [46], and Chen, Wang, Zhou [20], while the general delay
equations was considered by Burlica, Rosu [14] and Vrabie [48], [49] and
[50].

Existence results in the periodic abstract undelayed case were obtained
by Aizicovici, Papageorgiou, Staicu [3], Cagcaval, Vrabie [18], Hirano, Sh-
ioji [34], Paicu [40], Vrabie [44], while the anti-periodic case was considered
by Aizicovici, Pavel, Vrabie [4]. The semilinear case of undelayed differential
equations subjected to nonlocal initial data, was initiated by the pioneer-
ing work of Byszewski [15]. Further steps in this direction were made by
Byszewski [16], Byszewski, Lakshmikantham [17], Aizicovici, Lee [1], Aiz-
icovici, McKibben [2], Zhenbin Fan, Qixiang Dong, Gang Li [27], Garcia-
Falset [29] and Garcia-Falset, Reich [30]. All these studies are strongly mo-
tivated by the fact that specific problems of this kind describe the evolution
of various phenomena in Physics, Meteorology, Thermodynamics, Popula-
tion Dynamics. A model of the gas flow through a thin transparent tube,
expressed as a problem with nonlocal initial conditions, was analyzed in
Deng [24]. Some models in Pharmacokinetics were discussed in the mono-
graph of McKibben [35, Section 10.2, pp. 394-398]. Models arising from
Physics were analyzed by Olmstead, Roberts [38] and Shelukhin [43]. Linear
second order evolution equations subjected to linear nonlocal initial condi-
tions in Hilbert triples were considered in Avalishvili, Avalishvili [8] and
motivated by mathematical models for long-term reliable weather forecast-
ing as mentioned in Rabier, Courtier, Ehrendorfer [42]. For Navier-Stokes
equations subjected to initial nonlocal conditions see Gordeziani [32]. Clas-
sical nonlinear delay evolution initial-value problems, i.e. when g = v with
Y € C([r,0]; D(A)), were considered by Mitidieri, Vrabie [36] and [37], also
by using compactness arguments. It should be emphasized that in Mitidieri,
Vrabie [36] and [37] the general assumptions on the forcing term F are very
general allowing — in certain specific cases when A is a second order elliptic
operator — F' to depend on Au as well.
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Our paper extends the main result in Vrabie [47] to cover the more
general case in which g has affine rather than linear growth. This case is
important in applications and does not follow by a simple modification of
the arguments used in Vrabie [47].

The paper is divided into 7 sections. In Section 2 we have included some
concepts and results widely used subsequently. In Section 3 we prove an
existence and uniqueness result for the unperturbed problem (1) which, al-
though auxiliary, is important by its own. Section 4 collects the hypotheses
used and provides some comments on several remarkable particular cases
handled by the general frame considered. Section 5 is devoted to the state-
ment of the main result, i.e. Theorem 7 and to a short description of the
idea of the proof. Section 6 is concerned with the proof of the main result
and the last Section 7 contains an example illustrating the possibilities of
the abstract developed theory.

2 Preliminaries

Although the paper is almost self-contained, some familiarity with the
basic concepts and results on nonlinear evolution equations governed by m-
dissipative operators, delay evolution equations and on multifunction theory
would be welcome. For details in these three topics, we refer the reader, in
order, to Barbu [11], Hale [33] and Vrabie [45]. However, we recall for easy
reference the most important notions and results we will use in the sequel.

Definition 1 If X is a Banach space and C C X, the multifunction F' :
C — X is said (strongly-weakly) upper semicontinuous (u.s.c.) at & € C
if for every (weakly) open neighborhood V of F(&) there exists an open
neighborhood U of £ such that F'(n) C V for each n € UNC. We say that F
is (strongly-weakly) u.s.c. on C if it is (strongly-weakly) u.s.c. at each & € C.

Definition 2 A multifunction F': [ x C — X is said to be almost strongly-
weakly u.s.c. if for each v > 0 there exists a Lebesgue measurable subset
E., C I whose Lebesgue measure A\(E,) < v and such that F' it is strongly-
weakly u.s.c. from (I \ E,) x C to X.

Remark 1 If the sequence (g,), is strictly decreasing to 0, we can always
choose the sequence (E,),, where E., corresponds to &, as specified in
Definition 2, such that E, CE.,forn=0,1,....

Ent+1 =

We also need the following general fixed point theorem for multifunctions
obtained independently by Ky Fan [28] and Glicksberg [31].
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Theorem 1 (Ky Fan-Glicksberg) Let K be a nonempty, conver and com-
pact set in a separated locally convexr space and let I' : K — K be a
nonempty, closed and convex valued multifunction with closed graph. Then
T has at least one fized point, i.e. there exists f € K such that f € T'(f).

A very useful variant of Theorem 1, is

Theorem 2 Let K be a nonempty, conver and closed set in a separated
locally convex space and let T' : K — K be a nonempty, closed and convex
valued multifunction with closed graph. If T(K) := UzerD(x) is relatively
compact, then T' has at least one fixed point, i.e. there exists f € K such
that f € T'(f).

Proof. Since K is closed, convex and I'(K) C K, we have

convI'(K) C convK = K.

So,
I'( convI'(K)) CT(K) C convI'(K),

which shows that the set C := convI'(K), which by Mazur’s Theorem, i.e.
Dunford, Schwartz [22, Theorem 6, p. 416] is compact, is nonempty, closed,
convex and T'(C) C C. So, we are in the hypotheses of Theorem 1, with K
substituted by C C K, wherefrom the conclusion. O

Since, by Edwards [23, Theorem 8.12.1, p. 549], the weak closure of a
weakly relatively compact set, in a Banach space, coincides with its weak
sequential closure, Theorem 2 implies:

Theorem 3 Let K be a nonempty, convex and weakly compact set in Ba-
nach space and let T' : K — K be a nonempty, closed and convex valued
multifunction with sequentially closed graph. Then T' has at least one fized
point, i.e. there exists f € K such that f € T(f).

In the single-valued case, Theorem 3 is due to Arino, Gautier, Penot [7].
If z,y € X, we denote by [z, y ]+ the right (left) directional derivative of
the norm calculated at z in the direction y, i.e.

Nl + Ryl — [l Nl + Ryl — ||
=1 B —— _ =1 _— .
[z, y]+ =lim 3 [#,y]- =1lim .

We recall that:
[z,y +ax]s = [2,y]s + a2 (3)
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for a € R. See Barbu [11, Proposition 3.7, p. 101].
We say that the operator A : D(A) C X — X is dissipative if

(1 — 22,51 —y2]- <0

for each x; € D(A) and y; € Az, i = 1,2, and m-dissipative if it is dissipative
and, for each A\ > 0, or equivalently for some A > 0, R(I — \A) = X.

Let A: D(A) C X — X be an m-dissipative operator, let £ € D(A),
f € L'(a,b; X) and let us consider the differential equation

u'(t) € Au(t) + £(t). (4)
Theorem 4 (Benilan) Let w € R and let A : D(A) C X — X be an m-

dissipative operator such that A+wl is dissipative. Then, for each & € D(A)
and f € L'(a,b; X), there exists a unique C°-solution of (4) on [a,b] which
satisfies u(a) = £. Furthermore, if f,g € L'(a,b; X) and u,v are the two

CP-solutions of (4) corresponding to f and g respectively, then:

t
lu(t) = v(®)]| < e |Ju(s) — v(s)| +/ e =0 £(0) — g(0)lldo  (5)
for each a < s <t <b.

See Benilan [12], or Barbu [11, Theorem 4.1, p. 128].

We denote by u(-, a, &, f) the unique C%-solution of the problem (4) sat-

isfying

u(a,a,f,f) =¢
and we notice that u(t,0,&,0) = S(t)€, where {S(t); S(t): D(A) — D(A)}
is the semigroup of nonexpansive mappings generated by A via the Crandall-
Liggett Exponential Formula. See Crandall, Liggett [21].

We recall that the semigroup {S(t); S(t) : D(A) — D(A)} is called
compact if, for each ¢t > 0, S(t) is a compact operator.

We conclude this section with some compactness results concerning the
set of C%-solutions of the problem (4) whose initial data u(a) and forc-
ing terms f belong to some subsets B, in D(A), and respectively F, in
L'(a,b; X). First, we introduce:

Definition 3 Let (2, %, 1) be a complete measure space, () < +0o0. A
subset F C LY(Q, u; X) is called uniformly integrable if for each € > 0 there
exists d(e) > 0 such that

[ 1sldute) <
E

for each f € F and each E € ¥ satisfying u(E) < d(¢).
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The next result is an extension of a compactness theorem due to Baras [10].

Theorem 5 Let X be a Banach space, let A : D(A) C X — X be an m-
dissipative operator and let us assume that A generates a compact semigroup.
Let B C D(A) be bounded and let F be uniformly integrable in L'(a,b; X).
Then, for each o € (a,b), the set {u(-,a,&, f); (&, f) € B x F} is rela-
tively compact in C([o,b]; X). If, in addition, B is relatively compact, then
{u(,a,& f); (& f) € Bx F} is relatively compact even in C([a,b]; X).

See Vrabie [45, Theorems 2.3.2 and 2.3.3, pp. 46-47].

Definition 4 An m-dissipative operator A is called of complete continuous
type if for each a < b and each sequences (f,)n in L'(a,b; X) and (un)n
in C([a,b]; X), with wu,, a CYsolution on [a,b] of the problem u/,(t) €
A (6) + fi(t), m=1,2,... satisfying:

limf, = f weaklyin L'(a,b;X),
limu, =u strongly in C([a,b]; X),

it follows that u is a C° solution on [a,b] of the limit problem () €
Au(t) + f(t).

Remark 2 If the topological dual of X is uniformly convex and A generates
a compact semigroup, then A is of complete continuous type. See Vrabie [45,
Corollary 2.3.1, p. 49]. An m-dissipative operator of complete continuous
type in a nonreflexive Banach space (and, by consequence, whose dual is not
uniformly convex) is the nonlinear diffusion operator Ay in L(Q2). See the
example below.

Example 1 Let A be the Laplace operator in the sense of distributions
over Q. Let ¢ : D(p) CR — R, let u: Q — D(p) and let us denote by

Sy(u) = {v e LY(Q); v(z) € p(u(z)), ae. for x € Q}.

We recall that ¢ : D(¢) € R — R is said to be mazimal monotone if
—p is m-dissipative.

The (i) part in Theorem 6 below is due to Brezis, Strauss [13], the (i)
part to Badii, Diaz, Tesei [9] and the (4i7) part to Carja, Necula, Vrabie [19].

Theorem 6 Let Q be a nonempty, bounded and open subset in R with C*
boundary ¥ and let ¢ : D(p) C R — R be mazimal monotone with 0 € ¢(0).



74 M. Necula, I. I. Vrabie

(i) Then the operator Ap : D(Ap) C LY(Q) — LY(Q), defined by

{ D(Ap) = {u € L'(Q); Fve S,(u) NW,' (), Ave L'(Q)}
Ap(u) = {Av; v e S,(u) "W ()} N LHQ) for u € D(Ay),

is m-dissipative on L'(€).

(ii) If, in addition, ¢ : R — R is continuous on R and C' on R\ {0} and
there exist two constants C >0 and o >0 if d <2 and o > (d —2)/d
if d > 3 such that

¢'(r) = Clr|*t

for each r € R\ {0}, then Ay generates a compact semigroup.

(#i1) In the hypotheses of (ii), Ag is of complete continuous type.

For the proof of (i) see Barbu [11, Theorem 3.5, p. 115|, for the proof
of (ii) see Vrabie [45, Theorem 2.7.1, p. 70] and for proof of the (iii) —
which rests heavily on slight extension of a continuity result established
in Diaz, Vrabie [26, Corollary 3.1, p. 527] which, in turn, follows from a
compactness result due to Diaz, Vrabie [25] —, see Carja, Necula, Vrabie [19,
Theorem 1.7.9, p. 22].

3 An auxiliary lemma

We begin by considering the problem

{ u'(t) € Au(t) + f(t), te€ Ry,

(6)
u(t) = g(u)(t), te[-7,0].

Lemma 1 Let us assume that A is m-dissipative, 0 € D(A), 0 € A0 and

there exists w > 0 such that A + wl is dissipative, too. Let us assume,

in addition, that there exists a > 0 such that g : Cp([—T7,+00); D(A)) —

C([—7,0]; D(A)) satisfies

l9(w) = 9@)lle, (—r0)5tm) = IV = Plleyat00t) (7)

for each v,v € Cy([—T7,+00); D(A)) and has affine growth, i.e. satisfies (2).
Then, for each f € L (Ry; X) N LY (Ry; X), (6) has a unique CO-solution

u € Cyp([—T,+00); D(A)).
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Remark 3 If g : Cy([—7,4+00); D(A)) — C([—7,0]; D(A)) satisfies (7),

then g depends only on the restriction v|[4 4o0) of v to [a, +00).

We can now pass to the proof of Lemma 1.
Proof. Let us observe first that, for each v € Cy([ —7, +00); D(A)), the
initial value problem for the delay equation

{ u'(t) € Au(t) + f(t), t€Ry, ®)
u(t) = g(v)(t), te[-70]
has a unique C°-solution u : [—7,4+00) — D(A). Clearly, u is bounded

on [—7,0] because it is continuous. Next, recalling that 0 € A0, from
Theorem 4 we conclude that

t

lu(@®)]l < e™"[lu(0)]] +/O =0 £(6)1d0

1
< [[wO + =M1l g4,

for each ¢ > 0. Finally, since u is bounded on both [—7,0] and [0, +00), it
follows that v € Cy([ —T,4+00); D(A)).

Now let us observe that, in view of Remark 3, g(v)(t) = g(v)(t) for each
t € [—7,0] whenever v and ¥ coincide on [a,+00) and so, g depends only
on the restriction of v on [a, 4+00) To conclude the proof, it suffices to show
that the operator

Q : Cy([a,+00); D(A)) = Cy([a, +00); D(A)),

defined by
Q(’U) = U[a,400)>

where u is the unique C%-solution of the problem (8), is a strict contraction.
Hence by the Banach Fixed Point Theorem, () has a unique fixed point

U = Uj[q,400) and
t), teR
ult) = u(t) +
g(v)(t), te [—7‘,0],
is the unique C°-solution of (6).

To this end, let v,v € Cy([a,+00); D(A)) and t € [a,+00) be arbitrary.
We have

1Q(v)(t) — QE@)(®)]| < e™[[Q(v)(0) — Q@) (0)]
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< e g(v)(0) = g(@)(0)]| < e™**[lv = llc, ([a,+00):%)-
To complete the proof, we have merely to observe that
1Q(v) = Q) llcy(1ar+o0)ix) < € “llv = Dllcy((a,400):%)

for each v,v € Cy([a, +00); D(A)). |

4 The general frame and basic assumptions

In the sequel we shall denote by z : [—7,+00) — D(A) the unique
C%-solution of the unperturbed problem

{ Z'(t) € Az(t), teR4,
z(t) = g(2)(t), te[-T,0].

which, in view of Lemma 1, belongs to Cy([ —7, +00); D(A)).
The assumptions we need in that follows are listed below.

9)

(Hyq) A:D(A) C X — X is an operator with the properties:

(A1) A is m-dissipative, there exists w > 0 such that A + wI is dissi-
pative too, 0 € D(A), 0 € A0 and D(A) is convex;;

(A3) the semigroup generated by A on D(A) is compact ;

(A3) A is of complete continuous type. See Definition 4.

(Hp) F : Ry x C([—7,0]; D(A)) — X is a nonempty, convex and weakly
compact valued, almost strongly-weakly u.s.c. multifunction. See Def-
inition 2.

(H) There exists r > 0 such that for eacht € R4, eachv € C([—7,0]; D(A)),
with [[v—2¢|lo(—r0)x) = 7 and f € F(t,v), we have [v(0)—z(t), f ]+ <
0, where z is the unique C°-solution of the unperturbed problem

(H}) There exists > 0 such that for each t € R4, eachv € C([—7,0]; D(A
with ||v(0) — 2(¢)|| > r and f € F(¢,v), we have [v(0) — z(¢), f ]+ <0,
where z is the unique C%-solution of the unperturbed problem (9).

~—
~—

(Hp) There exists £ € L=°(R4; Ry)NLY (R4 ; Ry ) such that for almost every
t € Ry and for each v € C([ —7,0]; D(A)) satistying ||v(0) — z(t)] < r,
where r > 0 is given by (Hj), and each f € F(t,v), we have

I£II < €().
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(H%) There exists £ € L*(Ry; Ry ) N LY (R4; Ry) such that

IfI] < €(t)

for each v € C([—71,0]; D(A)), each f € F(t,v) and a.e. for t € Ry.

(Hy) g:Cp([—T,+00); D(A)) = C([—T,0]; D(A)) satisfies:
(g1) g has affine growth, i.e. there exists my > 0 such that for each u
in Cy([—T,+00); D(A)), g satisfies (2);

(g2) there exists a > 0 such that for each u,v € Cyp([ —7, +00); D(A)),
we have

llg(w) = g()lle=r01x) < lu = vllcy([a,400):X) ;
(94) g is continuous from Cy([—7, +00); D(A)) to C([—7,0]; D(A)).

Remark 4 The hypothesis (H;) ensures the invariance of a certain moving
set with respect to the C?-solutions of the problem

{ u'(t) € Au(t) + f(t), te€ R4,
u(t) = g(v)(t), te[-r,0].

Namely, if a C9-solution u of the problem above satisfies the initial constraint
u(t) — z(t) € D(0,7) for each t € [—7,0], where z is the unique C-solution
of (9), then (Hj) implies that u satisfies the very same constraint for all ¢
belonging to domain of existence of u.

It Hg<u)||C([—T,O];X) < HUHCb([O,-i-oo);X) for each u € Cb([fﬂ +OO);X)a
case in which we will say that g has linear growth, we have g(0) = 0 and,
accordingly, the unique C%solution z of (9) is identically 0. So, in this case,
the invariance condition is nothing but a variant of the condition (Hs) in
Vrabie [47].

Conditions (g1) ~ (g2) and (g4) are satisfied by all functions g of the
general form specified in Remark 5 below.

Remark 5 Let 0 < 7 < T. If the function g is defined as
(1) g(u)(t) =u(T +1t), t € [—7,0] (T-periodicity condition);

(17) g(u)(t) = —u(T +1t), t € [—7,0] (T-antiperiodicity condition);
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(7i1) g(u)(t) = /+oo k(0)u(t+60)do, t € [—7,0], where k € L*([7,4+o0); R)

+oo
and / |k(0)] df = 1 (mean condition);

n n
() g(u)(t) = Zaiu(t +t;) for each t € [—7,0], where Z la;] <1 and
i=1 =1
T <t <ty < - <t, =T are arbitrary, but fixed (multi-point
discrete mean condition);

then ¢ satisfies (¢g1) with mg = 0 and (g2) with a = T — 7 > 0. A more
general case is that in which the support of the measure p is in (7, +00) and
the function is g given by

+o0

g(u)(t) = N(u(t +6)) dp(6) + (1), (10)
for each u € Cy([—7,+00); D(A)) and t € [—7,0]. Here N : X — X is
a (possible nonlinear) nonexpansive operator with A'(0) = 0 and pu is a o-
finite and complete measure on [T, +00), for which there exists b > 7 such
that supp pu = [b, +00), u([b,+00)) =1 and ¥ € C([—7,0]; X) is such that
g(u)(t) € D(A) for each t € [—7,0]. Obviously, in this case, the constant
a>01in (g2) is exactly b — 7.

Remark 6 From (g2), (94) and Remark 3, we conclude that, for each
convergent sequence (uy)x in Cy([a, +00); D(A)) to some limit u we have
limy, g(ux) = g(u) in C([=7,0]; X).

5 The main result

We may now proceed to the statement of the main result in this paper.

Theorem 7 If (Ha), (Hr), (Hr), (Hp) and (Hy) are satisfied, then (1) has
at least one C°-solution, u € Cy([—T,+00); D(A)) satisfying u(t) — z(t) €
D(0,7) for each t € Ry, where z is the unique C°-solution of (9) and r > 0
is given by (Hy).

We will prove our Theorem 7 with the help of:

Theorem 8 If (Ha), (Hr), (H}), (Hp) and (Hy) are satisfied, then (1) has
at least one C°-solution, u € Cy([—7,4+00); D(A)) and u(t) — z(t) € D(0,r)
for each t € Ry, where z is the unique C°-solution of (9) and r > 0 is given
by (Hyp)-
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The proof of Theorem 8 is divided into four steps.

The first step. We begin by showing that, for each ¢ € (0,1) and
f € L*(Ry; X), the problem

{ u'(t) € Au(t) —e[u(t) — 2(t)] + f(t), t€ Ry,
u(t) = g(u)(t), te[-70]
has a unique C-solution ul € Cy([—7, +00); D(A)).

The second step. We show that for each fixed ¢ € (0, 1), the operator
f— uZ , which associates to f the unique C°-solution uéc of the problem

(11), is compact from L®(R; X) N LY (Ry; X) to Cy([—7, +00); D(A)).
The third step. As F' is almost strongly-weakly u.s.c. — see Defini-

tion 1 —, it follows that, for the very same £ > 0, there exists £, C R,

whose Lebesgue measure A(E;) < ¢ and such that F (R\B.)xC([—.0], DAY

is strongly-weakly u.s.c., we construct an approxmlatlon for F' as follows.
Let

(11)

D(F) =Ry x O([~,0]; D(4)),
De(F) = (R4 \ E:) x C([~7,0]; D(4))
and let us define the multifunction F. : Ry x C([—7,0]; D(A)) — X, by
F(t.0) :{ F(t,v), (t,v) € D(F), 12
{0}, (t,v) € D(F) \ De(F).

Further, we prove that the multifunction f + Sel FE(-,ug (), where
Sel F.(-,uf () = {h € L'(Ry; X); h(t) € F.(t,ul,) a.e. t € Ry},

maps some nonempty, convex and weakly compact set X C L'(R.; X) into
itself and has weakly xweakly sequentially closed graph. Then, we are in
the hypotheses of Theorem 3, wherefrom it follows that this mapping has
at least one fixed point which, by means of f — ug , produces a C%-solution
for the approximate problem

u'(t) € Au(t) —e[u(t) —z(t)] + f(t), te€ Ry,
f(t) € Fo(t,u), t e Ry, (13)
u(t) = g(u)(t), te[-70],

where F; is defined by (12).

The fourth step. For each ¢ € (0,1), we fix a C%-solution u. of the
problem (13), and we show that there exists a sequence €, | 0 such that
(tg,, )n converges in Cy([0, +00); D(A)) to a CP-solution of the problem (1).
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6 Proofs of Theorems 7 and 8

We begin with the proofs of the four steps outlined above which are
labeled here as four lemmas.

Lemma 2 Let us assume that (A1) in (Ha), and (g1) ~ (g92) in (Hy) are
satisfied. Then, for each ¢ > 0 and each f € L®(Ry; X) N LY (Ry; X), the
problem (11) has a unique C°-solution ul [—7,+00) = X which belongs
to Cy([ —7, +00); D(A)). Moreover, ul satisfies

1
[l = 2|y ([ —rrto0)ix) < g||f||L°°(R+;X)v (14)
where z is the unique C°-solution of the problem (9).

