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Valeriu Prepeliţă, Tiberiu Vasilache
Minimal invariant subspaces and reachability of
2D hybrid LTI systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

Dan Tiba
The implicit function theorem and implicit parametrizations. . . . . . . 193

Short Notes

Diana Merluşcă
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THE SEMINAR “QUALITATIVE

THEORY OF DIFFERENTIAL

EQUATIONS AND CONTROL

THEORY” – 60 YEARS∗

Vladimir Răsvan†

The scientific seminar with the initial subject Qualitative theory of dif-
ferential equations , organized jointly by the Institute of Mathematics of the
Romanian Academy and the Department of Differential and Integral Cal-
culus of the School (Faculty) of Mathematics and Physics of the Bucharest
University at the initiative and under the leadership of Professor Aristide
Halanay (1924-1997) started in February 1953 and takes place weekly and
continuously since then. Some years later, seminars devoted to differential
equations began at the Univ. of Cluj-Napoca under the leadership of Prof.
D.V. Ionescu (in 1955) and at the Univ. of Iasi under the leadership of Prof.
C. Corduneanu (in 1957). Their activity continues in various forms up to
now.

Organized following the model of the homonyme seminar lead by V. V.
Nemytskii (whose Ph. D. student Halanay had been between 1948-1952) at
the School(Faculty) of Mathematics and Mechanics of the Moscow Univer-
sity, the seminar was dedicated to those problems of differential equations
considered as belonging to the qualitative theory : boundedness, oscillations,
(almost)-periodicity and stability. At that time these problems were most ac-
tual and most studied of the field and further evolution of the topics of the

∗Accepted for publication on March 28, 2013.
†vrasvan@automation.ucv.ro Department of Automation, Electronics and Mechatron-

ics, University of Craiova, Romania
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4 Vladimir Răsvan

seminar confirmed the fact that its half-century orientation was permanently
targetted to the most actual and interesting problems and methods of the area
of differential equations and their applications in science, engineering and
economics.

Together with Professor Halanay we may list among the first participants
of the seminar F. Albrecht(1926-1992), I. Barbălat(1907-1988), I. Berstein,
T. Gane, M. Reghiş, Şt. Sandor, D. Wexler(1933-1991). The main inter-
est during the first period of existence of the seminar was for periodic and
almost periodic solutions in a topological framework : we may cite here the
applications of Ważewski method by Halanay and Barbălat, fixed point ap-
plications, generalization by T. Gane of a result due to Marachkoff a.o. Some
of the results obtained during this early period are included in the book of
Halanay Introduction to qualitative theory of differential equations published
in Romanian in 1956.

Openness to the applied problems suggested by engineering brought to
the attention of seminar’s members the very actual (in the ’50ies and ’60ies)
problem of the absolute stability of control systems. Exactly at that time the
seminar is joined by V. M. Popov, young electrical engineer (in 1956) and
T. Morozan (in 1959). A survey of Halanay (published in 1959 but written
most probably in 1957) mentions some already obtained new results via the
direct method of Liapunov by V. M. Popov, M. Reghiş and D. Wexler.

It was in this seminar where the famous frequency domain inequality for
the absolute stability of V. M. Popov was presented by the author himself in
1958. This completely new approach in absolute stability generated further
a long line of research which is still active, under various names (hyperstabil-
ity, dissipativity/passivity) in Romania and worldwide. Within the seminar
this line of research was represented by I. Barbălat (the author of a world-
wide known asymptotics lemma, currently applied in most studies of absolute
stability and passivity), T. Morozan (with a result remarked and cited by
S. Lefschetz; his research will then continue on stochastic differential equa-
tions), Halanay himself (on absolute stability and hyperstability of systems
with deviated arguments and of discrete time systems), S. Gheţaru (electri-
cal engineer who joined the seminar in 1966 and worked on hyperstability of
discrete time and anticipative (non-causal) systems) and Vl. Răsvan (elec-
trical engineer who joined the seminar in 1967 and worked on stability and
stabilization of discrete time systems and systems with deviated argument).

Understanding of Popov’s methods lead in a natural way to the topics
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of controlled systems which had become extremely popular at the beginning
of the ’60ies. Several aspects were considered. Among them, and widely
cultivated in the ’60ies and ’70ies, was the optimal control of dynamical
systems. Here we can mention the research of Halanay (necessary conditions,
differential games, relaxed control, linear quadratic optimization problem for
discrete-time and time delay systems), C. Vârsan (who joined the seminar in
1962 , on necessary and sufficient conditions of optimality; later he turned to
stochastic control), St. Mirică (who joined the seminar in 1965 and directed
his research to optimal synthesis and geometric theory; later he continued
on basic theory for discontinuous differential equations occurring in various
applications including optimal control), C. Drăguşin (who joined the seminar
in 1965 and studied the Pareto optimum) and Maria Giurgiu (who joined the
seminar in 1966 and worked on linear -quadratic optimal control for partial
differential equations).