Proof. First, let us observe that the problem (11) has the form

{ u'(t) € Acu(t) + f=(t), t€ Ry,
where A, = A—el and f.(t) = f(t)+ez(t) for t € Ry. Clearly, A.+¢l is m-
dissipative, 0 € D(A.) and 0 € A.0. Since z € Cp([0,+00); D(A)) we have
f- € L®(R4; X)N LY(Ry; X) and so Lemma 1 applies with w = ¢ and this
implies the existence and uniqueness of solution ul € Cy([—7, +00); D(A)).

Next, using the very same operator A, = A — eI, we rewrite the unper-
turbed problem (9) as

(15)

{ z/(t) S Asz(t) + hs(t)v te Ry, (16)

z(t) = g(2)(8), te[-70],

with he(t) = ez(t), for t € Ry. Then, for each ¢t € (0,400), the unique
C-solution ul of (15) and the unique solution z of (16) satisfy

lul (8) = 2(8)] < e[[uf (0) — 2(0)] +/O || f(s)]] ds

1— e*Et

< eiat”ug - Z||C'b([a,+00)§X) + ||f||LOO(R+;X)7

for each t € (0,400).
Clearly, there exists a sequence (ay,) in (0, a) such that

lim lul — 2l 6y ([am o0)ix) = 1wl = 2l ey ((0,400):3)- (17)
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From the last inequality it follows that, for every n € N, we have

1—e¢

—— Il myix) (18)

lul(8) = 20 < ™ ul = 2lcy (anrocrix) + ——

for each t € [ay,, +00), and so

1
[uf = 2l ey ((an,+oo)ix) < g||f||L°°(R+;X)a

for every n € N. From (17), it readily follows that

1
[ul = 2|y ([0, +00):x) < g||f||L°°(R+;X)-
Next, if ¢t € [—7,0], from (g2) in (H,), we get
lul(t) = 2] = llg(ul) () — g(2) @)

< lul = 2ll6y a0y x) < Ul = 2]y (10 400): )

and thus (14) holds true, and this completes the proof. O

Lemma 3 Let us assume that (A1), (A2) in (Ha) and (Hy) are satisfied,
let £ > 0 be fized and let £ € L°(R; R4 )NLY(Ry;Ry). Then the operator
fe ug, where ug is the unique solution of the problem (11) corresponding

to f, maps the set

F={f € L=([0,+00); X) N L'(R4; X); [|[f()| S £(t) a.e. forte Ry},

into a relatively compact set in Cy([—T,+00); D(A)).

Proof. By (14), {ul: f € F} is bounded in Cy([0, +00); D(A)) and thus
{ul(0); f € F} is bounded in D(A). Since F is uniformly integrable in
LY(0,k; X) for k=1,2,... — see Definition 3 —, from (As) and Theorem 5,
we conclude that, for every k = 1,2,..., and o € (0,k), {u!;f e F}is
relatively compact in C([o,k]; D(A)). Thanks to (g2), (g4) in (Hy) and to
Remark 6, we deduce that the set {g(ug ); f € F} is relatively compact
in C([—7,0]; D(A)), and therefore {g(ug)(O); f 6.7-"} = {ul(0); f e F}

is relatively compact in D(A). Again, from (g1) and the second part of
Theorem 5, it follows that the set {ué[ ; f € F)} is relatively compact in
Cy([ —T7,+00); D(A)). The proof is complete. O




82 M. Necula, I. I. Vrabie

Lemma 4 Let us assume that (Ha), (Hp), (Hp) and (Hy) are satisfied.
Then, for each € > 0, the problem (13) has at least one solution u..

Since the proof follows the very same lines as those in the proof of
Lemma 4.3 in Vrabie [47], we do not give details.
O

Lemma 5 If (Ha), (Hp), (H}), (Hp) and (Hy) are satisfied, then, for each
e €(0,1), each CY-solution u. of the problem (13) satisfies

”ue - Z”C;,([O,—&-oo);X) <, (19)
where r > 0 is given by (Hj).

Proof. Let us observe that, if 0 <t < t, we have

[ue(®) = 2(B)]] < [lue(t) = 2(®)]| (20)

T T
b [ ) = 2(6), ) e ds = = [ uals) = () s,
t ¢
Let us assume by contradiction that there exists ¢ € R4 such that
[uc(t) = 2(B)]| > r.
We distinguish between two cases.
Case 1. There exists t,, € R4 such that
r < lue = zlley (10, +00)x) = llue(tm) = 2(tm)|- (21)

If t,, = 0, then

7 < lue = zlley (0, 400):x) = [1ue(0) = 2(0)[| = [lg(ue)(0) = g(2)(0)]

< lue = 2l ([a00);x) < e = 216y (0,400):x)
and so
lue — zll ¢y ([0,400):x) = ltte = 2oy ([ar400);x) -
Therefore, we can always confine ourselves to analyze the case when, in (21),

either ¢,, € (0,400) or there is no t,, € (0,+00) satisfying the equality in
(21).
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So, if there exists t,, € (0,+00) such that (21) holds true, then the

mapping
t = [luc(t) — z(8)]

cannot be constant on (0, ¢,,). Indeed, if we assume that
luc(s) = 2(s)I] = lluc(tm) — 2(tm)|

for each s € (0,t,,), then, taking ¢ € (0,t,,) and t = t,, in (20) and using
(H}) with v(0) = uz5(0) = u(s), we get

r<r—e(tm—t)r<r (22)
which is impossible. Consequently, there exists ¢y € (0, ¢,,) such that
7 < lue(to) =2 (to) | < llue(s)=z(s)I| < lJue(tm)=2(tm)]| = llue=zllc, (0.400))
for each s € (o, ty,). Since
l[ue(s) = 2()I < llues = 2sllo((-r01:x),
for each s € Ry, we have
T < |Jues = zsll o -r01:x)

for each s € (to,t,,) and then, using again (20) and (H}), we get

7 < Jue(tm) = 2(tm)l| < llue(to) = 2(to) | — e(tm — to)r

which implies the very same contradiction as before, i.e. (22).
It remains only to analyze
Case 2. There is no t,, € Ry such that (21) holds true. Then, there
exists at least one sequence (t); such that
liin tr = +o0,

lim [lue(t) = 2(t)ll = llue = 2lloy 0, 400):x)-

If there exists t € R such that ||uc(t)—2(t)|| = , then |Juc(t) —2(t)|| < r
for each t € [t,400). Indeed, if we assume the contrary, there would exists
[t,t] C[0,400) such that

lue(t) — 2(B)]| = r
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and
r < lue(s) = 2(s)]|

for each s € (t,£]. Then, using once again (20) and (H}), we get
< ue(®) = 2@ < |lue(t) = 2(@)l| - e(t —t)r
<r—e(t—t)r

leading to (22) which is impossible.
So, when both
T < |lus = 2l ¢y ([0,400): %)
and
Jue(t) — 2(0)[| < llue = zllcy (10,400):x)

hold true for each ¢t € R, we necessarily have
luc(t) = 2(B)]| > r

for each t € R4. If this is the case, let us remark that we may assume with
no loss of generality, by extracting a subsequence if necessary, that

tpr1 —t > 1
for k=0,1,2,.... Then, by (3) and (H}), we have

7 < |ue(trs1) — 2(tp) ||

< Jlue(tn) — 2(te) | + / T ue(s) — 2(s), £(5) — eue(s) — () )4 ds

ti

< lue(te) = 2(t6)] = €/t " ue(s) - 2(s) ) ds

< lue(tr) — 2(tk) || — e(trgr — ti)r < flue(ty) — 2(t)|| —er

for each £ € N. Passing to the limit for £k — +o00 in the inequalities
lJue(trr1) = 2(trs) | < llue(te) — 2(t0) || —er, kB =1,2,...

we get
[ue = 2l ([0,400):x) < lue = 2l cy([0,400);x) — €T

But, in view of Lemma 2, [lue — z||c,(j0,4-00);x) 18 finite and thus we get a

contradiction. This contradiction can be eliminated only if Case 2 cannot
hold. Thus, both Case 1 and Case 2 are impossible. In turn, this is a
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contradiction too, because at least one of these two cases should hold true.
So, the initial supposition, that |[ue — 2[/¢, ([0,400);x) > T 18 necessarily false.
It then follows that (19) holds true and this completes the proof. O

Now, we can pass to the proof of Theorem 8.

Proof. Let (), be a sequence with &, | 0, let (uy,), be the sequence
of the C%-solutions of the problem (13) corresponding to € = &, for n € N,
and let (fy,)n be such that

ul (t) € Aup(t) —eplun(t) — 2(t)] + fu(t), t€ Ry,

fn(t) € an(t7unt)7 t S R+,
un(t) = glun)(t), te[-T,0].
In view of Remark 1, we may assume without loss of generality that E.  , C
B, forn=0,1,.... This means that
an(t,v) = F€n+1 (tvv) (23)

for each t € Ry \ E., and v € C([—7,0]; D(A)).

From (Hp), we deduce that, for k = 1,2,..., the set {f,; n € N} is
uniformly integrable in L'(0,k; X). Then, from Lemma 5, (A2) in (Ha)
and Theorem 5, it follows that, for k = 1,2,..., and each o € (0,k),
the set {u,; n € N} is relatively compact in C([o,k]; D(A)). In view
of (g4) in (Hy), we deduce that the set {u,; n € N} is relatively compact
in C([—7,0]; D(A)). In particular, the set

{un(0) = g(un)(0); n €N}
is relatively compact in D(A). From the second part of Theorem 5, we
conclude that {u,; n € N} is relatively compact in C([0,k]; D(A)) for
k =1,2,... and thus in C([~7,k]; D(A)). So, {un; n € N} is relatively
compact in Cy([—7,+00); D(A)). Accordingly, for each k =1,2,..

*

Ck = {un(t)7 ne N7 le [ka]}
is compact in D(A). Let v € (0,1) be arbitrary, let E, be the Lebesgue
measurable set in [0, +00) given by Definition 2 and, for each k =1,2,...,
let us define the set

Dyp = U l(tue): 1€ [0.K]\ B}

neN
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Clearly, D, i, is compact in Ry x C([—7,0]; D(A)). Next, for each v € (0,1)
and each £k =1,2,..., let us define

Cyk = Fw(Dv,k) = F(D%k) u {0}

which is weakly compact since D i, is compact and Fip_  is strongly-weakly
w.s.c. See Lemma 2.6.1, p. 47 in Céarjd, Necula, Vrabie [19]. Further, the
family 7 = {f.,; n = 0,1,...} C L'(R;X) satisfies the hypotheses of
Theorem 4.1 in Vrabie [46]. So, on a subsequence at least, we have

lim f, = f weakly in L'(Ry;X),

n

limu, =u in Cy([—7,+00); D(A)),

limu,; = u; in C([—7,0]; D(A)) foreacht € R..

From Lemma 2.6.2, p. 47 in Carja, Necula, Vrabie [19] combined with
(23), we get
f(t) € Fe, (t,w)
for each n € R and a.e. t € Ry \ E;,. Since lim,, A(E.,) = 0, it follows that

f(t) € F(t,u)

a.e. t € Ry. But A is of complete continuous type, wherefrom it follows
that u is a C%-solution of the problem (1) corresponding to the selection f
of t = F(t,u;). Finally, it suffices to observe that, from (19) in Lemma 5,
it follows that u(t) — z(t) € D(0,r) for each t € R. O

We can now proceed to the proof of Theorem 7.
Proof. Let r > 0 be given by (Hj) and let us define the set

Ky ={(t,v) € Ry x C([-7,0]; D(A4)); [[v(0) — z(t)]| < r}.
Clearly, I, is nonempty and closed in Ry x C([—7,0]; X), In addition,
since by (A1) in (Hy4), D(A) is convex, it follows that for each ¢t € R, the
cross-section of IC,. at ¢, i.e.

K (t) = {v € C([-7,0]; D(A)); (t,v) € K,}

is convex. Let 7 : Ry x C([—7,0]; D(A)) = R4y x C([—7,0]; X) be defined

(t,v) if Jlv(0) = 2()] <,

(t,v) = ( .

, v—2z) + 2 if [[v(0) — z(®)| > r.
T el (SRR B CORECY
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We observe that 7 is continuous, 7 restricted to K, is the identity operator
and m maps Ry x C([—7,0]; D(A)) into K,. The first two properties men-
tioned are obvious. To prove the fact that 7 maps Ry x C([—7,0]; D(4))
into K-, we have merely to observe that if ||v(0) — z(¢)|| > r then, inasmuch
as D(A) is convex and v, z; € C([—7,0]; D(A), it follows that their convex
combination

r

(v—2z) + 2 — 2z € C([—7,0]; D(A)).

v — ZtHC([—'r,O];X)

and so, in this case, 7(t,v) € K. If ||v(0) — 2(¢)|| < 7, then 7(t,v) = (¢, v)
and thus, 7 maps Ry x C([—7,0]; D(A)) into K,.

Then, we can define the multifunction F : Ry x C([—7,0]; D(A)) — X
by

Moreover

r

(v—2z)+2— 2 =

||,U_ZtHC([7T,O];X) C([-7,0];X)

Fr(t,v) = F(r(t,v)),

for each (t,v) € Ry x C([—7,0]; D(A)). As 7 is continuous, it follows that
F, satisfies (Hp). Moreover, one can easily verify that it satisfies (HJ).
Moreover, since

m(Ry x C([-7,0]; D(4))) € Ky,
we conclude that F satisfies (H}) too. Indeed, let (t,v) € Ry x C([—7,0];
D(A)) be arbitrary and satisfying
[0(0) = 2(B)I| > r (24)

and let f € F(n(t,v)).
From the definition of 7, it follows that the projection Py of m(¢,v) on
the second component, i.e.

v if [Jv(0) —2()[| <,
Py(m(t,v)) = r
v = ztllc—r01x)

(v—2z)+ 2z if |Ju(0) = 2(¢)| > 7.

satisfies:

| Py((t,v)) — 2| " if [Ju(0) — z(t)]| >,
2(m(t, ) = zllo|—ropx) = .
||’U - ZtHC([—T,O];X) if H'U(O) — Z(t)H <r.
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Therefore, if (t,v) satisfies (24), it follows that

[P2(m(t,v)) = ztlleq-—ropx) =T

So, by (Hy), we have

[0(0) = 2(2), [+ = [Pa(7(#,0))(0) = 2(2), ]+ <0

which proves that F; satisfies (H7).
Hence, by virtue of Theorem 8, the problem

u/'(t) = Au(t) + f(t), te Ry,
F(t) € Fr(t,ug), te Ry,
(t) =

u(t) = g(u)(t), te[-m7,0]

has at least one C%-solution u € Cy([ —7, +00); D(A)).
By (19), we have ||us(0) — z(¢)|| < r for each t € Ry. So, (t,u) € Ky,
which shows that

Fw(t, ut) = F(t,ut)

for each t € R. Thus u is a C%solution of (1) and this completes the proof
of Theorem 7. O

7 Nonlinear diffusion in L(Q)

Let Q be a nonempty, bounded and open subset in R%, d > 1, with C!
boundary X, let ¢ : D(p) C R < R be maximal monotone with 0 € ¢(0)
and let w > 0. Let us consider the porous medium equation subjected to
nonlocal initial conditions

ou

E(tv 1‘) € A@(u(ta 1‘)) - wu(tgv) + f(t7$), in Q—H
0
ft,z) € F|t,u(t), u(t + s,x)ds |, in Q,
o) e F (tulo). [ utt+s.as) S
W(u(tvx)) =0, on E+,

+oo
uwm:/ N(u(®+ £))() du(6) + $(6) (z), in Q.
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Let us consider the auxiliary problem

% (1.0) € Apla(t,2)) — w2t ), n Q..

(p(Z(t, .1')) = Ov on EJrv (26)
“+oo

Aty = [ NGO+ 0)@) duo) + (0@, Q:

T

and let us denote by z € Cy([—T, +00); L1(2)) the unique CY-solution of
(26).

Before passing to the statement of the main existence result concerning
(25), we need to introduce some notation and to explain the exact definition
of F.

Let f; : Ry x R x R — R be two functions with fi(¢,u,v) < fo(t,u,v)
for each (¢,u,v) € Ry x R x R and let

F:R, xC([-71,0; L}()) — L' (Q)

be given by
F:=Fy+ I,

where
Fo(t,v) = {f e LY(Q); f(z) € [ Ai(t,0)(@), fi(t,0)(z)], ae. forz e Q}
and

Fi(t,v)(x) = {o(t)h(x)}
for each (t,v) € Ry x C([—7,0]; L'(£2)). Here

fi: Ry xQxC([-7,0];L' () - R, i=1,2,

are defined as:

Filta,0) = i (t,v<o><x>, / O

0

v(s)(x) ds)
(27)

Folt,z,0) = 1o (t,vm)(x), /

-7

(s)(@) ds>

for each (t,v) € Ry x C([—7,0]; L1(2)), a.e. in Q, h € LY(Q) is a fixed
element satisfying ||||z1q) # 0 and o € L'(R4;R).
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Theorem 9 Let Q be a nonempty, bounded and open subset in R with C
boundary ¥, let w > 0 and let ¢ : R — R be continuous on R and C on
R\ {0} with ¢©(0) = 0 and for which there ezist two constants C > 0 and
a>01ifd<2and o> (d—2)/dif d >3 such that

¢'(r) > Clr|*™!

for each r € R\ {0}. Let f; : Ry x R xR — R be two given functions,
h e LY(Q), |AllL1@) >0, 0€ LY(R4;R) and let F be defined as above.

Let N : LY(Q) — LY(Q), v € C([—7,0]; LY(Q)) and let pu be a o-finite
and complete measure on [T,+00). Let us assume that:

(01) lo@®)| <1 for eacht € Ry ;
(F1) fi(t,u,v) < fa(t,u,v) for each (t,u,v) € Ry x R x R;

(F3) f1isls.c. and fy is u.s.c. and, for each (t,u,v), (t,u,w) € Ry xRxR
with v < w, we have

{ fit,u,v) < fit,u,w),
f2(t7u’v) > f2(t7u’w);

(F3) there exists ¢ > 0 such that, for every (t,x,v) € D(f1, f2) with
[0(0)(-) = 2(t, |1 () < ¢ HIhllLr (o
we have
sign[v(0)(z) — z(t, 2) | fo(x) < —clv(0)(z) — 2(¢, )|

for each fo(z) € [ f1(t,x,v), fa(t,x,v)], z being the unique C°-solution
of the problem (26) ;

(Fy) there exists a nonnegative function { € L'(Ry;R) N L¥(Ry;R) such
that

[fi(t,u,v)| < €(t)
fori=1,2 and for each (t,u,v) € Ry x R x R;

(F5) for eacht € Ry and each v € C([—7,0]; L'()), we have
fi(t,z(t,x),v) =0

fori=1,2 and a.e. for x € Q;
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(u1) there exists b > T such that suppp C [b,+00);

(p2) p([b,00)) =1;
(N N (1) = N (@)1 ) < llu— vy for each u,v € LHQ);
(M) N(0) =0

Then, the problem (25) has at least one C°-solution u € Cy([ —T, +00); L1(12))
satisfying
lu = 2lloymizr) < ¢ Hhllpio)-

Remark 7 Condition (F5) is satisfied, for instance, if

fi(tvu7v) = w(tvu) ’ fi(tvuvv)’

where 1 is positive, continuous and bounded and (¢, 2(¢,x)) = 0, while f,
satisfy (F1) ~ (Fy), i = 1,2. In the particular case in which ¢ = 0, it follows
that z = 0 and so, (F5) reduces to

fi(t,0,v) =0
for each (¢,v) € Ry x R.
Proof. Let X = L'(2) and let us define A : D(A) C LY(Q) — L'(Q), by
Au = Ap(u) — wu
for each u € D(A), where

D(A) = {u e L'Q); w(u) € W (), Ap(u) € LHQ) }.

As (0) = 0, Cg°(Q) is dense in D(A) and so D(A) = L(Q).

Theorem 6 implies that A is m-dissipative and A + wl is dissipative
in L'(Q2), A0 = 0, A generates a compact semigroup and is of complete
continuous type on D(A) = L'(2). Hence, A satisfies (H4). Let F be
defined as above and

g+ Cp([=7,+00); L'(Q)) = C([~7,0]; L(%))

be defined by
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for each u € Cy([—7, +00); LY(Q)), each t € [—7,0] and a.e. for z € Q.

From (o1), (F1), (F2), (F4) and Lemma 5.1 in Vrabie [47], using a similar
arguments as in the proof of the corresponding part in the preceding section,
we conclude that F satisfies (Hp). From (F3) and (F3), we conclude that F'
satisfies (Hy) and (Hpg) with

r=c Al
Indeed, we will show that for each (t,v) € Ry x C([—7,0]; L(R)), with
[0(0)() = 2(t, )l L2 (@) = 7
and every f € F(t,v), we have
[v(0)() = 2(£,-), f]+ < 0.

Let us observe that in our case, i.e. X = L(Q), we have

[0(0)) = 20t ). 114 = | F() do
{ye0(0)(y) —=(t,y) >0}
—/ f(ac)dx—i—/ |f(x)|dx.
{y€0(0) (y)—=(t,y)<0} {yev(0)(y)—=(t,y)=0}

Let f € F(t,v). Clearly f is of the form f = fo + h, where fo € L'(Q2)
satisfies f1(t,z,v) < fo(z) < falt,z,v) a.e. for z € Q. From the definition
of [,-]4 in LY(Q), we deduce

[v(0)(-) = 2(t,-), f 1+

g/ o(z) dac—/ fo(x) dz
{y€Q;(0)(y) —=(t,y) >0} {y€Q;v(0)(y)—=(t,y)<0}

| fola)| da + / o()h(x) di

g/
{yeQ;v(0)(y)—=(t,y)=0} {ye0(0)(y)—=(ty)>0}

h(x) dz +/ la(t)] - |h(z)| da.
{yeQ;v(0)(y)—=(t,y)=0}
Next, taking into account that, from (F5), we have fy(z) = 0 a.e. for
those z € Q for which v(0)(z) = 2(¢, x), the last inequality, conjunction with
(Fy), yields

/[yEQ;v(O)(y)—Z(t,yKO}

[U(O)(~)—Z(t7-),f]+§/ Sign[U(O)(fﬂ)—Z(t,ﬂf)]fo(x)d$+/QIa(t)l'lh(fﬂ)ldw

Q
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< —C/Q [v(0)(x) — 2(t,x)| dz + /Q |h(z)|dx < 0.

So, F satisfies (Hy). As (Hy) follows from (F3), we deduce that F' satisfies
(Hp). Since the proof of (Hy) is very simple, we do not enter into details.
So, we are in the hypotheses of Theorem 7 wherefrom the conclusion.
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1 Introduction

Since the pioneer Kalman’s work [15], the matrix Riccati differential (dif-
ference) equations played a central role in the derivation of the solution of
various robust linear quadratic control problems as well as Hs filtering and
H-filtering problems, see e.g. [2, 4, 17] for the continuous-time case, or
(3, 9] for the discrete-time case. In [20] where introduced the Riccati differen-
tial equations of stochastic control in the case of continuous-time stochastic
systems. In the case of discrete-time systems affected by sequences of in-
dependent random variables, the discrete-time Riccati equations (DTREs)
were introduced in [7, 8, 22].

To solve the linear quadratic optimal control problems on infinite time
horizon, a crucial role is played by the so called stabilizing solution of a
DTRE. An unified approach of the problem of the existence and uniqueness
of a wide class of discrete-time Riccati equations both from deterministic
and stochastic framework may be found in the Chapter 5 of [5] for the finite
dimensional case and in [19] for infinite dimensional case.

Lately, there is an increasing interest in investigation of several control
problems for systems with periodic coefficients. For the readers convenience
we refer to [1, 3, 6, 18] and the references therein. Based on the uniqueness
of the bounded and stabilizing solution one deduces that in the case of a
DTRE with periodic coefficients the bounded and stabilizing solution is also
a periodic sequence. This fact is important in the applications because it
is necessary finite memory for the offline computation of the gain matrix of
the optimal control.

It is worth mentioning that we do not know apriori neither an initial
value nor a boundary value of the stabilizing solution of a DTRE. Hence, the
existing methods for the computation of a solution with given initial values
or boundary values problem for a differential (difference) equation cannot be
applied to compute the bounded and stabilizing solution of a DTRE. In the
deterministic context there exist two important classes of numerical methods
to compute the stabilizing solution of a DTRE namely, the method based
on invariant subspaces of associated canonical system [1, 3, 18] and iterative
methods [16]. In the case of DTREs from stochastic control the methods
based on invariant subspaces are not applicable. Therefore, in this case only
iterative methods are mainly used to compute the stabilizing solution of a
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Riccati differential (difference) equation. The most popular iterative method
is an improved version of Kleinman algorithm. Even if the Kleinman type
algorithm is a fast convergent method it has the disadvantage that in the
stochastic case require that at each step to compute the unique bounded
solution (periodic solution in the periodic case) of a perturbed Lyapunov
equation. The numerical computation of such a solution becomes difficult
in the case of systems of high dimension of their state space and /or large
values of periods in the case of systems with periodic coefficients. That is
why in practice were proposed other iterative methods which can be easier
implementable (see e.g. Chapter 5 [5] or [14]).

In this paper we consider four iterative methods for computing the sta-
bilizing solution of the discrete-time generalized Riccati equations. There
are two Stein iterations which we apply for solving the problem. Similar al-
gorithms for solving the discrete-type algebraic Riccati equations have been
developed in our previous investigations [11, 12, 13, 14].

In the last part of the paper, we propose a method to compute the pe-
riodic solution occurring at each step of a Kleinman type algorithm. Our
method is based on the so called H-representation technique recently de-
veloped in [21]. This method allows us to reduce the computation of the
periodic solution of a Lyapunov type equation to the computation of the
periodic solution of a backward affine equation on an euclidian space of di-
mension n(n + 1)/2, n being the dimension of the state space of controlled
system under consideration. In the last section of the paper, a comparison
between several types of numerical methods discussed in the paper is done.

2 A class of discrete-time Riccati equations of
stochastic control (DTRE)

2.1 On the stabilizing solution of DTRE

Consider the discrete-time Riccati equation (DTRE):

X(t) =G(X(t+1)) = 3o AT ()X (t +1)A4;(t)

—(Xj—0 AT ()X (t+1)B;(t) + L(t)) n
X (R(t) + 30 B ()X (t+ 1)Bj(t))_1

X (35 BI ()X (t+ 1)A;(t) + LT(t)) + M(t), t€Z.
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This equation arising in connection with the linear quadratic optimization
problem described by the discrete-time linear stochastic system:

z(t+1) )+ Z w(t () + [Bo(t) + Y wi(t) Bi(t)]u(t) (2)
j=1

and the cost functional

00 T
Jwag) =S E m)) ( M(t) L(t) ) (x(t)) \
(u, z0) ; [< u(t) LT(t) R(t) u(t) e
with M(t) = MT(t), R(t) = RT(t). In (2), w(t) = (w1 (t),...,w.(t)T,t >0
are independent random vector with zero mean and satisfying
Elw(t)w? (t)] = I for all t > 0. In (2) and (3), 2(t) € R" is the state of the
system and u(t) € R™ are the control parameters.

We make the assumption:

Hy) There exists an integer § > 1 such that A;(t4+60) = A;(t); B;j(t+0) =

By(t); 0< j < ri M(t+0) = M(t); L(t+6) = L(t); R(t+0) = R(t), t € 7.

Definition 1 A solution {X(t)}iez of DTRE (1) is named stabilizing so-
lution if the zero state equilibrium of the closed-loop system

z(t+1) = [Ao(t) + Bo(t) +Z w;(t t) + Bj(t) Fs()))x(t)  (4)

is exponentially stable in mean square (ESMS), where

Fi(t) == (RO + X BI ()X(t+ 1B;(0)) -
(Y=o BY () Xs(t) A;(t) + LT (1)).
From the developments from Section 5.8 in [5] one deduces a set of neces-

sary and sufficient conditions which guarantee the existence and uniqueness
of the bounded and stabilizing solution of DTRE (1).

Proposition 2.1 Under the assumption Hy), the following are equiva-
lent:

(i) DTRE (1) has a unique bounded and stabilizing solution {X(t)}iez
with the properties:

(a) Xs(+) is periodic with period 6;
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(b)
R(t)+ Y BI(t)X,(t+1)B;(t) >0, forall t € Z; (6)
§=0

(i) the system (2) is stochastic stabilizable and there exist symmetric
matrices X (t),0 <t <6 — 1, satisfying:

s T
MO HO ) L3 (i B K+ 050 Bi(©) >0
e Rw ) &
o ")
0<t<0-—1, with X(0) = X(0).

Remark 2.1 a) Since any assumption regarding the sign of the quadratic
form from (3) was not made, it is not expected to obtain information about
the sign of the bounded and stabilizing solution X;(-). The only relevant
information about the solution of the linear quadratic optimization problem
described by (2) and (3) is the sign condition (6). In this case, the quadratic
part of the discrete-time Riccati equation (1) has defined sign.

b) Even if the stabilizing solution X,(-) is defined for all ¢ € Z, from
Proposition 2.1 one obtains that under the assumption Hi) it is sufficient
to compute a finite number of values X (¢),0 <t <6 — 1.

The next result may be used to compute a stabilizing control in a state
feedback form for the system (2).

Proposition 2.2 Under the assumption Hy) the following are equivalent:

(i) the system (2) is stochastically stabilizable;

(ii) there exist the matrices Y (t) = YT (t) > 0 € R™" T'(t) € R™*" 0 <
t < 60— 1, satisfying the following system of LMIs:

~Y(t) (A)" ... (AT
Ao(t) —Y(t+1) ... 0
o(t) (t+1) <0 8)
) 0 o =Y (t+1)
Aj(t) = A;(O)Y () +B;()T(t),j =0,...,r, 0<t <61, withY(9) =Y (0).
t < 0 —1 is a solution of the LMIs (8), then the
(t) stabilizes the system (2), where
t

F(#$)=T( - [50) Yt~ [£]6), >0, (9)
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(iii) there exist the matrices Y (t) = YT (t) € R T'(t) € R™*" 0 <t <
0 — 1, satisfying the following system of LMIs:

—Y(t4+1) Agt) ... A()
(AT -Y(t) ... 0 0 10)
AT 0 ... =Y

0<t<6—-1,withY(0) =Y (0). If (Y(t),T'(t)), 0 <t <0 —1 is a solution
of the LMIs (10), then the stabilizing feedback gain can be obtained as in
(9).

Proof. One obtains immediately applying Theorem 3.11 and Theorem
3.12 [5] in the case of the corresponding closed-loop systems completed with
the Schur complement technique.

2.2 Several iterative procedures to compute the stabilizing
solution of DTRE
Here we recall several iterative methods which allow us to compute the
bounded and stabilizing solution of DTRE (1).
I. A Newton-Kantorovich type method

For each k = 1,2, ... one computes X *)(.) as the unique periodic solu-
tion of the discrete-time backward affine equation:

XW(t) =307 o(A;(t)+ B () FED () "X P (t+1)

(1)
(Aj(O)+ B0 FED (1) + Qa1 (¢)
where
T
o) — I, M) L(t) I, )
ey P (p) L) R(t) ) \ Fo ()
and
PO == T (RO+BIOXO+DB0)

(o B (1) XW(t) A;(t) + LT(1))

if £ > 1, while F(O(t) is a stabilizing feedback gain for the system (2).
For example F(©)(t) could be computed via formula (9) either based on a
solution of the system of LMIs (8) or a solution of the system of LMIs (10).
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One may show in a standard way that if the conditions from Proposition
2.1 (ii) are fulfilled, then for each k > 1 the control u(t) = F®)(t)z(t)
stabilizes the system (2), thus one obtains that (11) has an unique bounded
solution and this solution is periodic with period #. Furthermore, we have
X® () > X*D() > ... > X(t), k> 1,t € Z, X(-) being any 6-periodic
sequence satisfying (7) and limy_,., X®) () = X,(t),t € Z.

Even if the Newton-Kantorovich type method described by (11)-(13)
has a quadratic convergence rate it is less used being difficult implementable.
The difficulties consist in finding the periodic solution of (11) in the case r >
1 and 6 > 1 sufficiently large. That is way ofen alternative methods where
derived. Even if those alternative methods have only linear convergence
rate, they have the advantage to be easier implementable.

Below, we present some alternative methods to compute the stabilizing
solution of DTRE (1). In Section 4 we shall present a method which allows
us to compute the §-periodic solution of (11).

II. A successive approximation method

Step 0. We choose a A-periodic sequence { F(O)(t)},c7 with the property
that the control u(t) = F(©(t)z(t) stabilizes the system (2). For the de-
signing of such a stabilizing feedback gain, may be used, for example, the
procedure described by Proposition 2.2. One computes X (1) (-) as a solution
of the following system of LMIs:

XW(t) =30 (A1) + Bi() FO )T XD (t +1)

(14)
(A;() + Bi()FO(t)) + Qpuoy (t) + 2 I,
0<t<60-—1, with X1(9) = X1)(0), ¢ is a fixed parameter, Qo (t) being
computed as in (12) with F* =1 (#) replaced by F©)(¢).
Step k, k> 1. Compute X *+1)(.) by

XEHD() =300 (4;() + B () F® ()" XW(t +1)

15

(Aj(t) + Bi()F® (1)) + Qpuw (£) + 57 In 19)
Qo (t) being computed as in (12) while F*)(¢) is computed as in (13).
Since the algorithm described by (14)-(15) is a special case of that de-
scribed in Section 5.7 from [5], we may conclude that under the conditions
of Proposition 2.1 XM () > ... > XH® () > x*+tD(¢) > . > X(¢) and
limg oo XF (1) = X,(t), 0<t <O —1.
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In the next section we shall discuss some procedural aspects regarding
the computation of a solution of the system of LMIs (14).

ITI. Stein iterations

Step 0. Coincides with Step 0 from the previous algorithm. One com-

putes X(D(.), 0 <t <6 —1 as a solution of the system of LMIs (14). Also
one computes FM(t) as in (13) ) for k = 1.

Step k. k > 1. Compute X*+1)(.) as a unique #—periodic solution of
the backward Stein equation:

XEHD ()

= (Ao(t) + Bo(t) FW ()" X B (¢ + 1)(Ao(t) + Bo(t)F*) (1))
+ 30000 (A1) + By FR(6)T X W (¢ + 1)

x(Aj(t) + Bi(t) FE (1) + Qpuw (t) + 151 In

(16)

~

t € Z, F®)(t) being computed as in (13).

Some procedural issues regarding the computation of the §—periodic so-
lution of (16) will be discussed in the next section.

IV. Modified Stein iterations

Step 0. Coincides with Step 0 from the algorithm described in II. One
computes X (1 (.) as a solution of the system of LMIs (14) and F(1(t) as in
(13) for k = 1.

Step k. k> 1. One computes X *+1)(.) as a unique §—periodic solution
of the backward Stein equation:

X(k+1)(t)

= (Ao(t) + Bo(t)T® (1) T XDt + 1) (Ao (t) + Bo(t)TH) (1))
+ 301 (A1) + B (W () TX W (¢t +1)

X(A;(t) + Bi(OT® (1)) + Qroo (8) + 357 In

(17)
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where I'®)(t) = Fy(t) if k = 1 and
L) = — (R(t) + B () XW(t + 1) Bo(t)
+5 BRI X664 1)By(0)
X (B (t) XM (t + 1) Ao(t)
+300y BI () X*D (8 +1)A; (1) + LT(1))

(18)

if k> 2 and Qpu)(t) one computes as in (12) taking T(*)(¢) instead of
FE=1 (1),

3 Procedural issues

In this section we shall analyze some aspects regarding the computation
of the sequences of approximations of the stabilizing solution of DTRE (1)
described in the previous section.

3.1 The computation of the #-periodic solution of a backward
Stein equation with periodic coefficients

The discrete-time backward affine equations (16)-(17) can be regarded
as special cases of the discrete-time backward affine equation:

X(t) = AT(O)X (¢ + DA®) + H() (19)

t € Z, where {A(t)}1ez, € R™™, {H(t)}sez C S, are periodic sequences of
period #. Assume that the discrete-time linear equation

X(t+1)=A@t)X(t) (20)

is exponentially stable.
Let T(t,s) = A(t — 1)A(t — 2)...A(s) if t > s and T(t,s) = I, if t = s,
t,s € Z.
The solutions of equation (19) have the representation:
0—1
X(t) =T"0,0)X(O)T(0,t) + > T (s, )H(s)T(s,),t <6 — 1.

s=t
The periodicity condition X (0) = X (6) yields

X(0)=T7(,0)X(0)T(0,0) + H (21)
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where

>
—_

H=Y T7(s,0)H(s)T(s,0). (22)

V)
Il
o

Since the zero solution of (20) is exponentially stable it follows that the
spectral radius of the monodromy matrix 7'(0,0) satisfies p(7(6,0)) < 1
(see e.g. [3] or [10]).

Hence (21) has a unique solution which may be computed using any
existing solver for time invariant Stein equations. Instead of (22), the last
term H from (21) may be computed also as: H = X(0;6,0) where t —
X(¢;0,0) is the solution of (19) satisfying the final condition X (6;6,0) = 0.
Then, the other values X (¢), 1 <t < 6 — 1 of the fperiodic solution of the
equation (19) are obtained recursively from this equation.

Remark 3.1. The unique 6-periodic solution of (16) and (17), respec-
tively can be computed according to the procedure described before taking
successively A(t) = Ag(t) + Bo(t)F®)(t) in the case of equation (16) or
A(t) = Ao(t) + Bo(t)T'®)(t) in the case of equation (17).

3.2 An iterative method for computation of a solution of a
system of LMIs (14)

Let {F©)(t)},ez be a f-periodic sequence such that the zero solution of
the closed-loop system

w(t+1) = [Ao(t) + Bo()FO (1) + D w;()(4;(t) + Bj(t)F O (8))](1) (23)
j=1

is ESMS. Therefore, the discrete-time backward affine equation

Y(t) = i(Aj(t) + Bi(t)FO )Y (t+ 1)(A;(t) + B () FO (1))
=0
+Qp (t) + 2271, (24)

has a unique 6-periodic solution {Y (t)};ez.
Let Y(®)(t) be the f-periodic solution of the discrete-time backward affine
equation:

Y®(t) = [Ag(t) + Bo() FO )] "Y P (t + 1)

(25)
x [Ao(t) + Bo(t)FO (1)) + H®)(¢)
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where

qa* ) = ET:(AN) + Bi(t) FO )Y F D+ 1)(A; () + B, (1) FO (1))
j=1
+Qp) () + 261, k > 1, (26)
with
YyO(t)=0,tez (27)

Proposition 3.1. If the zero solution of (28) is ESMS then the 6-
periodic sequences {YF)(t)}iez, k = 0,1,... are well defined via (25)-(27)
and have the properties:

a) 0=YO ) <yW@) < ... <Y®() <. <Y(t);

b) klim YE(t) = Y(t), t € Z, Y(-) being the Operiodic solution of 24.
—00

If ko is such that 0 < 3 (A;(t) + Bj(t) FO ()T (Y ko) (t 4+ 1) — yRo=D (¢ 4

r
j=1
1))(A;(t) + Bi(t)FO(t)) < 21, 0 < t < 0 — 1, then XD (t) £ Yko)(p),
0<t<80-1, satisfy the system of LMIs (14).

The proof is a special case of Corollary 5.3 from [5].
Remark 3.2. For the computation of the f-periodic solution of the
equation (25)-(27) one may use the procedure described in Subsection 3.1.

4 The computation of the #-periodic solution of a
discrete-time backward Stein equation of stochas-
tic control

In this section we shall present an alternative method for the computa-

tion of the #-periodic solution of backward affine equations of type (11)-(13).

These equations are special cases of a discrete-time backward affine equation
of the form:

X(t) = Z AT()X(t+1)A;(t) + G(¢) (28)
j=0

where {Aj(t)}tez CR™™ 0<j<r {G(t)} ez C S, are periodic sequences
of period 0. Assume that the zero solution of the discrete-time stochastic
linear equation:

w(t+1) = (Ao(t) + ) w;(t)A;()x(t) (29)
j=1
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is ESMS. Under these condition (28) has a unique bounded on Z solution
X (-) and additionally that solution is periodic with period 6.

Reasoning as in the case of the equation (24) one obtains that X (t) =
kli}rgo ZW®)(t), where Z®) (), k > 1 is the unique f-periodic solution of the

backward Stein equation:

zZ® @)y = AL()Zz® (t+ 1)A0(t>+i AT() 2%V (t+1)A;(t)+G(t)
j=1

zOw = o0, teZ (30)

In the following, we shall provide an alternative method which allows us to

avoid the iterative process described in (30) to obtain the §-periodic solution
of (28).

4.1 The periodic solution of a discrete-time backward affine
equation on an Euclidian space

Let us consider the discrete-time equation

x(t) = M(t)z(t + 1) + g(t) (31)
where {M (t)}sez € R {g(t)}+ez C R™ are periodic sequences of period
6. Assume that the linear equation associated to (31):

(t) = M(H)a(t + 1) (32)

has not nonzero solutions which are periodic of period 6. We set T(t, s) =
MMt +1)..M(s—1)if t < s and T(t,s) = I if t = s. T(t,s) is the
anti-causal evolution operator defined on R by the discrete-time backward
equation (32).

The solutions of (31) have the representation:

T—1
x(t) = T(t, 7)x(r) + ZT(t, s)g(s), Vt<t—-1€Z.

The periodicity condition z(0) = z(6) leads to
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Hence, the initial condition x(0) of the unique #-periodic solution of (31)
one obtains solving the system of linear equations

(In —T(0,0))¢ = § (33)
where
0—1 A
g=> T(0,5)g(s). (34)
s=0

Since the linear equation (32) has no nonzero solutions which are periodic
sequences of period 6 we deduce that det(I, —1'(0,6)) # 0. This allows us to
conclude that the equation (33)-(34) has a unique solution ¢ = #(0) = #(9).
The other values Z(t), 1 <t < §—1 of the periodic solution Z(-) are obtained
directly from (31).

Remark 4.1 The term § from (34) may be obtain also from § =
x(0;0,0) where ttox(t;6,0) is the solution of (31) satisfying the final condi-
tion z(6;6,0) = 0.

4.2 The H-representation technique revisited

In this paragraph we briefly recall the method of H-representation of
a Lyapunov operator in terms of a matrix on the space of dimension 1 =
@. This allows us to rewrite the equation (28) in the form of an equation
of type (31).

For details we refer to [21], where this method was introduced. We re-
call that if X € R™" then U(X) = Vec(X) = (z(1),2(2), ..., z(n))T € R’
where z(i) is the i'h line of the matrix X, 1 <i <n.

Let E117 E127 vaey Elnv EQQ, ceey EQTL, ceey Enflnfl, En71n7 Enn be the standard
base of the space of symmetric matrices S,,.

This means that Epq = (epq(1, 1))75_17 With epq(ij) = 1if (ij) € {(pg), (qp)}
and epq(ij) = 0 otherwise. If X € S,, is an arbitrary symmetric matrix, then

X =Fnzi+ ...+ EinTn + E2xni1 + ... + Eppxi. (35)
We introduce the linear operator ¢ : S, — R™ defined by
p(X) =1 (36)

where z = (21, 22, ..., l'ﬁ)T is the vector whose components occur in the right
hand side of (35). We introduce also the matrix

H=(9(En) Y(Ep) .. U(Ey) Y(Ep) .. U(E,1,) Y(E.)).
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n(n+1)
2

The matrix H has n? lines and columns. Also, rankH = % For

details see for example [21].
From the definition of the operators ¢, ¥ and of the matrix H, we obtain
the following fundamental relation:

U(X) = Hp(X) (37)

for all X € S,,. Let L(t) : S, = S,
= Z AT (1) X A;(t). (38)
Applying Lemma 2.2. in [21] we may write
Z AT (t) ® AT () ¥(X)
for all X € S, ® being the Kronecker product. Using (37) we obtain

ZAT t)® AT(t))Hp(X), VX € S,. (39)

4.3 The computation of the f-periodic solution of the equa-
tion (28)

Now we show how the computation of the #-periodic solution of (28) can
be reduced to the computation of the #-periodic solution of an equation of
type (31.

First, let us remark that (38) allows us to write (28) in a compact form:

X(t) =LOX({E+1)+G®) (40)

Since ¥ : R™" — R™ is an isomorphism we may deduce that the equation
(40) is equivalent to the equation:

V(X)) =T(LOX(E+1))+ T(G(L)). (41)

Based on (37) and (39) we rewrite (41) in the form

ZAT t)® AT () Ho(X (t+ 1)) + Ho(G(t)). (42)
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Multiplying to the left (42) by H” and taking into account that H” H is
invertible, we obtain that x(t) = ¢(X(t)) is a solution of the discrete-time
backward equation on R™:

x(t) = M(t)z(t +1) + g(t) (43)
where
M(t) = Zr:(HTH)_lHT(AJT (t)® AT(t))H (44)
§=0
and
9(t) = p(G(1)). (45)
We have:

Proposition 4.1 (i) If {X(t)}iez is a global solution of equation (28)
then {z(t)}ez defined by z(t) = @(X(t)), t € Z is a global solution of
equation (43)-(45).

(i) If {Z(t) }1ez is a global solution of the backward affine equation (43)-
(45), then {X(t)}iez defined by X(t) = @1 (&(t)) is a global solution of
equation (28).

Proof. (i) follows immediately from the previous developments.

(ii) Let Z(-) be a global solution of (43)-(45). If X(t) = ¢~ Y (&(t), t € Z,

we define A(t) = X (t)—L(t) X (t4+1)—G(t). We have to show that A(t) = 0,

for all t € Z. The previous equality is rewritten as:

X(t) = LOX(t+1) + G(t) + A1) (46)

Using again (37), (39) and taking into account that o(X(t)) = Z(t) we
deduce from (46) that

Hz(t) = ( - AJ-T(t) ® A]-T(t))Hi"(t + 1)+ Hp(G(¥)) + He(A(t)).  (47)
Jj=0

Multiplying to the left (47) by H” and taking into account that H” H is
invertible, we obtain via (44) and (45) that:
X(t) = M()Z(t +1) + g(t) + p(A(t)).

Since () is a solution of (43)-(45) we infer that p(A(t)) =0, ¢ € Z. Taking
into account that ¢ is an invertible operator, we may conclude that A(t) = 0
for all t € Z, which ends the proof.
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Remark 4.2 Tt is easy to see that Z(t), t € Z, is a fperiodic solution of
(43)-(45) if and only if ¢~ 1(#(t)), t € Z is a f-periodic solution of (28).

Proposition 4.2 If the zero solution of equation (29) is ESMS then
the zero solution is the only one O-periodic solution of the backward linear
equation

z(t) = M(t)x(t+ 1) (48)

associated to (43)-(45).

Proof. Let {#(t)}ez be a O-periodic solution of (48). Let X(t) =
¢ 1(2(t)), t € Z. From Proposition 4.1 and Remark 4.2 we deduce that
X () is a 6-periodic solution of the linear backward equation

X(t) = L)X (L +1). (49)

Applying Theorem 2.5 and Theorem 3.11 in [5] we deduce that if the zero-
solution of (29) is ESMS, then the discrete-time backward equation (49) has
a unique, periodic solution of period §. Hence, X (t) = 0, t € Z. This allows
us to deduce that #(t) = ¢(0) =0, t € Z. Thus the proof is complete.

So, the computation of the value Z(6) of the #-periodic solution of the

equation (43)-(45) can be performed solving the linear system of n(nTH)
scalar equations with % scalar unknowns:
(I -T7(0,0)¢ =g (50)
where
0—1
g=p T(0,5)g(s) (51)
5=0

T(t,s) being the anticausal linear evolution operator on R” defined by the
backward linear equation (48) and g(s) are the ones defined in (45).

If £(9) = ( is the unique solution of the linear equation (50)-(51) then
the value X () of the f-periodic solution of (28) is obtained by

X(0) = ¢~ (@(9))- (52)

To this end, the components of the vector Z(0) are plugged in the right hand
side of (35). The other related values X (¢), 1 <t < 6 — 1 of the f-periodic
solution X (-) are obtained directly from (28).
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5 Numerical experiments

In this section we present how the considered iterations work for finding
a stabilizing solution to (1). We will carry out experiments for numerically
solving discrete-time generalized Riccati equation (1).

Our experiments are executed in MATLAB on a 2,16GHz Intel(R) Duo
CPU computer. We denote tol- a small positive real number denoting the
accuracy of computation; E = maz; ||[X®(t) — G(XF)(t + 1))||o. We use
the following stop criterion for all algorithms:

E <tol.

5.1 Example 1

Consider a discrete-time 3-periodic linear system with r=1, t=0,1,2,
given by (n=3) the coefficient matrices:

—0.466 0.0100 0.002 —-0.33 —0.03 —0.004
Ao(0)=| —0.09 —0.45 0.1 ;. Ao()=| —0.075 —0.49 0.09
—0.035 —-0.01 —0.485 —0.025 —-0.015 -0.495
—0.45 0 —0.001 —-0.055 —-0.05 —0.008
Ao(2)=| —0.095 —-0.505 0.1 . A(0)= 0.13 —-0.12 0 ;
0.033 —-0.02 —-0.473 -0.3 0.25 0
-0.04 0.02 —0.02 0 —0.01 0.04
A(1)= 0.2 -0.035 -0.01 [, A@=| 0.1 -0.055 0 ;
-0.1 -0.25 —-0.06 0.02 0.025 —0.045
1 12 =5 1 8 4.5
B(0)= 0.1 -1 15 |, Bov)= -05 -3 =25 [,
02 -05 0 -1 —-0.8 -0.6
1 -6.5 -8 -1 10 -5
Bo(2)= 1 -25 6 ., Bi(o)=| 0.2 -1 —-15 [,

-0.8 —-08 —-04 -02 -2 —-0.5
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1 —-6.5 -8 -1 10 =5
Bi(1)= 1 —2.5 6 , Bi(2=| 0.2 -1 -1.5
—-08 —-08 —-04 -0.2 -2 -0.5
-05 —-03 —-04 —-0.5 —-0.14 -0.8
Lo)=4| —0.25 —04 —06 |, L)=%| —-05 —-0.5 —0.8
-0.5 -0.5 -0.8 -06 -08 -0.3

(0) = diag(1.5;1.5;1.5),
R(1) = dzag(l 1;1),

(2) = diag(1.25;1.25;1.25),
M(0) = M(1) = M(2) = 0.

We have found the solutions Y'(0),Y (1), Y (2) using inequality (8). Then
we compute F(0), F(1), F(2) using (9). Thus, we can apply iteration (11).
After one iteration steps we obtain the stabilizing solution to (1). The
solution is negative definite. Next, we compute the stabilizing solution using
iteration (15). We solve inequality (14) for finding X (1 (0), XM (1), X(1(2).
We need three LMI iteration steps for solving (14). We find the solution
after 7 iteration steps with (15).

-0.3 —-0.15 -0.7
L2)=4| —-06 -06 -—-0.5 |,
—-04 -0.7 -04

Next iteration (16). The solution is obtained after 5 iteration steps.
Next iteration (17). The solution is obtained after 6 iteration steps.

5.2 Two additional examples

Let us consider the new discrete-time 3-periodic linear system with r=1,
t=0,1,2. The matrix coefficients are constructed using the following MAT-
LAB code:

A;(t) = randn(n,n); ml = max(A;(t)); m2 = max(ml);
Aj(t) = A()/(lO*m2) j=0,1

Bj(t) = randn(n,n); ml = maxz(B;(t)); m2 = max(ml);
B0 = By —0.1

L(t) = abs(randn(n,n)); ml =maz(L(t)); m2 = max(ml);
L(t) = —L(t)/(80 * m2);

S

(t) = zeros(n,n);
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5.2.1 Example 2.1

R(0) = eye(n,n) « 1.05; R(1) = eye(n,n) = 0.175; R(2) = eye(n,n) *
0.125.

In this table the full execution time for each iteration is given. This in-
cludes the time for computing the initial point X (0), XM (1), X(1(2) and
the time for approximating the stabilizing solution using the corresponding
iteration formula.

Results for n = 8 and tol = le — 5 for 50 runs are: the CPU time for
iteration (11) is 18.0620 seconds; the average number of iteration steps is
2.02 and the maximal error from all runs is £ = 3.7852e — 06.

Results for n = 8 and tol = le — 5 for 50 runs are: the CPU time for
iteration (15) is 3.7970 seconds; the average number of iteration steps is
4.1800 and the maximal error from all runs is £ = 4.8106e — 06.

Results for n = 8 and tol = le — 5 for 50 runs are: the CPU time for
iteration (16) is 4.6560 seconds; the average number of iteration steps is 4.0
and the maximal error from all runs is £ = 9.0651e — 06.

Results for n = 8 and tol = 1le — 5 for 50 runs are: the CPU time for
iteration (17) is 4.77 seconds; the average number of iteration steps is 5.06
and the maximal error from all runs is F = 6.9399¢ — 06.

Results for n = 12 and tol = 1le — 5 for 50 runs are: the CPU time for
iteration (11) is 125.9060 seconds; the average number of iteration steps is
2.08 and the maximal error from all runs is £ = 9.5401e — 06.

Results for n = 12 and tol = 1le — 5 for 50 runs are: the CPU time for
iteration (15) is 11.7350 seconds; the average number of iteration steps is
4.26 and the maximal error from all runs is £ = 9.4270e — 06.

Results for n = 12 and tol = 1le — 5 for 50 runs are: the CPU time for
iteration (16) is 12.8440 seconds; the average number of iteration steps is
4.160 and the maximal error from all runs is £ = 8.4240e — 06.

Results for n = 12 and tol = 1le — 5 for 50 runs are: the CPU time for
iteration (17) is 15.0380 seconds; the average number of iteration steps is
5.36 and the maximal error from all runs is £ = 9.0533e — 06.

5.2.2 Example 2.2

We choose: R(0) = eye(n,n)*1.45; R(1) = eye(n,n) x0.175; R(2) =
eye(n,n) x 0.125.
We present the full information about each iteration. This includes the

time for approximating the stabilizing solution using the corresponding it-
eration formula. The initial point X (0), XM (1), X(V(2) is the same for
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all iterations and it is computing via (14).

Results for n = 18 and tol = le — 4 for 50 runs are: the CPU time for
iteration (11) is 811.5010 seconds; the average number of iteration steps is
2.36 and the maximal error from all runs is £ = 9.8986e — 05.

Results for n = 18 and tol = le — 4 for 50 runs are: the CPU time
for iteration (15) is 0.622 seconds; the average number of iteration steps is
4.5800 and the maximal error from all runs is £ = 8.2157e¢ — 05.

Results for n = 18 and tol = le — 4 for 50 runs are: the CPU time
for iteration (16) is 3.312 seconds; the average number of iteration steps is
4.2200 and the maximal error from all runs is £ = 9.3210e — 05.

Results for n = 18 and tol = le — 4 for 50 runs are: the CPU time for
iteration (17) is 3.61 seconds; the average number of iteration steps is 5.46
and the maximal error from all runs is £ = 8.6559¢ — 05.

6 Conclusion

We have considered four iterations for computing the stabilizing solution
to (1). In order to execute iterations (11), (16) and (17) we have to solve
a linear system with a big dimension, i.e. it has the size (fn)? x (#n)?. In
the same time iteration (15) gives us a possibility to find X **1(t) in the
following way:

XD (g —2) =
= 3o (A;(0 —2) + B;(0 — 2)FW (0 — 2))T X B (9 — 1)
X(Aj(0 = 2) + B;j(0 = 2)FM(0 = 2)) + Qpeo (0 = 2) + 357 I

X*+D( - 3) =
=30 (A;(0 = 3) + B;(0 — 3)FW) (6 — 3))TX+1)(6 — 2)
X(Aj(0 = 3) + Bj(0 = 3)FP (0 - 3)) + Qo (0 —3) + 57 In

X(k+1)<0) _
=30 (45(0) + B;(0) F®(0))" X B+ (1) (A4;(0) + B;(0)F*)(0))

2
+QF(k) (O) + kLH [n
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X —1) =
=270 (A;(0 —1)+ B;(0 — D E® (9 — 1))T X *+1)(0)
x(45(0 = 1) + B;(0 = DF®(0 - 1)) + Qpw (6 — 1) + /5% I,

We call the last iteration the improved approximation method. This
method is applied to Example 2.2. Results for n = 18 and tol = le — 4 for
50 runs are: the CPU time is 0.02 seconds; the average number of iteration
steps is 2.06 and the maximal error from all runs is £ = 3.7096e — 05.
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Abstract

Sufficient conditions for the existence of solutions in strongly non-
linear boundary value problems of elliptic and parabolic type, inclu-
ding ordinary differential equations with unilateral conditions on the
boundary, are derived by means of an abstract scheme for continuous
perturbations of accretive operators in Banach spaces.
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1 Introduction

This paper is concerned with strongly nonlinear boundary value prob-
lems of elliptic type

Au+ f(z,u,grad u) =0, a.e. (1)
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ou
Y B(u) ae.T (2)
and parabolic type
ou
T Au+ f(z,u,grad u) =0 a.e.]0,T[xQ (3)
u(0) =uy a.e (4)
ou

~3 € B(u) a.e. [0,T] xT.

We also prove some existence results for the two points and the periodic
problem associated with ordinary differential equations

—u"(s) + f(s,u(s),u'(s)) =0 a.e. [0,1], (5)

which can be compared with the classical result of Bernstein [7].

Above A denotes a second order elliptic operator, f is function satisfying
the Caratheodory assumptions, § is the subdifferential of a convex, lower-
semicontinuous, proper function j : R —] — 00,400 and  is a bounded
domain in RY with sufficiently smooth boundary I'.

The following notation will be used throughout this paper. If F is a Ba-
nach space, we shall denote by LP(0,T; F), 1 < p < oo, the space of all p -
integrable, E - valued functions on [0, T] and by C(0, T; E) the Banach space
of all continuous functions from [0, 7] to E. We shall denote by WP (0, T; E)
the space of all p - integrable, E - valued distributions y with derivative 1’
taken in the sense of vectorial distributions on |0, T, p - integrable. Equiva-
lently, o' € W1P(0,T; E) means that y : [0, T] — E is absolutely continuous,
almost everywhere differentiable on |0, 7| and v’ € LP(0,T; E). By W*?(Q)
we mean the usual Sobolev space of real distributions in 2. We shall use
the symbols || - ||p, || - ||k for the norms in LP(2), W*P(Q) respectively. In
the case p = 2, we put H*(Q) instead of W*P((Q).

We assume familiarity with concepts and methods of nonlinear monotone
equations and we refer to Barbu [2], Brezis [3], [4] for significant results in
this field. However, for easy references we recall some facts about sub-
differentials.

Let ¢ : E — | — 00,400] be a convex, lower semicontinuous, proper
function. We denote by d¢(x) the set of all z € E’, the dual of E, such that

o) <py)+(r—-y,2) VyeE,
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and call it the subdifferential of ¢ at , where (-, -) is the pairing between E
and E’.

Conditions of type (2), (4) are called unilateral conditions on the bound-
ary and they arise in elasticity. See for instance Duvaut - Lions [10],
Goeleven [11], Goeleven et. al. [12].

Problems (1) - (4) are very much discussed in the literature. We mention
the papers for Brezis - Haraux [5], Brezis - Nirenberg [6], Vy Khoi Le [14]
that deal with the case when the nonlinear term f does not depend on
grad u or the elliptic operator is degenerate and with Landesman - Lazer
conditions.

Equations of form (1), (3) appear in the paper of Puel [16], but the
problem is the Dirichlet one with unilateral constraints in the interior of
Q) and certainly the methods are different. Our method of proof is similar
to that used in [19], [20]. Regularity results and various extensions are
discussed in [8], [9], [13], [18].

Our approach applies to a large class of problems and, in certain cases,
quadratic growth with respect to the gradient is allowed.

In the subsequent sections we introduce an abstract scheme based on
m - accretive operators and we apply it to elliptic, parabolic and ordinary
differential boundary value problems. An Appendix briefly analyzes some
properties of the Nemitsky operator.

2 An Abstract Perturbation Scheme

Let W be a Banach space, topologically and algebraically included in X,
another Banach space with dual X’ uniformly convex.

Proposition 1. Let T : X — X be a m - accretive operator with
0€T0, D(T) CW and (M +T)"': X = W compact for some A\ > 0. Let
S: W — X be a bounded, demicontinuous mapping.

Then, for every m € N, there is x,,, € W, such that

Ay + T + Smxm 2 0. (6)

Here we have defined the truncate S, of S — AI by

— max mx
Sm = Sy A gy >
el ~ Tl
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Proof.
The equation (6) can be written as
T = M+ T)H(=Spnzm).

The operator defined by the right hand side is compact in W because
(M 4+ T)~! is and S,, is bounded. It maps a certain sphere with a suffi-
ciently large radius in itself because S, is uniformly bounded on W and
(M +T)~ ! is compact from X in W.

It is continuous. Here is the argument

Let ,, — x in W, then Sp,z, — S,z weakly in X because S,, is also
demicontinuous. It yields {S,,zn}n to be bounded in X that is extract-
ing a convenient subsequence, denoted again by x,, we have (Al + T)~! -
(—Smxn) — y strongly in W. Hence (A + T)~Y(=Syx,) — y strongly in
X. Operator (M + T)~! is single-valued, demiclosed in X, so (A +T)~!-
(=Smz) = 9.

Therefore, one can use the Schauder fixed point theorem to obtain the
desired solution.

3 Elliptic Problems

Let A be the second order elliptic operator

0 ou
with
Zaij(x)fifj > Oé|f|2 a.e. Q, a>0,¢e RN. (8)

Y]
Here a;; € CY(2), a;j = aj; and  is a bounded domain with a sufficiently
smooth boundary I'.

ou
We denote by W the conormal derivative associated to A
v

ou ou _
= ZGU% cos(n, ;) (9)
i, '

where 7 is the exterior normal to 2.

Consider two real numbers 2 > ¢ > 1, p > 1 such that WH4(Q) C LP(Q)
topologically and W2P(Q) c W14(Q) with compact inclusion. The existence
of these numbers is ensured by the wellknown Sobolev embedding theorem.
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Assume that f: Q x R x RN — R satisfies the Caratheodory conditions
f(,u,v1,...,vy) is measurable for every u,v.
f(x,-,-) is continuous  a.e. x € Q.

The Nemitsky operator S : W14(Q) — LP(Q) defined by

(Su)(z) = f(z,u(z),grad u(z)) a.e. Q (10)

satisfies
S is bounded (11)
S is demicontinuous. (12)

See the Appendix for a discussion of such hypotheses. Moreover, the follow-
ing growth restriction is needed

fla,u,v)u > Klul* —do* —~(z) -u (13)

where K > 0, s > 1 is choosen such that W14(Q) C L*(Q2), v € L>(Q) and
d is a small constant.

Remark 1. Condition W2P(Q) C W19(Q), with compact inclusion,
shows that growth order of f(x,u,-), which is 4 (see Appendix), cannot
p

exceed 2 when N = 2, cannot exceed 3 when N = 3 and so on, according

to the Sobolev inequalities.

Remark 2. We give a simple example of function f(x,u,v), where v =
(v1,...,uny) € RN

fa ) = ul" -t [o] () + ()
Conditions (11), (12), (13) are fulfilled evidently for an appropriate r (see

the Appendix) under assumption that  : R — R is a monotone continuous
and bounded function.

Remark 3. The operator A can be more generally
0 Ju Ju

Alu = — —(ajj=— bi— .

U ; 81‘j (az] 61’1) + ; zaxi + cu

The last two terms can be taken in f(z,u,v) and one can apply the present
results under appropriate conditions on b;, ¢ > 0, [4], p. 6.
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Theorem 1. Under the above hypotheses, problem (1), (2) has at least
one solution u in W2P().

Proof.

We apply Proposition 1 with W1H4(Q) and X = LP(Q).

Operator T : LP(Q2) — LP(2) defined by

Tu = Au

D(T) = {u € W?P(Q); Au € LP(S), —% € B(u)}
is m - accretive and (T + AI)~! is bounded from LP(§2) in W?2?(Q) for A > 0
large enough, according to Brezis [4], Proposition 1.13 and Remark 1.22.
It yields that (T + AI)~! is compact operator from LP(Q) in W14(Q).

Then for every natural number m, there is u,, in W2P(Q) such that

Ay + TU, + Syt D 0. (14)

We assume that ||um||1,4 > m, otherwise u,, satisfies (1), (2) and the
problem is solved.
Equation (14) becomes

muy,  m grad Uy, MUy,

A + A, + f (2 3 0. (15)

)

Hlumlhug™ Mumllig [lumll1,q

Multiply by u,, and integrate over €2

d
/Aum U dx + / f(=z, Mt , m gtac Um Yumdz < 0.
A A umllig umlliq

Integrating by parts, using (8) and (2) we get

muy,  m grad Uy,

, ) Jumdx < 0.
lumllg ™ [umlliq

a|\um||1,2+/f<x
Q

From (13) one obtains {u,,} to be bounded in H'(Q), that is for m large
enough wu,, verifies (1), (2) and the proof is finished.

Remark 4. Not only classical problems, but many boundary problems
can be expressed in form (2).

Ezample 1. Let j : R — ] — 00, 400] be a convex, lower semicontinuous,
proper function given by

j(s)_{ 0 if s=0

+o00 otherwise
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Then 8 = 0j is
R ifs=
5(5):{ ; ifs=0

otherwise °

and condition (2) is the Dirichlet one.

Ezample 2. Let j(s) = 0 for every s. Then 3(s) = 0 for every s and
condition (2) corresponds to the Neumann problem.

Ezample 3. Consider

io={9, 22

+o00 s<0°
Then
0 s>0
B(s)=4¢ ]—00,0] s=0.
] s<0

We obtain for (2) the Signorini boundary conditions.

Ezample 4. Consider j(s) = |s|. In this case

1 s>0
B(s) =sgn(s) =4 [-1,1] s=0.
-1 s<0

The corresponding condition (2) appears in elasticity.

4 Parabolic Problems

For the sake of simplicity we take the problem

% —Au+ f(z,u,grad u) =0 a.e. ]0,T[xQ (16)
u(()’ 1‘) = ’U,()(CU) a.e. (17)
_‘(’“gr;x) € Blult,z)) ae.[0,T] xT. (18)

We start with the following lemma
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Lemma 1 The operator B : L*(0,T; L*(Q)) — L?(0,T; L?(Y)) defined

by
Bu = % — Au
1 9 Ou(t, x)
D(B) = {u € H (0, T; H*(Q)); u(0,2) = uo(2), ——5 — € Blu(t,z))}

is mazimal monotone and for ug € D(p), B~! is compact from L?(0,T; L?(£2))
in L2(0,T; H(Q)).

Here ¢ : L?(2) — ] — oo, +0o0] is a proper, lower-semicontinuous, convex
function given by

1

5/\grad ul?dx + /j(u)dT if u e HY(Q), j(u) € LY(T)

- Q r
+00 otherwise

p(u)

and dp = —A with

D(0y) = {u € H*(Q); fg—z € f(u) a.e. T'}.

Proof
One easily can check, using the Green formula, that operator B is mono-
tone. To obtain the maximality it suffices that problem

ou

5 Au+u(t,z) = f(t,z) ae Qx]0,T] (19)
u(O7 ;1;) = uO(JJ) a.e. Q (20)
_W € Blu(t,z)) ae.]0,T[xT (21)

has at least one solution for every f € L2(0,T; L*(Q)).
Operator Cu = —Au + u with

D(C) = {u € HA(©);~ 5" € 5u)}

is a subdifferential (see Barbu [2], p. 63).

Therefore, we can apply the smoothing effect on initial data and problem
(10) - (12) has at least one solution u for every f € L?(0,T;L?(f)) and
ug € L*(Q2) (see Barbu [2], p. 189).
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0
If ug € D(y) then ai: e L2(0,T; L*(2)), Au € L2(0,T; L*(Q)) and the
mapping f — u is compact from L2(0,T; L?(Q)) in L*(0, T; WH2(2)) in the
case ug € D(p) and the proof is finished.

Assume now that f : © x R x RN — R satisfies the Caratheodory
conditions and operator S : L2(0,T; H'(Q)) — L?(0,T; L*(R)) defined by

(Su)(t,z) = f(x,u(t,z), grad, u(t,x))

satisfies hypotheses (11) - (13) with p = ¢ = 2.
One can state

Theorem 2 Under the above hypotheses, problem (16) - (18) has at least
one solution u in H*(0,T; H*(Q)).

Proof

According to Lemma 1, we can apply Proposition 1 with A = 0,
X = L*0,T;L*Q)), W = L?(0,T; H'(R2))) and obtain the approximate
equations

ou

Suppose that the norm of u,, in L2(0, T; H'(2)) denoted ||uy,||w strictly
exceeds m, for every natural number m.
The approximate equations become
Ou,

7_Am ’
Bt Um + f(z

MUy, M grad Uy,

)2 0. (22)

e lw ™ ] lw

Multiply by unm,(s,z) and integrate over [0, ¢]

t

d

+/f(x7 mum 7mgra zum).Umdszo.
0 [umllw ™ [|uml[w

Integrating over €, using the Green formula, we get
t

% / o (£, ) 2da + / / lgrad, up (s, 2)[2dzds)+ (23)
Q Q

0
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t

d

—I—//f(x, [T¥tm ,mgra xum)~umda:ds§0.
[ S Tl Tl

From condition (13), when ¢ = T it yields wu,, to be bounded in L2(0, T'; H'(£2))
and using again (23) we see that w,, is bounded in C(0,7T; H'(£2)). Then
for large m we have ||up||lw < m, that is u,, satisfies problem (16) - (18).
The regularity is obtained as in (19) - (21).

5 Ordinary Differential Equations
We take into account the two point boundary value problem:
—u"(t) + f(t,u(t),u'(t)) =0 ae.tec0,1] (24)

w(0)=a, u(l) =b (25)

where f is Caratheodory:
- f(t,u,v) measurable in ¢ for every u,v
- f(t,u,v) continuous in u,v a.e. t € [0,1]
and a, b are real numbers.
We assume that

|f(t,u,0)| < g(t,u) + h(t, u) o] (26)
with

sup |g(t,u)| € L*(0,1)

ul<r

sup |h(t,u)] € L=(0,1)
Jul<r

for every r > 0, and
ft,u,v)-u> K@) -v—oaul®+7v, a<l1 (27)
where K is a continuous, d - homogeneous function, that is

K(wu) = XK (u), \>0,d>0.

Theorem 3 Under the above hypotheses, problem (24), (25) has at least
one solution u in W21(0,1).
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Proof
Shifting the domain of f in w,v one can suppose instead of (25)

w(0)=u(1)=0 (28)

(null Dirichlet boundary conditions).
Operator T : L?(0,1) — L?(0,1) defined by
Tu = —u"
D(T) = {u € H?(0,1); u(0) = u(1) = 0}
is maximal monotone and (I + T')~! is compact from L?(0,1) in W14(0,1).
Under condition (26) operator S : W14(0,1) — L?(0,1) defined by
(Su)(t) = f(t,u(t),(t)) is bounded and continuous (see the Appendix).
We can use Proposition 1 with A = 1, X = L?(0,1), W = W14(0,1) to
derive the existence of approximating solutions

U (t) — ulh () + Spmum (t) = 0.

Assume that ||wy,||1,4 > m for every m. Then

mum(t) mul,(t) M, (t)
um (t) = um (t) + f(t, , ) — =0 (29)
Humlra™ fumllra”  luml[1a
Multiply by u,,(¢) and integrate over [0, 1]
/
m( t
/ \dt+/f e mun ) dt < 0.
||\Um||14 [t 1.4
From condition (27) one gets
/
m m m t
||um||14 [|umll1a
2
[ mun(t) bt <0
[wm] 1.4
that is
1 1
[Pt = a [ fun(o)Pas (31)
0 0

md
- /K(um(t)) ol (Bt < C.
[
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Let H be the indefinite integral of K. Then H(u,,(t)) is the indefinite
integral of K (u,,(t)) - ul,(t) and from (28), (31) we infer
1 1
/|u;n(t)|2dt—a/|um(t)\2dt <c
0

0

From the inequality
1 1
/ i (£) 2t < / ol (1) 2t (32)
0 0

it yields {u/,} to be bounded in L?(0, 1), which combined with (28) gives
{tm} bounded in H'(0,1) and in C(0,1).

Now from (29) and (26) we get {w,,} to be bounded in W2!(0,1) that
is, for instance, {u,,} is bounded in W'4(0,1) too.

So for a sufficiently large m we have ||up||14 < m and u,, verifies (24),
(25) which finishes the proof.

Corollary 1 Under the same hypotheses as Theorem 4, with a < 0 in
(27), the periodic problem

—up () + f(t,u(t),d'(t)) =0 a.e. [0,1]
uw(0) = u(1), ¥/(0) = u'(1)
has at least one solution u € W21(0,1).

The proof follows the same lines as in Theorem 4 because the co-
rresponding operators T and S, defined in this case, have the same properties
and the estimations can be derived in a similar way.

Remark 5 The classical result of Bernstein [7] ensures the existence of a

solution for the two point problem, provided f (¢, u, v), g(t, u,v), g—f(t, U, v)
u v
continuous on (0,1) x R x R and
0
a—i(t,u,v) >K >0 (33)

and (26) with g(¢,u), h(t,u) continuous in (0,1) x R.
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We use the Lagrange theorem

ft,u,v) — f(t,0,0) =

of .
%(t,u,v)'u

where @ is some point between u and 0.
Multiply by «

of

8u(t,ﬂ7v)~u2—|—f(t,07v)~uZKu2+f(t,O7v)~u

f(ta u, ’U) U=
which may be more restrictive than (27).

Ezample 5 Let f(t,u,v) = a(t)u+b(t)v+c(t). Then (33) requires a(t) >
K > 0, while (27) with K(u) = u is fulfilled when a(t) > 0 only.

Example 6 We give now an example when f has quadratic growth in v
ft,u,v) = a(t)u® L + b(t)uPv + c(t)v®u + d(t).

Then f(t,u,v)u > b(t)uPt! - v+ d(t) - u in case a(t) > 0, ¢(t) > 0 and (27)
is fulfilled.
Condition (33) gives

(2n + Da(t)u® + pb(t)uP~t v+ c(t)v? > K >0

which fails for u = v = 0 for any a(t), b(t), c(¢).

6 Appendix

We give a result concerning the Nemitsky operator in Sobolev spaces.
See also Marcus and Mizel [15] or Pascali and Sburlan [17], p. 165.
Let s,p,q be real numbers such that W14(Q) C LP(Q) continuously i.e.

1

> —.
- N

w | =
| =

Proposition 2 Operator S : WH4(Q) — LP(Q) defined by

(Su)(x) = f(z, u(x), grad u(z))

where f satisfies the assumptions



134 Dan Tiba

f(zx,-,-) is continuous a.e. x € ) (34)
f( u,v) is measurable for. every u,v (35)
[F(z,u,0)| < Uz) + h(@)]ul? + K (@)]o]? (36)

with | € LP(Q), h, K € L>=(R), is bounded and continuous.

Proof

Using an argument with simple functions we see that S maps measurable
functions in measurable functions. From condition (36) and W4(Q) C
L*(§2) continuously it yields that operator S is well-defined and bounded.

Consider now a sequence {u, } C WhH4(Q) such that u,, — u in W4(Q),
that is u, — u in L*(Q) and grad u, — grad w in LI(Q2). To show that S
is continuous it suffices to show that there is an infinite subsequence such
that S(uj) = S(u) strongly in LP(2).

We choose an infinite subsequence of {u,}, which we denote {u;}, such
that

grad u; — grad u a.e. Q2.

Then, by (34)  S(u;) = S(u) a.e. in .

From (36) it follows that functions |f(z,u;(z),grad w;(x))P are equi-
integrable over €2, so the almost everywhere convergence of S(u;) to S(u)
implies that S(u;) — S(u) strongly in LP(§2) and the proof is finished.

Corollary 2 Operator S : Wh4(Q2) — LP(Q) defined by

(Su)(z) = gz, u(x))

where g satisfies the assumptions

g(z,-) is continuous a.e. x € Q (37)

g(-,u) is measurable for every u (38)
S

lg(z,u)| < I(z) + h(z)u]? (39)

with I € LP(Q), h € L*(Q), is bounded and continuous.
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1 Introduction

The intention of this paper is to survey some extensions (the P function
method) and applications of the classical maximum principle for elliptic
operators.

It is well-known that every subharmonic function in a bounded domain
Q (i.e. Au >0 in Q) satisfies the classical maximum principle

max v = max u.
Q
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The subbiharmonic function u(x) = —xF — |z|? in the ball Q = {(z1, ...,
x,)||z| < R} (i.e. A%u < 0in Q) shows that there are no classical maximum
principles for the biharmonic operator A2y (and for higher-order elliptic
operators at all). Still some results can be proven.

The first proof of a maximum principle for an elliptic equation of higher-
order that has a similar form to the classical maximum principle was given
by Miranda [33].

Miranda showed that for the biharmonic equation A%y = 0, where u is a
smooth function defined on a plane domain the function |Vu|? — uAu takes
its maximum value on the boundary of the domain. Later, in [37], Payne
uses functionals containing the square of the second gradient of the solution
to semilinear equations of the form

A%u = f(u)
to deduce integral bounds on (AZu)?2.

Since then many authors have extended the Miranda’s result. For exam-
ple, maximum principles for fourth order equations containing nonlinearities
in w or Au can be found in works of Payne [37], Schaefer [57], [60], [61].
Similar results are proved by Zhang [72], Mareno [30], [31] (studied some
equations from plate theory), Danet [5], [6], [7], [9], Tseng and Lin [68], etc.
(see the references cited here).

Most recently the authors in [9] obtain maximum principles results for
the more general variable coefficient m- metaharmonic equation

Ay — am—l(x)Amilu + am—?(x)Amizu — ao(x)u =0 in®Q. (1>

using P functions containing terms of the form (Afw). Here € is a bounded
domain in IR"™.

The survey paper [8] is devoted to the P function method and gives a
presentation of research of the past years on applications of the P function
method in second order elliptic problems. Historical notes and an extensive
survey of the literature is added. The present paper intends to continue our
previous work [8] by presenting contributions to the P function method for
higher order elliptic equations.

2 Main Results

2.1 The general case (m arbitrary)

First we present a maximum principle for the general equation of order
2m.
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Theorem 2.1 ([9]) Let u be a classical solution of (1), i.e. C*™(Q) N
C?m=2(Q). We consider the function Py

Py = (A" ) + 2am (A 2u)? + (A Pu)? 4 -
Suppose that am—1, am—2 >0 and A(1/aym—2) <0 in Q. If

S a% < In+4
u
Qp 20m-1 + 1 (diam )2’

2
%o > max {1+supay,..., 1+ supan_3},
2am—1 Q Q
2
)
2 1+ 1 >sup{|a1|—|— +|am73|}7

and

2
< %o +1)am_2>1 m Q

2am71

then, either there exists a constant k € IR such that Pi/w; = k in Q

or Py/wy does not attain a nonnegative mazximum in Q. Here wy(zx) =
1—a(@?+ - +22) € C®°(IR™), andais a positive constant.

Remark. The coefficient ag can be replaced by am—j, j =4,...,m —1
if there exists a j = 4,...,m — 1 such that

2

am_j

> max 124 supa
201 k:3,..‘,m{ Qp k}7

2
m—j

2am-1

+2> Sgp{|a0| + o Jam—j1| + lam—jia| + - + lam-sl},

and

a’ .
" 41 ) ame>1 inQ.
20m 2

We now show that the uniqueness result and the maximum principle

holds ([9]).
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Theorem 2.2 There is at most one classical solution of the boundary value
problem

{ AU — a1 (2) A" U+ o (2) A 20 4 (=) Mag(z)u = f inQ

u=g1, Au=gs, ..., A" lu =g, on 011,
(2)
provided the coefficients amy,—1, - .., ag satisfy the conditions imposed in The-

orem 2.1.

Remark. The boundary value problem

Ay + 2™y =0 inQ=(0,7) x (0,m)
u=Au=---=A""ly=0 ondQ,

has (at least) the solutions uq(z,y) = 0 and ug(z,y) = sinzsiny in Q. This
example shows that if we do not impose some restrictions on the coefficients
Gm—1, - - -, 00, then the uniqueness result might be violated.

In [2] the authors pose an interesting open problem: If f =0 in Q, g2 =
v =gm =0o0n 9Q,m > 3,n > 2,ap-1 = - =a; = 0in Q do all
the solutions of (2) satisfy the maximum principle (3) where C' > 1 is a
constant? This problem, as it turns out, can be solved when 2 is a class C?
domain ([63]). Here we present a version for arbitrary domains ([9]).

Theorem 2.3 We consider the boundary value problem (2), where f = 0

inQ and go =+ = gm =0 on 0N2.
Then
max |u| < C'max |ul, (3)
Q [2/9)
holds for all solutions of (2) provided the coefficients am—1, ..., aq are subject

to one of the conditions imposed in theorem 2.1.

Theorem 2.4 (/32])
Suppose that u € C*™TL(Q)NC?*™~1(Q) is a solution of (1). Furthermore
for n > 4 one defines

Py = V(A" ?u) - VA(A™2u) — V(A™2u) - V(A™  u)+

+ PLV(AT ) - V(AT ) + ZEEV(AT ) - V(AT )
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+ ames {Z;ﬂ (A" Pu)? — {M] (A" u)? + Wf@w‘u)?,

=0

b2 € CO(Q) N C2(Q) satisfy 722 +1 <

where the functions g, m
a for some positive constant o, and |V3u|> = Uyij Uyij - Additionally, one

imposes the conditions

m—3 m—1
Y ai<B, Y Va;-Va; <,
i=0 i=0

for constants v > 0, 8 > 0.

o Eg
1 y(n+2)
o >1 == >
Am—2 = 1, Gm—1 272(71—4)’
A2aZ Vam—i - Vam—; > 0,i=1.3,

Aa o — 4vam72 : vame
m— _—

>0,
A, —2
Bln—4) v Voi Vi | .
Agp; > — g, d—— 5% 1=0,...,m—2
¢_3max{2(n+2)+2a s 1=20 m

Then, Poy is subharmonic in Q.

We briefly indicate how theorem 2.4 can be used to obtain integral

bounds on the square of the second gradient of A™ 24. Suppose that the
hypotheses of theorem 2.4 are satisfied and the m conditions

Ay =0, i=0,.

.., m — 9,

A2y,
Am—Z —
Y on

g, Ay = AT
b an b

hold on 992. Let A denote the area of €. Using theorem 2.4 and integration
by parts we get
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A
/ [VA(A™ ) [Pde < o max {IVZ(N”ZU)I2 + Gm—a(2) (A" M)+
Q

Before treating some particular cases, we shift our attention from n di-
mensional to one dimensional case and mention the following result (2 de-
notes an open interval (a, 8)) ([5])

Theorem 2.5 There can be at most one classical solution of the problem

{ ul?™ — dul® + e(z)u™ —b(z)u” +a(x)u=f nQ

u=g1, v =go, W =gs,...,u™ =g, ondQ,

where m > 6 is even, d >0 and b > 0, a,c >0, (1/a)”,(1/¢)” <0 in Q.

The result follows since the function

P; = u//u(2m—2) o 2ulllu(2m—3) + 3u(4)u(2m—4) — (m _ S)U(m—Q)u(m-‘rQ)
—(m — 3)u™ V) /9 (m = 3)/2 + 1)[ (u™)? — (=D (mH1)]
H(u")? = du"u] + e(@) (") /2 + a(x)u’ /2

assumes its maximum value on 92, where u is a solution of
u®™ — du® + e(z)u™® — b(z)u” + a(z)u =0 inQ.
Similarly, we can treat the problem

{ w4 du® — c(@)u® + by’ — a(z)u = nQ

U =g, u” = 92, u" = g37°°‘7u(m) = 3dm OnaQy

where m > 5 is odd.
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2.2 The particular case m =4

In this section we consider classical solutions (i.e., C¥(Q) N C%(Q)) of
A'u — a(z) A% + b(z) A%u — c(z)Au + du = 0, (4)

in the bounded plane domain €2, and present ([5]) a maximum principle for a
certain function defined on the solutions of (4). Then we use the maximum
principle to prove a uniqueness result for the corresponding boundary value
problem.

Theorem 2.6 Let u be a classical solution of (4). Assume that

a>0, A(l/a)<0 inQ,
b>0 inQ,

c>0, A(l/e)<0 inQ,

and
d>0

are satisfied. Then the functional

Pa= @(W + @Wuf +d(IVul® — ulu) + [V(A%u)? - A%uny

assumes its mazximum value on OS2 The result also holds if a and ¢ are

nonnegative constants.

An important application of the above presented maximum principle is
the following uniqueness result:

Theorem 2.7 There is at most one classical solution of the boundary value
problem

Aty — aA3u 4 b(2)A%u — cAu+du = f inQ, (5)
u=g, Au=h, A?u=i, Adu=3; ondQ,
where a,c > 0, b and d satisfy the hypotheses of theorem 2.6, and the cur-
vature k of O (2 is a smooth plane domain ) is strictly positive.
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We suppose that uq and ug are two solutions of (5). Defining v = u; —us,
we see that v satisfies (4) and

v=Av=A%=A%=0 ondN. (6)
By virtue of theorem 2.6

Py < Py in Q.
4 SmaxPyIn (7)
Since v = A%y = 0 on 91, we have
0
|Vu| = ‘ETZ‘ on 99 (8)

and

21)
IV(A2)| = ]a(gn )\ n aqQ, 9)

where 0/0n denotes the outward directed normal derivative operator.
It can be shown that (introducing a normal coordinate system)

%’L = 8(§Z“) =0 on AN (10)
By (6), (7), (8), (9) and (10) we get
P, <0 inQ,
which gives
—vAv — A%A3% <0 in Q. (11)

Integrating (11) over  and using Green’s identity we obtain

/|W|2+/ V(A20)[2 < 0.
Q Q

Hence v = 0 in Q by continuity.

It is known that once we have a maximum principle for an equation, the
nonexistence of a nontrivial solution of the zero-boundary problem will be
a consequence.

An inverse result, of establishing a maximum principle from some nonexis-
tence results was carried out by Schaefer and Walter (Theorem 2, [63]).
Using their result and our theorem 2.7, we obtain the following maximum
principle
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Corollary 2.1 Suppose that u is a classical solution of the boundary value
problem
Ay — alA3u 4+ bA%u — cAu+du=0 infQ,
{ Au=0, A’u=0, Au=0 on 012,

where a,b,c > 0, d satisfy the hypotheses of theorem 2.6, and the curvature
k of OQ (Q is a smooth domain ) is strictly positive. Then there exists a
constant K > 0 such that

max |u] < K max |ul.
Q o0

Remark.

1. Similar uniqueness results can be inferred using theorem 2.6. It can be
shown (see [5]) that there is at most one classical solution of the boundary
value problem

{ Aty — aA3u 4 b(2)A%u — cAu+du= f inQ

u=g, Au=h, A>u=i, a(gZu) =4 ondf,

2. We note that Dunninger [11] developed a maximum principle from
which follows the uniqueness for the classical solution of the boundary value
problem

A’u+cu=f inQcCR"
u=g,Au=h ondf,

where ¢ > 0 is a constant.

An uniqueness result for solutions of a more general fourth-order elliptic
equation, under the same boundary conditions follows from Corollary 1, [72].

The uniqueness question for solutions of the boundary value problem
(here a,b >0 and ¢ > 0 in Q)

A3u — a(x)A%u + b(x)Au — c(x)u = f inQ C R,
u=g, Au=nh, AN2u=i on 02,

has been settled in a satisfactory way by Schaefer [58] (the constant coeffi-
cient case with n=2) and Goyal and Goyal [17] (the constant and variable
coefficient case).

We see that our uniqueness result (theorem 2.7) is a generalization of
results of Dunninger, Goyal and Schaefer.
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2.3 The particular case m = 3.

This subsection is dedicated to maximum principles for a class of linear
equations of sixth order. As a consequence of these maximum principles we
will obtain uniqueness results for boundary value problems of sixth order.
This section is based on the paper [7].

Schaefer [58] investigated the uniqueness of the solution for the boundary
value problems

{ A3u — a(x)A%u + b(x)Au — c(x)u = f inQ C R" (12)

u=g, Au=nh, AN2u=1i on 052,

where a, b, > 0, ¢ > 0 are constants, and the curvature of 0 is positive.
Our aim here is to remove via the P function method dimension and
geometry conditions (convexity and smoothness) with, of course, further
conditions on the coefficients a, b and c.
We deal with classical solutions (i.e. u € C®(Q) N C*(Q)) of
A3y — a(z)A%u + b(x)Au—c¢(z)u=0 inQc R n>2. (13)

The uniqueness results can be inferred from the following maximum prin-
ciples.

Theorem 2.8 Let u be a classical solution of (18) and suppose that

a(b+ c)? < 8n + 8
b2(a—1) = (diam )2’

(14)

holds, where a > 1,b, ¢ are constants. We consider the function Ps given by
Ps = (aA%u + bu)? + ab(a — 1)(Au)? 4 b*(a — 1)u>.

Then, either there exists a constant k € R such that Ps/w1 = k in Q or
P5/wy does not attain a nonnegative mazimum in 2.

By computation and using equation (13) we have in Q

A((aA?u+bu)?) > 2(aA?u+ bu)(aAu + bAu)
2(a®(A%u)? + abeu® 4 a® (b + c)ulu +
ab(1 — a) Aul*u + b*(1 — a)uAu),

A(ab(a — 1)(Au)2) > 2ab(a — 1)Aul?u,
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A(bQ(a - 1)u2) > 20%(a — 1)uAu.

That means that

AP; > 2a (aQ(A2u)2u + a(b+ c)ulu + bcu2)
2 2
= 2a <aA2u + b—;—cu> + 2a (bc _ —ZC) >u2 (15)

2
a(b+c) w2,
2

2_

Hence Pj5 satisfies the differential inequality

a(b+ c)?

APs 4 o
T P

P5ZO in Q.

Since (14) holds, we can use a version of the generalized maximum prin-
ciple (lemma 2.1, [7] ) to obtain the desired result.

Theorem 2.9 Let u be a classical solution of (18) and suppose that

< (a+c)? - 8n +8
X alb—1) " (diam )2’

(16)

b>1 inQ, A(1/(b—1))<0 inQ

holds.

If
Ps = (A%u +u)? + (b— 1)(Au)? + (b— 1)u?

then, either there exists a constant k € IR such that Pg/wy = k in Q or
Pg/w1 does not attain a nonnegative mazimum in 2.

If a = c in Q then, Pg attains its mazimum value on O (the restriction
(16) is not needed).

Theorem 2.10 Let u be a classical solution of (13), where a > 0 in Q, and
c is of arbitrary sign in Q. Suppose that

su ﬁ _|_ 1 < M
Qp 2a (diam )2’

b>0, A(1/b) <0 inQ,
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holds.
If
P7 = (A%u)? + b(Au)? + u?

then, either there exists a constant k € IR such that P7/wi = k in Q or
P7/wy does not attain a nonnegative mazimum in €.

Theorem 2.11 Let u be a classical solution of (13) and suppose that

(c+1)2> (2n+2

1
SuPa<C+ 4(a—1) diam )2’

Q

b=0,a>1 inQ, A(l/a) <0 inQ,

c>0, A(l/c) <0 inQ
holds.
We consider the function Pg given by

Pg = (A%u — Au)? + c(Au — u)? + a(Au)?

Then, either there exists a constant k € R such that Pg/w1 = k in Q or
Pg/w1 does not attain a nonnegative mazimum in 2.

Now an uniqueness result follows from the above mentioned maximum
principles.

Theorem 2.12 There is at most one classical solution of the boundary
value problem (12), where a,b and c satisfy the conditions of Theorem 2.8
or Theorem 2.9 or Theorem 2.10 or Theorem 2.11.

For various uniqueness results for sixth order boundary value problems
the reader is referred to [7].
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2.4 The particular case m = 2.

In 1971, J. Serrin [65] and H. Weinberger [71] proved that if Q is a
bounded domain in IR™ with smooth boundary

Au= -1 in Q,

u=20 on 0f),
g—g:c on 012,

(where ¢ is a constant) then € is a ball of radius |nc| and the solution is
radially symmetric about the center.
Serrin’s proof is based on the classical maximum principle and on the method
of moving parallel planes.Weinberger’s method is more elementary. It also
uses the maximum principle but relies on Green’s theorem to establish cer-
tain identities. Unfortunately, Weinberger’s argument does not extend to
more general results.

Using the following maximum principle Benett [1] was able to show that
an analogous result holds for a fourth order problem.

Theorem 2.13 The function

" 9% n—4 " n—4

assumes its mazimum value on 0, where u is a solution of A%u+ f(u) =0
in Qc R, f <0 inIR.

Corollary 2.2 ([1]) Let Q be a bounded domain in IR™ with C**¢ boundary,
and suppose that the following overdetermined problem has a solution in
u € C*H00)

A2yu=—-1 inQ,

g—z =0 on 082,

Au=c on 0N (c - constant).

Then 2 is an open ball of radius [|c|(n? + 2n)]% and u is radially symetric.

The above mentioned result allows a characterization of open balls in
IR™ by means of an integral identity:
Let 2 be a smooth bounded domain in IR" and suppose that there is a real

constant M so that 9B
/ Bdx =M —ds
Q an on
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holds for any function B in C*(Q) satisfying

A’B=0 inQ,
B=0 on 0N.

Then € is an open ball.

Finally, we state our last maximum principle for an fourth order equa-
tion.

Theorem 2.14 ([7])
Let u be a classical solution of

A%y — a1 Au+ ap(z)u =0 in Q C IR", (17)

where a1 = const. > 0, ag > 0 in Q.

Suppose that
1 (ag—1)\2 2N+ 2
- — —_. 18
Slglzp <a1 a1< ag ) ) < (diam 2)2 (18)

1 1
Pio = i(Au —au)?® + E(Au)z + u?.

Let

Then, either there exists a constant k € R such that Pig/un = k in Q or
P1g/wy does not attain a nonnegative maximum in 2.

If 2
a? > (ao - 1) in Q, (19)

ag

then the function P1g attains its mazimum value on ) (here the assumption
(18) is not needed).

Remark. A classical result ([2]) tells us that the boundary value prob-
lem

u=g, Au=~h on 01, (20)
has a unique solution if a;,ap > 0 and if Aag < 0 or A(1/ap) < 0 in .
Theorem 2.14 tells us that if a; > 1 and ag > 0 then the boundary value

problem (20) has a unique solution. We see that no smoothness restrictions

are needed on the coefficient ag.

{ A%y — a1 (z)Au + ap(r)u = f inQ CR"
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1 Functional setting

In this section, we present the class of variational problems to be considered
and recall several basic facts related to this class of problems.

Throughout the paper we use two pairs of mutually conjugate reflexive
Banach spaces. The first pair is Y and Y* (with the duality pairing (y*,v),
where y* € Y* and y € Y). The norms of Y and Y* are denoted by || - ||
and || - ||, respectively. Another pair of spaces is V' and V*. The product
of v € V and v* € V* is denoted by < v*,v >. We assume that

Vcycv,

where V is a Hilbert space with the norm || - ||y and scalar product (-, )y,
so that < v*,v > = (v*,v)y for any v* € V.

By A : V = Y we denote a bounded linear operator and assume that
the conjugate operator A* : Y* — V* satisfies the relation

(y*, Aw) = < A*y",w >, Yw e V. (1.1)
If y* is more regular and belongs to the set
Hiy. ={y €Y | A"y eV},
then (1.1) can be rewritten in the form
(y*, Aw) = (A"y*, w)y, Yw e V. (1.2)

We consider the following class of variational problems: find v € V' such
that

J(u) =inf P := 5161‘f/ J(v) (ProblemP), (1.3)
where
J(v) = G(Av) + F(v), (1.4)

the functionals G : Y — R and F : V — R are convex and lower semicon-
tinuous functionals such that J(v) is a proper functional (cf. [2]) and

J(v) = +oo as |[v|ly — +oo. (1.5)

In addition, we assume that F'is finite at zero element of V' and G is coercive
onY.
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As usual, the functionals dual to F' and G are defined by the relations

F*(v*) =sup{<v*,v> —F(v)}

veV
and
G*(y*) =sup{ (v",y) — G(y) },
yey
respectively.

If v* € H}., then the first relation admits another form

Fr(v") = ilel‘ﬁ;{(v*w)v —F(v)}.

Existence of a minimizer u to Problem P follows from standard arguments
of the variational calculus (see, e.g., [1, 2]).
Problem P has a saddle point formulation associated with the Lagrangian

L(v,y*) == F(v) + (y*, Av) — G*(y),

which is convex and lower semicontinuous with respect to the variable v and
concave and upper semicontinuous with respect to the variable y*.
The Lagrangian yields a dual variational functional defined by the rela-
tion
I"(y*) = inf L(v,y") = = G*(y") + inf ((y*, Av) + F(v))
veV veV
=—G'(y") —sup(< —A"y", 0> —F(v))
veV
— — G () - F(-ATY)

and a new (dual) variational problem: find p* € Y* such that

I"(p*) = sup {—G*(y") — F*(—=A"y")} (Problem P*).
y*ey*

It is not difficult to show that under the above made assumptions

inf P = supP* := sup inf L(v,y") (1.6)
yrey* veV

and Problem P* also has a solution.
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2 General form of error identities for convex vari-
ational problems

Since both primal and dual problems are well posed and have solutions u*
and p*, respectively, the pair (u,p*) is a saddle point of L on V' x Y™*, i.e.

L(u,y") < L(u,p") < L(v,p"), Vo eV, y" €Y, (2.1)
The left—hand side of the inequality yields the relation
(" —p" Au) <G7(y") = G*(p7), Wy €Y7,
which means that
Au e 0G*(p*) <« p" € 0G(Au). (2.2)
Analogously, the right—hand side of (2.1) yields the relation
Fw)—F(u) > (p"Alu —v)) =< =A"p* v —u>, (2.3)
which means that
—AN'p* € 0F(u) < wuedF* (—A"p"). (2.4)

In general, the relations (2.2) and (2.4) present necessary conditions for the
solution pair (u,p*) and have the form of differential inclusions. However,
there is another equivalent way to present these conditions, which is more
convenient for our purposes. It is well known (see, e.g., [2, 5]) that (2.2) and
(2.4) are equivalent to the relations

Dg(Au,p*) := G(Au) + G*(p*) — (p*, Au) =0,  (2.5)
and
Dr(u, —A*p*) := F(u) + F*(~A"p")+ < A*p*,u>= 0, (2.6)

respectively.

The functionals Dg(y*,y) : Y* x Y — R and Dp(v*,v) : V* xV = R
(in the literature, they are often called compound functionals) vanish if and
only if the arguments satisfy (2.2) and (2.4). In all other cases, they are
positive.
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Let ¢* € Y* and v € V be the functions compared with p* and u. We

introduce the following nonlinear measure of the distance between {u,p*}
and {v,y*}:

M({u, p*}, {v,y*}) ==
= Dp(u, —N*y*) + Dg(Au,y*) + Dp(v, —A*p*) + Dg(Av, p*). (2.7)

It is easy to see that M({u,p*},{v,y*}) is nonnegative and vanishes if and
only if

Av € 0G*(p"), y* € 0G(Au),
—AN'y* € OF(u), v € OF*(—Ap").

In other words, M({u,p*}, {v,y*}) vanishes if and only if all the necessary
saddle point conditions are satisfied. Moreover, it was proved (see [5], Sec-
tion 7.2 and [10]) that

M({u,p™}, v, y"}) = J(v) = I"(y"). (2.8)

We see that M{(u, p*), (v,y*)} = 0 if and only if J(v) = I'*(y*) what is pos-
sible only if v is a minimizer of the problem P and y* is a maximizer of the
problem P*. In view of this fact, in [11] the functional IM was introduced
as the right error measure for the class of variational problems (1.3)—(1.4).
Since any numerical procedure is focused (explicitly or implicitly) on min-
imization of the duality gap J(v) — I*(y*), it automatically minimizes the
distance between {u, p*} and {v,y*} in terms of the measure IM.

Now we can formulate the main result, which presents the general a
posteriori error identity for the considered class of problems.

Theorem 2.1 Letu be a minimizer of the Problem P and p* be a mazimizer
of the Problem P*. Then, for any v € V and y* € Y* the following identity
holds:

M{(u,p*), (v,y*)} = Dp(v,—A*y") + Dg(Av,y"). (2.9)
The statement directly follows from (2.8). Indeed,

J(v) = I"(y*) = G(Av) + F(v) + G*(y") + F*(=A"y")
= Dg(Av,y") + (y*, Av) + Dp(v, —A*y*)— < A"y* 0 > .

We apply (1.1) and arrive at (2.9).
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We note that a somewhat different notation the identity (2.9) was proved
in [5] (see 7.2.14). It has a clear meaning: the distance between the pair of
exact solutions and their approximations measured in terms of the measure
M is equal to the sum of two fully computable functionals Dg(Av,y*) and
Dp(v,—A*y*) that depend only on approximate solutions and does not con-
tain unknown exact solutions. Therefore, this relation can be viewed as the
basic a posteriori error identity .

Remark 2.1 It is commonly accepted that errors should be measured in
terms of relative (normalized) quantities, which adjust absolute values of
errors to a certain measure (e.g., norm) of the exact solution. The relation
(2.8) clearly suggests a proper normalization. Since the duality gap J(v) —
I*(y*) is equal to the error measure M({u, p*}, {v,y*}) and C* := |J(u)| =
|I*(p*)| is a number inside it related to the exact values of the primal/dual
energy functionals, it is natural to use the quantity

£,y = e M({u,5°), {0.7))

as a normalized measure of the error (trivial solutions with zero energy
are excluded from this consideration). Since J(u) is generally unknown, in
practice it may be suggested to use the constant C* = 1(|J(v)| + |I*(y*)|)
instead of C*. Then we recall (2.9) and introduce the quantity

1
E(v,y") = o (Dp(v, —=A"y") + Da(Av,y))

as a fully computable normalized measure that objectively quantify the ac-
curacy of (v, y*).

A special, but important case
Fv)=</{*v>, revr

deserves a special consideration. We have

0 if y* € Q7.
F*(—A*y) = su <—A**—£*,v>:{ ! e
(=A%) = sup y too iyt g Qi

where

Qi ={d" €Y | (¢", Aw) + ({*,w)y =0, weV}
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Hence,
sy —GW) iyt e,
I(y)_{—oo if y* & Q.
Problem P* has the form: find p* € Q. such that the functional —G*(p*)
attains its supremum on Q..

Tt is easy to see that the identity (2.8) holds in the form +oo = +oo if
y* € Q. and in the form

Dg(Au,y*) + Dg(Av, p*) = J(v) = I"(y") (2.10)

for y* € Q.. Therefore, we conclude that for v € V' and y* € Q}. the error
measure is defined by the relation

M{(u,p*), (v,y")} = Da(Au,y*) + Da(Av, p*).

and the a posteriori error identity (2.9) holds on the affine manifold @j. in
the form

M{(u,p*), (v,y")} = Da(Av,y"). (2.11)

Identities (2.10) and (2.11) have been established in [9, 10] and used for the
derivation of functional type a posteriori error estimates for a wide class of
convex variational problems.

Now we consider particular forms of (2.8)—(2.11) related to some classes
of functionals commonly used in mathematical modeling.

3 Problems with quadratic G(y*)

Let U be a Hilbert space endowed with the scalar product (-, )y containing
the same elements as Y and Y* and A : U — U be a bounded, linear, and
positive definite operator. The spaces Y and Y* are identified by the norms

I7I* = (A7, 7)y and |I7]IZ = (A 7, 7)o,

respectively (it is clear that these norms are equivalent to the original norm
of U). We define A as a linear bounded operator acting from V' to U. The
conjugate operator A* : U — V* is defined by the relation

(y, Av)y =< A'y,v > .
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Consider first the problem
AN ANu+ au = 07, (3.1)

where « is a positive constant and ¢* € V. The corresponding generalized
solution u is defined by the relation

(AAu, Aw)y + a(u,w)y = (£, w)y Yw e V. (3.2)
In this case,
G) = 5y w)o, Gy = 5 (A7),
and
F(o) = Sloll} - (", v)y.
We find that for any v* € V

«a 1
Fr (@) = sup { (0" + €%, 0)y = Sl } = 5l + £
veV «

For any y* € Y*, we have

D¢ (Au,y*) = ((AAu,Au)U + (A_ly*,y*)U — 2(Au,y*)U)

N =

= JlAhu—y I (33)
and
Da(hv,p) = 54N — p7I1 (3.4)
Let y* € H}.. Then,

D, =A%y = Sl + 51107 = A1} + (w, A%y = £)y

1 * ok *
:ZHA y 4 ou—¢ ||$, (3.5)

and quite analogously (note that p* € Hj3.) we obtain

* ok 1 * % *
Diplv, ~Ap) = 5| A"p" + v — £}, (3.6)
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Now we recall (2.2) and (2.4). Since the functionals G and G* are Gateaux
differentiable, the relations (2.2) have the form

p*=G'(Au) = AAu and Au= (G*)' (p*) = A~ 1p*. (3.7)

The functionals F', and F™* are also differentiable. Therefore, (2.4) have the
form

u=(F*) (-A"p) = (0"~ %) (33)
and
—A*p* = F'(u) = au—£*. (3.9)

By (3.7)-(3.9) we conclude that the components of the measure IM are as
follows:

Dalhuy)= Ll vl (310)
Da(hv,p) = SIAm— ), (3.11)
D, ~Ay) = oA ), (312
Dp(v,~A"p*) = Sllo —ulf. (3.13)

Thus, for this class of linear problems the measure M{(u,p*), (v,y*)} is
defined by the sum of above presented four norms of two error functions
e:=u—wvand n* := p* — y*.

It is easy to see that M{(u,p*), (v,y*)} is equivalent to the sum of two
norms associated with the primal and dual errors:

1
llelle = 5 (1Aell” + el (3.14)

and
*112 1 %12 1 * k|12
1 1 o= 5 (I + S 1A 1 (3.15)

Here the first norm is the energy norm associated with the primal variational
functional J and the second one can be viewed a norm of the space Hj..
We see that

M ({u,p"}, {0, ™} = llella + 13-

@
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and the identity (2.8) reads
llelle + 1117 2 = T () = I* ("), (3.16)

In other words, for this class of variational problems the difference between
the primal and dual functionals measured in terms of IM is equal to the sum
of specially selected norms.

Theorem 2.1 implies the following a posteriori error identity:

lells + 7 2 = S1AAv = w72 + S -IA™Y" + av = L7 (3.17)

The right hand side of this identity contains only known functions and van-
ishes if and only if

AAv —y* =0,

Ny +av—L"=0,
ie, if v = u (cf. (3.1)) and y* = p*. In all other cases the right hand
side is positive and equals to the combined primal-dual measure of the error
presented by the left hand side. We note that such type identity (both sides
of which are expressed in terms of squared norms) takes place only for this
class of linear problems.

The identity (3.17) is not valid for v = 0. In this case, then we must use
(2.10) and (2.11) and use introduce the condition

Ay* =107, (3.18)
We find that

M{(0,5°), (0,5")} = 1A% =y + 514N — 7]
= I + Gl P,
Then, (2.10) yields the identity
1 * (|2 1 2 * (K
S+ A P = ()~ (), (319)
Set here y* = p*. Since

I"(p*) =J(u) and p*" = AAu,
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we obtain
1
sllAe I = J(v) = J(u). (3.20)

This is a generalized form of the Mikhlin’s error identity (see, e.g., [4, 3]),
which was derived for variational functionals defined by quadratic forms.
By (2.11), we find that

AN = y*[IZ + [ AAw — p*|I? = | AAv — y*|I3. (3.21)
We can rewrite it in an equivalent form
I I7 + Ael? = [AAv —y*[2,  Vy* € Q;-. (3.22)

The latter identity can be viewed as a generalization of the Prager—Synge
error relation derived in [7] for linear elasticity problems.

Remark 3.1 We see that error measures arising in the estimates are gen-
erated by nonnegative compound functionals. In the linear case (i.e., for
quadratic type functionals), they are equivalent to norms. However in gen-
eral, IM consists of nonlinear terms that jointly form a proper measure of
the accuracy (see [11]).

4 Particular cases

Now we briefly discuss applications of the above presented error identities
to particular classes variational problems.

4.1 Quadratic growth problems with A = grad

Let V = H}(Q), where Q is a bounded Lipschitz domain in R? (d > 1). We
set U = L2(Q,RY), V = L?(Q), and identify A with a symmetric real matrix
in M%¢. Then A* = —div and (3.1) is the equation

sym*
divAVu —au+£* = 0. (4.1)
In this case,

2
Q

1 1

*|12 —1_x* * . *|2

= [ (At + 2)d

L/ Tt 2/( nten +a\ v )
Q

1
lell2 = 7/ (AVe - Ve + ale|?) dz,
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and the a posteriori error identity (3.17) has the form

[e%

* 1 —1, % * *
el + 1y s = 5 [ (AV0-Fot A7y =y Vo) o
Q
+ L ||div y* —i—@*HQ (4.2)
- 1v — QU . .
2a y

If o = 0, then we use (3.18) and (3.19) and obtain the identities
1 —1_ =% * 1 * (%
3 A" " dx+§ AVe -Vedx = J(v) — I"(y") (4.3)
Q Q

and the Mikhlin’s identity

1
2/AV€ -Vedx = J(v) — J(u). (4.4)

Q

By (3.22) we obtain a version of the Prager-Synge identity
/(Ailn* -n* 4+ AVe - Ve)dz
Q

= / (AVv - Vo + Ay oy — V- y*)dz. (4.5)
Q

4.2 Problems with the operator A = SymV

Problems of this type arise in continuum media problems, where A is a
symmetric part of the tensor Vu and u is a vector field. In this case, the error
identities are quite similar to (4.2)—(4.5). The reader can find a sistematic
discussion of them and respective error majorants in [5, 9, 10, 12]).

4.3 Generalized Stokes problem

If V coincides with the space Sé’Q(Q7Rd) that is the closure of smooth
solenoidal fields with respect to the norm of H' (€, R%) and Av = Vv, where
v is the velocity vector field, then we arrive at a class of variational prob-
lems generated by incompressible media. The generalized Stokes problem
is one of the most known problems in this class. It often arises in time
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discretization of the parabolic Stokes problem. It is related to the system

—vAu+ au=1L0* in Q, (4.6)
divu =0, (4.7
U = up on 09, (4.8)

where ug is a divergence free field in H*(Q,R?) and v > 0 is the viscosity.
In this case, A* = —Div (i.e., the conjugate operator is formed by the
divergence of a tensor field), U = L?(Q, R%),

1
G(Av):/g|vu|2dx, and G*(y*):/5|y*|2dx.
Q Q

Here |y*| denotes the Euclidean norm of the tensor y* ( |y*|? := y* : y*).
Let v € 53’2(Q,Rd) and y* € L%(Q,M%*?) be approximations of the

sym
exact velocity v and exact stress o*, respectively. Then the general method
exposed in Sect. 2 suggests to measure the errors e = u—v and n* = o* —y*
(for the velocity and stress) in terms of the integral type measures

1
el =5 [ (VeP + alel?) da
Q

and

1 1 1
*|||2 _ * |2 . *|2
103 =5 [ (i + SDwr ) o
Q

respectively.
We conclude that the a posteriori error identity (3.17) has the form

el + 107 By = 5 [ (Ve + 2P =y Vo) o
Q

1
+ %HDivy’k —av+ L)% (4.9)

4.4 Nonlinear problem

Finally, we consider an example of highly nonlinear problem, where G is a
power growth functional and F' has linear growth with respect to v. Let

1
J(v):f/|Vv|qda:+a/\v|dm—|—/fvdx.
qﬂ Q Q
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We assume that 0 < ¢ < 400, @ > 0, and f is a bounded real valued
function. Existence of the minimizer u is obvious because J(v) is coercive

of the reflexive space V' :ch/ La(Q). In this case, A = V, A* = —div,

1 * 1 1

G = [ W dn =
q q (g
Q
and
* 1 q 1 *q* *
Del(y,y") = 5|y\ +q7|y T —yy" ) da.
Q

Next,

F(v) :a/|v|dx+/fvdm,

Q Q

For any real valued function v* € V*, we have
F*(v*) = sup /((v* — v — alv|)dz
veV
Q
_J o if |v* = f| < a,
B { +oo if [v* = f| > « (4.10)
and, therefore,

0 if [divy* + f] < «a,

F(—Ay):{ +oo if [divy* + f] > «a.

Hence

/(a\v| +o(divy* + f))dz  if |divy* + f| < a

DF(U7_A*y*) = Q

+0o0 if |divy* + f| > a.
We see that the measure M is finite only if
vy el ={y eY" | |divy*(z) + f| < a fora.a. zec N} (4.11)

This condition plays the same role as (3.18) for variational problems with
F(v) =< £*,v >. However, there is an essential difference. Now the error
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identities are finite not on the set Q7. (which is an affine manifold defined by
(3.18)) but in a ”strip” @7, and width of this strip depends on the parameter
a.

Note that p* = |Vu|9™2Vu and Vu = |p*|* ~2p*. Another duality rela-
tion reads
o ;
an if u#0,

divp* + f =
Pt {—a§ where (| <1 ifu=0

and we conclude that p* € Q%. In view of (2.7), for any y* € QF and v € V,
the measure IM is defined by the relation

M({u,p"}, {v, y"})

— [ (alul +uldivy” + )+ alol + ofdivp’ + ) do
Q

1 * 1 x|1q* * x| x|t —
+/<Ip 7+ — |y T ="yt 2) da
q q
Q
1 1 L
+ §|Vv|q+q—*|Vu|q—Vv-Vu|Vu|q dr. (4.12)
Q

It is easy to see that the measure vanishes if © = v and p* = y*. Now
Theorem 2.1 yields the following error identity for this variational problem:

M({u,p*}, {0.5°}) = / (alo] + v(divy® + f)) da

Q

1 1 «
+/<q|Vv|"+q*|y*|‘1 —W-y*> dr. (4.13)
Q

Finally, we note that the problem considered above generates an elliptic
variational inequality of the second kind. Analysis of suitable error measures
(and corresponding error majorants) for variational inequalities of the first
kind is presented in [13] for obstacle type problems and in [6] for problems
with nonlinear boundary conditions.
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1 Introduction

Reduced order modeling refers to the development of low-dimensional
models that represent the important characteristics of a high-dimensional
dynamical system. Typically, reduced models are constructed by project-
ing the high-fidelity model onto a suitably chosen low-dimensional subspace
([1]). While for linear models it is possible to produce input-independent
high accurate reduced models, in the case of general nonlinear systems
the transfer function approach is not applicable and input-specified semi-
empirical methods are usually employed. Most approaches for nonlinear
problems construct the reduced bases from a collection of simulations (method
of snapshots [21, 22, 23]).

Proper Orthogonal Decomposition (POD) — see [3, 5, 9, 10, 15, 25] and
the references therein — is probably the mostly used and most successful
model reduction technique, where the basis functions contain information
from the solutions of the dynamical system at pre-specified time-instances,
so-called snapshots. Due to a possible linear dependence or almost linear
dependence, the snapshots themselves are not appropriate as a basis. In-
stead two methods can be employed, singular value decomposition (SVD) for
the matrix of snapshots or eigenvalue decomposition for the correlation ma-
trix ([24]). The singular value decomposition based POD basis construction
is more computationally efficient since it decomposes the snapshots matrix
whose condition number is the square root of the correlation matrix used in
the eigenvalue decomposition.

Tensorial POD for reducing the computational complexities of the non-
linearity terms was traditionally employed in POD Galerkin by the fluid
mechanics community ([23, 15, 16]), and a matrix formulation named pre-
computing technique was introduced in [6] for calculation of quadratic non-
linearities. An extension of the tensorial based calculus to compute POD
Galerkin p** order polynomial nonlinearities has been proposed in [25].

A considerable reduction in the nonlinear terms complexity is achieved
by DEIM ([7]) — a discrete variation of Empirical Interpolation Method
(EIM), proposed by Barrault, Maday, Nguyen and Patera in [4]. According
to this method, the evaluation of the approximate nonlinear term does not
require a prolongation of the reduced state variables back to the original
high dimensional state approximation required to evaluate the nonlinearity
in the POD approximation.

Recently the use of interpolation methods relying on greedy algorithms
became attractive for computing the reduced order nonlinear terms deriva-
tives. Based on EIM, the Multi-Component Empirical Interpolation Method
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([27]) derives affine approximations for continuous vector valued functions,
while matrix DEIM (MDEIM) technique ([28]) relies on DEIM to approx-
imate the Jacobian of a nonlinear function to obtain aposteriori error esti-
mates of DEIM reduced nonlinear dynamical system. Significant progress
in the construction of implicit reduced order models is provided by the de-
velopment of the sparse matrix DEIM method ([26]) that uses samples of
the nonzero entries of the full Jacobian matrix and thus can approximate
very large matrices, unlike the current MDEIM method which is limited by
its large computational memory requirements.

In this work, we perform an application of DEIM combined with POD
to obtain dimension reduction of a model describing the interactions of the
two hosts and two parasitoids in a one-dimensional domain in the pres-
ence of a chemotaxis process. The model was introduced and analyzed
by Pearce et al. in [19, 20] with respect to the stability properties of the
steady-states. The behaviour of the parasitoids towards plant infochemicals
generated during host feeding are defined as a chemotactic response and the
plant infochemicals are viewed as chemoattractants. The model considers
a single chemoattractant produced in proportion to the total host density.
Both parasitoids play the role of biological control agents against the hosts.

The paper is organized as follows. Section 2 describes the equations
of parasitoid model under study. Section 3 describes the POD and DEIM
methods along with Galerkin projection. Results of illustrative numerical
experiments are discussed in Section 4 while conclusions are drawn in Section

5.

2 The multi-species host-parasitoid model

We describe here the parameters and the model equations introduced by
Pearce et al. in [20]. The reaction kinetics describing the interactions be-
tween hosts and parasitoids are coupled with spatial motility and chemotaxis
terms giving rise to a system of reaction-diffusion-chemotaxis equations.

In the absence of parasitism, both host species are modelled by logistic,
density-dependent growth, with growth rates r; and ro and carrying capac-
ities K1 and K>, respectively. Parasitism by both parasitoids is modelled
by an Ivlev functional response. C. glomerata parasitises P. brassicae at
rate a; and P. rapae at rate ag. C. rubecula parasitises P. rapae at rate as.
The efficiency of parasitoid discovery of hosts is denoted by aj, as and as.
Fach parasitised host gives rise to e, es and e3 next-generation parasitoids.
The parasitoids are subject to mortality rates dy (C. glomerata) and dy (C.
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rubecula).

The motility coefficients Dy, Ds, D3 and D4 of the four species are
constants and determine the rate at which each species disperses randomly
throughout the domain. The chemoattractant K is generated proportionally
to the total host density (N + M) at the rate r3 and decays at the rate
ds. The motility coefficient of the chemoattractant, Ds, is a constant and
defines the rate at which the chemoattractant diffuses through the domain.
The chemotactic response of both species of parasitoid is modelled as a
linear response and the strength of the response depends on the chemotaxis
coefficients x1 and x2. The model is defined by the equations ([20]):

logistic growth

random motility mortality due to parasitism
ON —— N —_—
— = DiV’N N{1-—]- Pl —e N
D 1 +7y < K1> a1 P( e ),
oM M
= DoVPM A rM (1 —— ) —agP(1 —e =M
o P + 7y ( K2> as P( e )
—a3Q(1 — e~ M),
opP 2 —a1 N
o = D3V°P—x;1V- (PVk)Jrelqu(l—e ) (2.1)
+esanP(1 — ef‘IQM) —d P,
0
D nvg - eV Qv
t —— —
random motility  parasitoid chemotactic response
+ 63&3@(1 — 67a3M> — ds@
~~
growth to the parasitism  mortality
0K )
— = DsV°K+r3(N+M)—-dsK,
ot —_———

production

where N and M are the density of hosts P. brassicae and P. rapae, respec-
tively, P and @ represent the density of parasitoids C. glomerata and C.
rubecula, and K represents the concentration of the chemoattractant pro-
duced during feeding by the hosts. N = N(z,t) denotes local population
density (organisms per area) at time ¢ and spatial coordinate = (and likewise
for M, P, and Q). k = k(z,t) denotes local chemoattractant concentration
at time ¢ and spatial coordinate .

Here we consider the system (2.2) in a bounded domain Q with smooth
boundary 92 and homogeneous Dirichlet boundary conditions (which cor-
respond to a hostile external habitat). The initial conditions given by
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N(z,0) = No(z), M(x,0) = My(z) P(z,0) = Py(z),Q(x,0) = Qo(z) and
K(x,0) = Ko(z) will be specified in Section 4.
Using the non-dimensional variables: t' = rit, 2’ = £, N' = %, M =

%, P = K%, Q = ]%, K = KLO, and dropping primes one obtains the

nondimensionalised system:

%—sz = DNVN+N(1—N)—sP(1—e Ny,
88—]\5 = DyV’M +yM (1 —M)—s3P(1—e M)
_33Q(1 - e—ng) )
op 2 —pN
5 = DPVP—xpV-(PVE)+aP(l—e ) (2.2)

+coP(1— e_pzM) —mP,

8&7? = DoV?Q —x2V - (QVE) + c3Q(1 — e M) — 1@,
0K

ot

DgV2K +4o(N +v3M) — 3K

_ Dy — Do _ D3 _ D4 _ _Ds
where DN = L2 DM = rlL? DP = L7 DQ = L2 DK = mi?

— Xxako — Xxzko _ a1 _ a _ a3 —_rn — 3
XP_I?L2 7XQ_,,.1L2 apl}(_ K17p2_[{2)p3_K2a71_r2772_[(1rl7

_ K> _ a1 _ a2Kj _ a3 _ el _ eaxp _ e3as
V3 = K s1 = 2N S = a1 Ko 3 = 2N 1 = ry C2 = c3 = ry

ry
—d — & — ds
m =i e = * and 3 = 2.

3 The POD and POD-DEIM reduced order sys-
tems

In this section we briefly present some details for constructing the reduced-
order system of the full-order system (2.2) applying Proper Orthogonal De-
composition (POD) and Discrete Empirical Interpolation Method (DEIM).

POD is an efficient method for extracting orthonormal basis elements
that contain characteristics of the space of expected solutions which is de-
fined as the span of the snapshots ([9, 10, 14, 15]). In this framework,
snapshots are the sampled (numerical) solutions at particular time steps or
at particular parameter values. POD gives an optimal set of basis vectors
minimizing the mean square error of a reduced basis representation.

Our reduced order modeling description uses a discrete inner product
though continuous products may be employed too. Generally, an unsteady
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model is usually governed by the following semi-discrete dynamical system

YO _w(y0, yO=yoeRr, nem, (3.)

n being the number of space points discretizing the domain. From the
temporal-spatial flow y(t) € R™, we select an ensemble of N; time instances
Y1, YN, € R", where Ny € IN, Ny > 0. If we denote by y = %Z?:l Yi
the mean field correction, one way to compute the POD basis is to apply an
eigenvalue decomposition to the correlation matrix W' = [wyjl; j—1,.. n,, wij =
(yi—¥,y;—¥), where (-, -) is the Euclidean dot product. The corresponding
eigenvalues are denoted by \; > 0, ¢ = 1,.., N; and the eigenvectors are
stored in a matrix ® = [¢;j]; j=1,. nt, P € RNtxNt - Then the orthonormal
POD basis vectors are computed using v; = Z;V:H Gij(yi—¥), i=1,..,N;.

Next, we introduce a relative information content to select a low-dimen-
sional basis of size k < n, by neglecting modes corresponding to the small
eigenvalues. Define I(m) = %Z;if\‘: and k is chosen such that k = min{I(m) :
I(m) >~} where 0 < v <1 is larger than 99% of the total kinetic energy
captured by the reduced space V' = span{vy, va,...,vi}. The way the POD
basis is constructed ensures that the mean square error between y(t;) and
POD expansion y"OP(t;) = + V¥(t;), ¥(t;) € R* for alli = 1,.., N; and
k =1,.., N; is minimized on average [14, p. 4].

By employing a Galerkin projection, the full model equations (3.1) is
projected onto the space V spanned by the POD basis elements and the
POD reduced order model is obtained

B V(s vsne). 50 =V (y0-5). @2

The efficiency of the POD-Galerkin technique is limited to linear or
bilinear terms, since the projected nonlinear terms still depend on all the
variables of the full model. To mitigate this inefficiency the discrete empirical
interpolation method (DEIM) [6, 7, 8, 17] and the empirical interpolation
method (EIM) [4, 13, 18] approximate the nonlinear terms via effective affine
offline-online computational decompositions.

The projected nonlinearity in the system (3.2) is approximated by DEIM
in the form that enables precomputation, so that evaluating the approximate
nonlinear terms using DEIM does not require a prolongation of the reduced
state variables back to the original high dimensional state approximation, as
it is required for nonlinearity evaluation in the original POD approximation.
Only a few entries of the original nonlinear term, corresponding to the spe-
cially selected interpolation indices from DEIM must be evaluated at each
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time step ([4, 6, 7, 11, 24]). We provide formally the DEIM approximation
in Definition 1, and the procedure for selecting DEIM indices is shown in
Algorithm DEIM. Each DEIM index is selected to limit the growth of a
global error bound for nonlinear terms using a greedy technique ([7]).

Definition 1 Let {us};>, C R"™ be a linearly independent set denoted by U,
which is computed from the snapshots of the nonlinear term F in (3.1). The
DEIM approzimation of order m for F in the space spanned by {ug}y, is
given by

F:= UPTU)'PTF, (3.3)

where P = [e,,...,€,,] € R™™ and e, = [0,..0,_1 ,0,.,07 € R",
Qi

i =1,..,m. The interpolation indices {o1,...,0m} are selected inductively

from the basis {u;}", by the DEIM algorithm described below.

ALGORITHM DEIM:
INPUT: {u,}}*, C R" linearly independent
OUTPUT: 5= [o1,...,0m]" € R™

L {lpl 01] = max{|u[}

2. U=w], P=ley], 0= o]
3. for { =2 tomdo

4. Solve (PTU)c = PTy, for c
5 r=u;— Uc

6. [lo| o] = max{r[}

7. Ue[ng],Pe[Pew],ﬁe[Qg]
/4

8. end for

Usually, the input basis U is obtained via POD method applied to non-
linear snapshots and inside the above algorithm we use U to denote some of
its columns. This is motivated by the fact that the columns are added in-
crementally at each step, and once the algorithm reaches the finishing state,
U is consistent with the initial notation proposed in Definition 1.

In the Algorithm DEIM we denoted by “max” the built-in Matlab func-
tion maz with the same significance. Thus, this function applied at Step 6
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by [|p| 0¢] = max{|r|} leads to |p| = |r,,| = max;=1,.n{|ri|}, with the small-
est index taken when the values along |r| contain more than one maximal
element. Precisely, the index of the first one is returned. According to this
algorithm, the DEIM procedure generates a set of indices inductively on the
input basis in such a way that, at each iteration, the current selected index
captures the maximum variation of the input basis vectors. The vector r
can be viewed as the error between the input basis {u,};* ; and its approxi-
mation Uc from interpolating the basis {ug}?:ll at the indices 01, ..., Om—1-
The linear independence of the input basis {u}}” ; guarantees that, at each
iteration, r is a nonzero vector and the output indices g1, ..., 0, are not
repeating.

An error result for DEIM approximation of a nonlinear vector-valued
function F is available in [7, Lemma 3.2], where the bound is obtained by
limiting the local growth of a certain magnification factor. It was proved
that PTU is always nonsingular and the greedy based DEIM selection pro-
cess can be viewed in terms of minimizing the condition number of PTU.
Moreover, it was shown in [8, Theorem 3.1] that the error bounds in 2—norm
of the difference between the solutions of a full-order general nonlinear or-
der differential equation and its corresponding POD-DEIM reduced order
version can be approximated by the sums of the singular values correspond-
ing to the neglected POD bases vectors of the state variables and nonlinear
terms.

The POD and POD-DEIM reduced order models of the system (2.2)
were developed by using a Galerkin projection and the techniques presented
in this section.

4 Numerical results

The system (2.2) was solved numerically using a finite difference dis-
cretization. Let 0 = 29 < 21 < -+ < xp, < xp+1 = 1 be equally spaced
points on the z-axis for generating the grid points on the dimensionless
domain 2 = [0, 1], and take time domain [0,7] = [0,1]. The correspond-
ing spatial finite difference discretized system of (2.2) becomes a system of
nonlinear ODEs. The semi-implicit Euler scheme was used to solve the dis-
cretized system of full dimension and POD and POD-DEIM reduced order
systems.

The parameters were set to the following values ([20]): Dy = Dy =
8.e-8, Dp = Dg = 7.5e-7, Dg = 1.25e-6, xp = 1.5e-5, xqg = 1.5e-5,
pP1 = 25, P2 = 025, pP3 = 25, Y1 = 08, Y2 = 001, Y3 = 1, S§1 = 08,
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59 = 0.2, s3 =0.8, cg = 0.3, co2 = 0.004, ¢35 = 0.2, v = 0.2, 79 = 0.1 and
~v3 = 0.01. In our simulations we used the following initial conditions:

No(z) = (1 —)[0.75¢100@=0 1 (.25~ 100(@=0.15)%]
Mo(x) _ x(l —a:)[O 15— 100(z— 0.35)2 +0. 65— 100(z— 05)2]
Py(z) = =z(1—2)0.075¢" 100(z—0.25)2 4+ 0.075¢ " 125(=— 075)2]
Po(z) = x(1-2)[0.075¢ 1250197 4 0 ggpe~ 170657

and Ko(z) = 0. The number of spatial inner grid points on the z-axis
was successively taken as 32, 64, 128, ..., 2048. The solution components
of the problem (2.2) for a space configuration with 2048 internal nodes of
each discretized variable are depicted in Figs. 1,2. Tables 1-4 and Figs.
3-5 show a significant improvement in computational time of the POD-
DEIM reduced system compared to the POD reduced and the full-order
system. Precisely, POD-DEIM reduces the computational time by a factor
of O(10?). The CPU time used in computing POD reduced system clearly
reflects the dependency on the dimension of the original full-order system.

5 Conclusions

The model reduction technique combining POD with DEIM has been
de-monstrated to be efficient for capturing the spatio-temporal dynamics of
a multi-species host-parasitoid system with substantial reduction in both
dimension and computational time by a factor of ©(10%). The failure to
decrease complexity with the standard POD technique was clearly demon-
strated by the comparative computational times shown in Tables 1-4 and
Figs 3-5. DEIM was shown to be very effective in overcoming the deficien-
cies of POD with respect to the nonlinearities in the model under study. In
order to increase the efficiency of the POD-DEIM approximation, a possi-
ble extension is to incorporate the POD-DEIM approach with higher-order
FD schemes to improve the overall accuracy, especially due to the spatio-
temporal heterogeneity and chemotaxis driven instability.

It is also interesting to compare the Discrete Empirical Interpolation
Method with Gappy POD and Missing Point Estimation methods in a proper
orthogonal decomposition framework applied to a higher order finite differ-
ence parasitoid model. The gappy POD procedure uses a POD basis to
reconstruct missing, or "gappy* data and it was developed in [12]. The
Missing Point Estimation method ([2]) relies on gappy POD technique and
the reduced order model computes the Galerkin projections over a restricted
subset of the spatial domain.
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Table 1: CPU time of full-order system, POD and POD-DEIM reduced

systems.

G. Dimitriu, R. Stefanescu, I.M. Navon

Internal
Nodes n

CPU Time
Full Dim

CPU Time
POD

CPU Time
POD-DEIM

32
64
128
256
512
1024
2048

5.407969e+-00
5.254361e+-00
5.607438e+-00
6.847215e+00
8.610269e-+00
1.337721e4-01
2.653383e+-01

5.317957e4-00
5.347111e+00
5.710571e+4-00
6.614301e+00
7.600184e+-00
9.417793e+00
1.312482e+-01

1.715911e-01
1.680101e-01
1.696068e-01
1.809442¢-01
2.016218e-01
1.835292e-01
1.812312¢-01

Table 2: POD and POD-DEIM average relative errors for the components
N and M — host species.

Internal Error™ Error™ Error™ Error™
Nodes n POD - N POD-DEIM - N POD - M POD-DEIM - M
32 3.482843e-14 3.516461e-14 1.645643e-13 1.657210e-13
64 1.388416e-14 1.414009e-14 9.331344e-14 9.348847e-14
128 1.653464e-14 1.661955e-14 7.420785¢-14 7.175778e-14
256 4.718024e-15 4.669319¢e-15 1.590888e-14 1.634144e-14
512 2.736167e-14 2.732722e-14 1.716102e-14 2.124873e-14
1024 2.993938e-14 3.012212¢-14 1.859783e-14 3.643836e-14
2048 9.590961e-15 1.042055e-14 4.956752e-14 1.216911e-13

Table 3: POD and POD-DEIM average relative errors for the components

P and @ — parasitoid species.

Internal
Nodes n

Error™

POD - P

Error™

POD-DEIM - P

Error™

POD - Q

Error™

POD-DEIM - Q

32
64
128
256
512
1024
2048

2.460205e-14
6.814060e-14
8.805397e-15
8.218387e-15
6.303037e-15
1.758562¢-14
5.855724e-15

2.459944e-14
6.817415e-14
8.808601e-15
8.221235e-15
6.304210e-15
1.720852¢-14
9.105957e-15

1.961488e-14
3.010484e-14
2.347853e-14
3.326519e-14
4.516320e-15
3.067915e-15
1.085525¢-14

1.961738e-14
2.997920e-14
2.483260e-14
3.230054e-14
4.445458e-15
3.980249¢-15
1.340351e-14
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Table 4: POD and POD-DEIM average relative errors for the component

K — chemoattractant.

Internal
Nodes n

Error™

POD - K

Error™

POD-DEIM - K

32
64
128
256
512
1024
2048

5.987349e-14
3.937026e-14
3.118464e-14
1.440359e-14
3.286988e-14
1.140597e-14
2.154869e-14

6.004292¢-14
3.981359¢-14
3.054254e-14
1.604336e-14
3.330396e-14
1.642880e-14
4.431176e-14

The full finite difference solution of N : dim = 2048

z

The full finite difference solution of P : dim = 2048

0015 ..
0.01 -

0005 4.--- ]

=

The full finite difference solution of M : dim = 2048

The full finite difference solution of Q : dim = 2048

Figure 1: Solution plots (N, M, P, Q) of the model from the full-order system

(n = 2048).
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The full finite difference solution of K : dim = 2048

x

Figure 2: Solution plot K from the full-order system (n = 2048).
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Figure 3: Solution plots (N, M) of the model from POD-DEIM reduced
system (dimPOD=dimDEIM=32), with the corresponding average relative
errors at the inner grid points (n = 2048).
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POD-DEIM solution for P :dim POD= 32, DEIM=32 Relative Error for P 10’”
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Figure 4: Solution plots (P,Q) of the model from POD-DEIM reduced
system (dimPOD=dimDEIM=32), with the corresponding average relative
errors at the inner grid points (n = 2048).

POD-DEIM solution for K :dim POD= 32, DEIM=32 Relative Error for K 10'
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Figure 5: Solution plots K of the model from POD-DEIM reduced system
(dimPOD=dimDEIM=32), with the corresponding average relative errors
at the inner grid points (n = 2048).
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1 Introduction

Consider the following nonlinear parabolic boundary value problem with
respect to the unknown function ¢:

1

26(@*@‘9’) in Q=[0,7] x Q

0
aﬁa@ —§Ap =

f%(p + aé%w — AL+ cop = w(t, x) on X =1[0,T] x 99 (1.1)

©(0,2) = ¢o(z) on £,

where:

e ()is a bounded domain in IR with boundary 9§ =T" and T > 0 stands
for some final time;

e o(t,z) is the phase function (used to distinguish between the states
(phases) of a material which occupies the region 2 at every time ¢ €

[OvT])3

e « (the relazation time), £ (the measure of the interface thickness) and
co are positive constants;

e Ar is the Laplace-Beltrami operator;

1 1

1=5,, . . . .
o w(t,z) €W, *  ?(X)is a given function and p satisfies
3

> = 1.2
p= 3 (1.2)

22
w0 € We *(Q) verifying f%g@o — Ao+ copo = w(0,z) on T.

Equation (1.1); was introduced initially by Allen and Cahn (see [1]) to
describe the motion of anti-phase boundaries in crystalline solids. Actually,
the Allen-Cahn model is widely applied to moving interface problems, such
as the mixture of two incompressible fluids, the nucleation of solids, vesicle
membranes, etc. Also, the nonlinear parabolic equation (1.1); appears in the
Caginalp’s phase-field transition system (see [4]) describing the transition
between the solid and liquid phases in the solidification process of a material
occupying a region  (see [6]).
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Following the strategy used in [5] and [9], the nonlinear parabolic bound-
ary value problem (1.1) can be rewritten suitably in the following form:

abfp — E0p = (¢ — ¢%) in Q
=1 on %
Lo+ atly — Arg+ oo = w(t,z)  on T (1.3)
©(0,z) = ¢o(x) e
¥(0,2) = o(x) zeT,

where the new variable ¥ = ¢, ¥(0,2) = g on T, is introduced in order
to treat the dynamic boundary conditions (1.1)y as a parabolic equation
2

for ¢ on the boundary T', with g € Wjo P(T), o = ¢ on I' and, for the
remaining data in (1.1), we keep the meanings already formulated.

As regards the existence in (1.3), it is known that under appropriate
conditions on ¢ and w, there exists a unique solution (¢, ) € Wp1 2(Q) x
WyA(s), p > 3 (see [5, Theorem 2.1]). Here we have used the standard
notation for Sobolev spaces, namely, given a positive integer k and 1 < p <

00, we denote by W;’Qk(Q) the usual Sobolev space on Q:

Wi = {ue @ g

i.e., the space of functions whose t-derivatives and x-derivatives up to the or-
der k and 2k, respectively, belong to LP(Q). Also, we have used the Sobolev

y € LP(Q), for 2r + s < k‘},

l
spaces VVIQ(Q)7 WE’I(E) with nonintegral [ for the initial and boundary con-
ditions, respectively (see [7, Chapter 1] and references therein).

Numerical investigation of the nonlinear parabolic problem (1.1), sub-
ject to various other types of boundary conditions, have been made in [2],
[3], [7] and [8]. The main novelty of this work is the presence of the non-
homogeneous dynamic boundary conditions (1.1)s, untreated numerically
until now (to our knowledge) in the mathematical literature and which
makes the present nonlinear parabolic problem (1.1) to be more accurate in
describing many important phenomena of two-phase systems: superheating,
supercooling, the effects of surface tension, separating zones, etc; in parti-
cular, the interactions with the walls in confined systems. Consequently, a
wide variety of industrial applications are covered.
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In order to approximate the solution of the nonlinear boundary value
problem (1.3) (in fact, the solution of problem (1.1)), a scheme of fractional
steps type was introduced and analyzed in [9], namely, for every € > 0, it
was associated to problem (1.3) the following approximating scheme (see
also [2-3], [6-8]):

b Go* — EAYT = ¢ in Q5

€L 0 + a2y — AryF + oy = w(t,x) on Tf
(1.4)
©°(ie, ) = z(e, ¢< (ig, z)) on {2

Ve (ie, x) = ¢*(ie, x) on I,

where Q5 = [ie, (i+1)e] x Q, X5 = [ig, (i+1)e] x I and z(e, ¢° (i, x)) is the
solution of the Cauchy problem:

2'(s) + 2—15,23(3) =0 s €]0,¢]
2(0) = ¢° (i, x) on
(1.5)
©° (0,2) = po(x) on €
¢ (0,2) = vo(x) on T

for i = 0,1,--- M, — 1, with M. = [L], Q5. _, = [(M: — 1), T] x €,

€

Y1 =[(Mc —=1)e,T] x I' and 2 stands for the left-hand limit of ¢°.

In other words, the fractional steps method consists in decoupling the
nonlinear problem (1.3) in a linear parabolic boundary value problem, ex-
pressed on a partition of the time interval [0,T] (composed from M, subin-
tervals, the first M. —1 having the same length ¢) and a nonlinear ordinary
differential equation containing the nonlinearity . Accordingly, the ad-
vantage of this approach consists in simplifying the numerical computation
of the process of approximation for the solution of nonlinear problem (1.1).

Invoking again the Theorem 2.1 in [5], we have that there is a unique
solution to (1.4)-(1.5), namely: (%, ¢°) € W;z(Qf) X W;’Q(Zf), with p > %
and i =0,1,--- , M, — 1.
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Owing to the Lions and Peetre embedding theorem, we know that
Wy (Q) C L=(Q) if p > 3 (see [7, Chapter 1] and references therein) and
thus, for later use, we will introduce the sets:

Wgo = L*([0,T); HY(Q)) N L>=(Q) and Wy, = L*([0, T); HY(T')) N L>=().
Definition 1 By a weak solution of the nonlinear problem (1.3) we mean a

pair of functions (¢,1) € Wg x Wy, ¢ = ¢ on X, which satisfies (1.3) in
the following sense:

af/ (gttp, ¢)1> dtdaj—l—f/VgquSl dt dx (1.6)
Q Q

0
+a& (1/1, <;$2> dtdy+ | VipVoadtdy + co | Yoo dtdy
[ Gever)n] /

Y S
= 255(9@ ©°) b1 dtdw+/w¢zdtd’y

b))
Y(¢1, d2) € L2([0,T]; HY(Q)) x L2([0,T); HY(T")), and (0, ) = po(x) in Q.

The symbols [ and [ above denote the duality between L?([0,T; H*(2))
Q 2
and L2([0,T); HY(Q)'), as well as L2([0,T]; HY(T)) and L2([0,T]; HY(T')),
respectively.

The following result (see [3], [7]) establishes the relationship between the
solution (¢,%) in (1.3) and the solution (¢<,9°) in (1.4)-(1.5).

2_2
Theorem 1 Assume that po(z) € Woo (), satisfying 58%900 — ALpo +

1 1

1-L2-1
copo = w(0,z) on T, and w(t,z) € W, **" P(X). Let (¢°,¢°) be the
solution of the approzimating scheme (1.4)-(1.5). Then for e — 0, one has

(¢, %) = (p*,¢*) strongly in L*(Q)x L*(I") for any t € (0,T], (1.8)

where (@™, ¢*) € Wgo x Wy, is the weak solution of the nonlinear equation
(1.3).

The outline of the paper is as follows: in Section 2 we have introduced the
discrete equations corresponding to (1.4)-(1.5); consequently, a conceptual
numerical algorithm has been formulated: Alg 1-IMBDF _dbc. A stability
result for this approach is stated and proved in the next Section. Some
numerical experiments are reported in the last Section.
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2 Numerical method

In this section we are concerned with the numerical approximation of
the solution (%, 1) to (1.4)-(1.5). As already stated, we will work in one
dimension and then A¢® = ¢f,, Ary® = 5, and %(pg = a%goa V= Fpl
(i.e., (see [7, Chapter 1, p. 27]), the directional derivative of ¢° in the
direction of the outward pointing unit normal vector v).

Let Q = (0,b) C IR+ and we introduce over it the grid with N equidistant
nodes

b
=(—1d i=1,2,...,N, de = ——.
x] (.7 ) X j )y < bl I T N _ 1
Accordingly, the boundary T is given by the set of points {x1=0,xy=b}.
Considering M = M; as the number of equidistant nodes in which is

divided the time interval [0, 7], we set

ti=(—-1)e i=12...,M, =

We denote by gpé the approximate values in the point (¢;, z;) of the
unknown function ¢®. More precisely

©h = o (ti, ;) i=1,2,....,.M, j=1,2,...,N,
i.e., for the later use

o= (4,011,90’2,...,@3\,) 1=1,2,..., M. (2.1)

We continue by explaining how we will treat each term from (1.4)-(1.5).
Owing to the relation (1.4)4 and knowing that I' = {z1,xx}, we can put

YL =Y (ti, 1) = ¢ (ti, 21) = @}
i=1,2,..., M. (2.2)
d’}v = ¢£(ti>mN) = ‘pa(tiva) = @3\]

The Laplace operator in (1.4); will be approximated by a second order cen-
tred finite differences, that is, for i = 1,2, ..., M:

@i =205+ 9k
dx?

o (ti 25) = Dgatpy & j=12,.,N, (2.3)

where Ay, is the discrete Laplace operator, depending on the step-size dzx.
Corresponding to the Laplace-Beltrami operator in (1.4)q, we will use the



THE NONLINEAR PHASE-FIELD EQUATION 195

same approximating scheme as above, which, correlated with (1.4)4 and
(2.2), gives us
Psp(ti, m1) = Aget] m L= H 22
i=1,2,.., M, (2.4)
) oh 20k
djia:(tlam]\f) = Adm%\; A~ dx]gl AL
where ¢ and @', ; are dummy variables.

Involving the separation of variables method to solve the Cauchy problem
(1.5) (see [2], [6], [7], [8]), we obtain

2(e, ¢ (t1,2)) =2(e, o (@) = po(@) ) gy

i=2,.,M—-1. (25)
2(e, 0% (1, 0) =9 (1,0 [ gty

Remembering that 0Q = I' = {z1,zx}, the boundary conditions (1.4),
can be rewritten as follows

—£ (1) + o e (b, 1) =5, (s, 1) +covo® (ti, 21) =w(ts, 1)
(2.6)

f@i(xjv)"f'ag%dﬁ(tia xN)_waEm(tiva)_'_COd}E(tiv IN) :w(tia xN)’

for i = 1,2,..., M, where the sign in the front of 8%‘705 = ¢ -vis —
(4+) because the normal to [0 = x1,b = zy]| at x; (zy) point is in the
negative (positive) direction (i.e. the unit normal vector v = F1 at 0 and b,
respectively).

Now, using in (2.6) a forward (backward) finite differences to approxi-
mate % (z1) (¢ (zn)) and, taking into account the relations (2.2) and (2.4),
we get

_€¢2d_lfp1 —+ a§%¢5(tl,$1) — Adaﬂ/}i -+ Coqb'i — w7i

(2.7)
EENNL 4 ol Buf (i, o) — Aty + cotly = why,
where wi = w(t;,x1), wh = w(t;,zn), i =1,2,..., M.

For approximating the partial derivative with respect to time, we em-
ployed a first-order scheme, namely:



196 C. Morosanu

I

2oty ay) 2 §=2,3,... M, j=12,...,N

(2.8)
9 ,)E ij_wj_l S ;
E'{ZJ (t,,x])NT Z—2,3,...,M, _]G{I,N}

Finally we refer to the right hand in (1.4); that is 2%905 (ti, ;). To approx-
imate this quantity (the reaction term), we will involve an implicit formula
(see [8]), i.e.:

1 1, . .
igoe(ti,xj)%?ggoé i=1,2,....M, j=1,2,...,N. (2.9)
We are now ready to build the 1-IMBDF approximating scheme. To

do this, we begin by replacing in (1.4); the approximations stated in (2.3),
(2.8); and (2.9). We deduce

% i—1

i — @5 1, .
ag%—gAdM;:?gg;;, i=2,M, j=1,N. (2.10)

We continue by replacing in (1.4)9 the approximations stated in (2.4), (2.7)
and (2.8)2 which leads to

i i—1 i i . . .
aeU ¢S N et = w,
(2.11)

i i—1 i i ) ) )
QNN | e ENTING A i ooy =why, i = 2, M.

Substituting in (2.10) and (2.11) the approximations of Admgo;'», Ayt and

Agztply, expressed by (2.3) and (2.4), respectively, using (2.2) and arranging
convenient, we obtain that (1.4) is discretized as follows

—C2<P§,1 + [61 + 2¢ — %} <p§» - czgo;H = cup;fl j=1N,

le1 4¢3+ 2+ co] @ — (14 ca)ph = wi + 10y + 9}, (212)

—(1+e3)ply_+e1+es+2+c) cpé\,:w}'v—l—clgoi]\?l—i-gﬁévﬂ,

fori=2,3,..., M, where

[e%
=72, 02:% and 03:(1%.
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In order to compute the matrix <<p;) e — the linear system
1=2,M, j=1,

(2.12) will be solved ascending with respect to the time levels. For the
first time level (¢ = 1), the values of 90} are computed using (1.4)3 and
(2.5). For more details on implementing this computation process which
involves the variable z, see the cycle ” For i =2 to M do” in the algorithm
”Alg 1-IMBDF dbc” listed below.

Moreover, let us point out from (2.12) that we have N unknowns for
each time-level 4, ¢ = 2,3, ..., M (see and (2.1)).

If, corresponding to j = 1 and j = N we take ¢} = ¢t and 9D§V+1 = 903\/7
than the system (2.12) can be rewritten in matrix form as

At =Bt 4+ db i=2,3,..., M, (2.13)
where
aq —(1+CQ+63) 0 0 0 0
—cy  c1+2c — ?15 —Cy - 0 0 0
A= = : : S : :
0 0 0 cee o —co 1+ 2c0 — % —C9
0 0 o .- 0 —(I+cotez) a

a1201+262+63+00+1—2f1£,

2c; 0 0 O wi
0 0 O 0
B=1|: + -t d'=1:
0O 0 --- ¢ O 0

O 0 --- 0 2¢ Wy

Therefore, the general design of the algorithm to calculate the approxi-
mate solution to the nonlinear system (1.4)-(1.5), via fractional steps method
and 1-IMBDF), is the following one

Begin Alg 1-IMBDF dbc
Choose T'> 0, b> 0;
Choose M >0, N >0; compute € and dzx;
Choose g and w;
Set o(r1) = @o(z1) and Yo(rn) = @o(TN);
Compute @i = ¢ (0,71) = vo(x1) from (1.5)4;
For j=2 to N—1 do
Compute go} == (0,25) = o(x;) from (1.5)3;
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End-for;
Compute ok = % (0,2x) = to(zy) from (1.5)4;
For 1 =2 to M do

Compute wal

Compute '~ ! = z(e,¢% (ti—1,-)) using (2.5);
Compute ¢’ solving the linear system (2.13);
End-for;

End.

and wﬁl;

As it is well known, most initial value problems reduce to solving large
sparse linear systems of the form (2.13). For later use regarding the numer-
ical implementation of the conceptual algorithms Alg_1-IMBDF _dbc, we
proof the following

Lemma 1. If

1 1
cl+202+03+c0+1—27é0 and 01+202—E7€0, (2.14)

then the matriz coefficients in linear system (2.13) can be factored into the
product of a lower-triangular matriz and an upper-triangular matriz (LU -
factorization).

Proof. Let denote by ampn, m,n = 1,2,--- , N, the elements of matrix co-
efficients in linear system (2.13). Analyzing the main diagonal elements of
block matrices A, we first find that, owing to the hypothesis expressed by
(2.14), second part, the coefficients ann, n = 2,3,--- ;N —1 # 0. Observing
now that a1 # 0 reflect the assumptions expressed in (2.14), first part, we
find easily that a,, # 0Vn =1,2,--- | N. So Gaussian elimination can be
performed on the system (2.13) without interchanges; consequently A has
an LU factorization.

Remark 1. As we can easily deduce from the proof of Lemma 1, the
hypothesis (2.14) expresses the requirement that all diagonal elements of
the matrix coefficients A in (2.13) to be non-zero, which guarantees the
existence of LU decomposition.

3 Stability conditions

To establish conditions of stability for the linear difference equations ex-
pressed by (2.13), we will use in our analysis the Lax-Richtmyer definition of
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stability, expressed in terms of norm |- || (see [7, Chapter 5] and references
therein). Equation (2.13) may be rewritten in a more convenient form as

o' =ABe Tt A e =23, M (3.1)

(the existence of A™! will be proved in the proof of Proposition 1 below).
Moreover, the matrix A can be written in the form

A=D(I+ D'G) (3.2)

where D = diag(ai,c1 + 2¢2 — i, ,c1 + 2¢9 — %,al) and G = A — D.
Thus, noting as = ¢1 + 2¢9 — 2—15, we have

0 'Hf% o .- 0 0 0
_(% 0 _% 0 0 0
DG = : : : " : : :
0 0 o --- 't% 0 —%
0 0 0 ... (0 -lfeta

al

The sum of each line in matrix DG is written in the vector v below
(recall that a1 =c¢1 +2ca +c3+co+1— i and a9 = ¢1 + 2¢9 — %)

14+co+c3 C2 co l14+co+cs
v [ TRTE pB 2 STRTE
ai a2 a2 a

(3.3)
Let’s denote by

VUmaz = max{|-(1 4+ c2 + ¢3)|, |-2¢c2|} and vy = min{|aq], |az|}

Now we are able to prove the following result with respect to the stability
in matrix equation (3.1).

Proposition 1. Suppose that vimin — Vmaz > 0. If
af

Umin — Umazx

< (3.4)

| ™

then the equation (3.1) is stable. Otherwise, it is unstable.

Proof. The proof is reduced to check the inequality || A~ B|s < 1. We begin
by determining an estimate for ||[D™!G||o = max |v|, wherefrom we easily
derive the estimate

DG < 2maz (3.5)
Umin

The estimate (3.5) allows now to prove the existence of A™!. Indeed, since

by hypothesis we have assumed that Ve < Vmin than [|[D71G|ls < 1 which
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guarantees that there exist (I + D™'G)~!. Moreover, there exist A and
Al = (I+D'G)' DL Using the well known inequality: ||(I+D1G)™ |« <

m and making use of (3.2), it follows that

1A oo < I+ DG oo | D7l < 1D oo (3.6)

1— DGl
How the inequality || D~'G||s < 1 imply that 1—||D71G||oe > 1— Ymez > 0,
we easily deduce now that

1 Umin

0< < .
1- ||D_1G||oo Umin — Umax

Since [[D71|| < -1 and involving the above estimate, from (3.6) we finally
obtain

1
A < ——m8M8 . .
A oo < - (37)

min — Umazx
Now we turn our attention to matrix B. Analyzing the matrix B lines, it
follows that
g

| Blloo = max {2¢1,¢1} = 2?. (3.8)

Summing up and making use of (3.7)-(3.8) we derive the following estimate

- _ 1
147 Blloo < A7 |l Blloo < ———————[Bll,

mn max

which, owing to (3.4), leads us to the estimate ||A™!B||o < 1 as we claimed
at beginning of proof.

Remark 2. The hypothesis v, > Umae in Proposition 1 derives from the
necessity to have a strict sub-unitary estimation for max |v| (see relation
(3.3)). A large part of numerical experiments presented in the next section
are designed to support this theoretical aspect.

4 Numerical experiments

The aim of this Section is to present numerical experiments implementing
the conceptual algorithm Alg 1-IMBDF _dbc. Corresponding to input
data T, b, M, N, we have used several different values, while, for the model’s
parameters, we have started with the values: £¢ = .5, @« = 1.0e + 1 and
co = 1.0e — 3.
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) 0.1 0.2 0.3 0.4 0.5 0.6 0.7 o8 0.9 1

Figure 1: The wnitial conditions g

(9 0.1 0.2 0.3 0.4 0.5 0.6 0.7 o8 0.9

Figure 2: The approzimate solution z(e,-) of the Cauchy problem (1.5)

The initial values ¢o(z;), j =1,2,..., N, plotted in Figure 1, were com-
puted via Matlab function csapi(£i0) - cubic spline interpolant, corre-
sponding to the following input data:
fi0=[-1.4-1.4-1.44 -1.42 -1.42 -1.44 -1.43 -1.43 -1.42 -1.42 -1.4 -1.4 -1.25 ...

-1.2-1.17-1.15-1.1-1.08 -1.0 -.95-9 -.85-.88 -.6 .0 .5 -.92 -.25 .8 -.7 ...

.58 .75 .58 -.63 -.59 .69 -.72 .7 -.59 -.5 .7 -.79 -.87 -.88 .0 .72 -.8 .81 ...

.0-.89.0.7.55.68-49.79 .0-.1-8-78-83.69.8.68.5.7.591. ..

1.081.11.151.171.21.25 1.3 1.3 1.25 1.24 1.3 1.31 1.3 1.32 1.3 1.3];
Now (see (2.5)) we are able to calculate the vector (z (€, po(z;)));_7 7, plot-

it (see (1.4)3).

We will present now some numerical expefiments regarding the stability
of the matrix equation (3.1), established by Proposition 1. For the first
tests, we have set: T'=1, b = 2, M = 100, N = 100 and the values at
boundary given by: w(t;,0) = =725, w(t;,b) = 0,4 =1,2,..., M. We can
verify that Umin — Umas = 1.69¢ + 3 > 0 and —25 — — 5 = —0.0021 < 0.

Umin —VUmax

Consequently, all hypothesis in Proposition 1 are satisfied and then we are

ted in Figure 2, and the vector ¢! = (cpjl)
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The approximate solution fi', i=1, 2, M/4, M/2, M

) 0.2 0.4 0.6 o8 T 1z 1a 16 18 2

Figure 3: Example of numerical stability: ©° at different levels of time

The approximate solution fi', i=1, 2, M/4, M/2, M

— =1

) 0.2 0.4 0.6 o8 T 12 1a 16 18 2

Figure 4: Example of numerical stability: ©* at different levels of time

in a stability case. The shape of the graphs plotted in Figures 3 shows
that it really is. Changing in the above settings only the value of M, again
we are in a stable case. Analyzing the graph in Figure 4 we find a slight
improvement of stability in the boundary point x; = 0.

Taking now T'=2, b =2, M = 50, N = 50 and o = 1.0e + 2, one can
check that ﬁ — 5 = 0.00224 > 0 which means that the hypothesis
(3.4) in not verified, i.e., the numerical scheme (3.1) is unstable (see Figure
5). Changing ¢ = 0.75 and ¢g = 1.0e+ 3, we get Umm‘iﬁ —5 =10.0054 > 0.
So, again we are in a unstable case (see Figure 6). Let’s remark that the
instability of the solution occurred after a slight change for a, £ and cy.
This highlights the strong dependence of approximation scheme regarding
physical parameters.

We turn to numerical stability conditions changing w(t;,0) = 72.5 and
w(t;,b) = =72.5, ¢ = 1,2,...., M. We get again a stable case and the nu-
merical results, obtained by algorithms Alg 1-IMBDF _dbc were plotted
in Figure 7. Analyzing the approximations near 0 and b, we observe a good

stability which makes it suitable to be used in the numerical analysis of the
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The approximate solution fi, i=1, 2, M/4, M/2, M

() 0.2 o.a o.6 o.8 X 1.2 14 1.6 1.8 ES

Figure 5: Example of a numerical instability

The approximate solution fi, i=1, 2, M/4, M/2, M

) 0.2 c.a c.6 o5 T 12 1a 16 18 ES

Figure 7:  Ezample of numerical stability: o' at different levels of time
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boundary optimal control problems governed by (1.1).

5 Conclusions

Analyzing the numerical results in terms of physical phenomena (see fig-
ures 3-7), we find that the phase function distribution say that the instability
of the portion of material will disappear. Moreover, the numerical experi-
ments depicted in figure 7, for example, highlight the theoretical meaning
assigned to the unknown function ¢ and the zone of separation between
material phases.

The numerical solution obtained by this way can be considered as an
admissible one for the appropriate boundary optimal control problem (from
this perspective, compare figures 4, 5 and 7 in terms of stability). Gen-
erally, the numerical method considered here can be used to approximate
the solution of a nonlinear parabolic phase-field system containing a general
nonlinear part. Not the least, let’s remark that conditions of stability are
sustained by both theory and numerical experiment and that are signifi-
cantly dependent on the physical parameters.
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