Another topic of control theory, stimulated in a way also by the theory
of V. M. Popov, was the structural theory of linear systems, considered by
V. Prepeliţă (who joined the seminar in 1965) and Vlad Ionescu (1938-
2000) (electrical engineer who joined the seminar in 1977; he wrote several
monographs on this subject).

Starting with 1975 the interest for engineering applications increased
among the members of the seminar (partly due to social pressure but partly
due to the strong belief of Professor Halanay that engineering is a valuable
source of models and problems for the field of differential equations). The
most remakable effect of this aspect was the research directed to singular
perturbations and discretization as connected to computer control. These di-
rections were covered by V. Drăgan (who joined the seminar in 1975) and
M. Popescu (hydraulic engineer who joined the seminar in 1976) together
with Professor Halanay. Due especially to M. Altăr, the analysis of economic
dynamics was introduced in the seminar from the late ’60ies of the previous
century. This start was followed by a certain cooperation led by Professor
Halanay, between the members of the seminar and interested researchers
coming from the fields of economic mathematical modeling. It is a rather
interesting aspect to mention the continuity of this field of Mathematical
Economics over several decades, as a reflex of the rapid changes of the eco-
nomic vision worldwide. Based on his “stochastic background”, C. Vârsan
developed during the last two decades a research programme which is partly
incorporated in the Ph.D. theses realized under his guidance.
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The 3d topic in control that established itself at the beginning of the
’80ies was the so-called H∞-control with all its auxiliaries. The field was
tackled by Halanay (who used the time domain and time varying framework
in order to put all research and existing results on a sound mathemati-
cal background) and Vlad Ionescu, who rebuilt the entire theory around
the positivity theory of V. M. Popov, generalized to the case of indefinite
sign. Among the co-workers of V. Ionescu, the young electrical engineers
M. Weiss (who joined the seminar in 1989), C. Oară (who joined the sem-
inar in 1991) and R. Ştefan (also with the seminar since 1992) dealt with
specific aspects of the generalized H∞ theory (Pritchard-Salamon systems,
spectral factorization, scattering theory) including numerical issues, while
Radu Bălan (who joined the seminar in 1992) was concerned with nonlinear
control, later turning to wavelet and frame analysis. A somehow peculiar
direction of the nonlinear control was for a while the so called geometric
control: several presentations dealt with this topic, made by V. Ionescu, Th.
Hangan, V. Brânzănescu and P. Flondor. A. Stoica (electrical engineer who
joined the seminar in 1992) did research within the same framework and
studied robust control systems and their applications.

A permanent line of research in the seminar has been the extension and
development of the approaches and of the results from ordinary differential
equations to other classes of dynamical systems. With respect to this, the
analysis in the stochastic framework of the most topics discussed in the semi-
nar was a main research line for T. Morozan, C. Vârsan, Al. Ghiţă (electrical
engineer who joined the seminar in 1969 and was concened with reliability
optimization from stochastic viewpoint), V. Drăgan and A. Stoica. We may
add here the research on discrete-time systems (i.e. described by difference
equations) covered by Professor Halanay, D. Wexler, T. Morozan (within
stochastic framework), V. Drăgan, A. Stoica, Vl. Răsvan. Systems with de-
viated argument (both time delay and neutral) were considered by Professor
Halanay and Vl. Răsvan and the dynamic and controlled systems described
by partial differential equations by Maria Giurgiu, D. Tiba (who joined the
seminar in 1977) and C. Marinov (electrical engineer who joined the seminar
in 1979).

The “historical”, evergreen topics of Liapunov stability, self sustained
(mainly based on bifurcation theory) and forced oscillations as applied to
various classes of systems (including those generated by engineering and non-
engineering fields, biology and medecine) are as such a constant direction in
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the seminar, covered by T. Morozan, Vl. Răsvan and Andrei Halanay.
The seminar as a scientific institution has been opened to young re-

searchers , being helpful for their training and their career. The founders of
the seminar were rather young at that time. Most of the participants joined
the seminar in their graduation year or as Ph. D. students and presented
their theses in front of the seminar. Besides this there were presented in
the seminar the theses belonging to the Ph. D. students of the participants
of the seminar and other theses. We may mention here a list (far of being
complete) of the theses presented in the seminar: M. Altăr, Angela Beju, A.
Bătătorescu, Ş. Bolintineanu, Mona Doroftei, B. Iftimie, D. Lambadarie,
M. Olteanu, Gh. Potcovaru, Judita Samuel, T. Vasilache. We have to add
here the theses presented in the ’70ies by Chilean and Vietnamese Ph. D.
students of Professor Halanay : M. Barrahona, H. Burgos, J. Serrano, L.
Vergara; N. Cang, P. T. Nhu and L. Doâng. We also add to this list (al-
ready mentioned that it is far from being complete) the most recent Ph.D.
theses presentations under the scientific guidance of C. Vârsan: Marinela
Marinescu, Daniela Ijacu, M. Nica and the activity of Diana Merlusca who
is currently preparing her Ph.D. thesis under the supervision of D. Tiba.

The seminar has been and is a prestigious scientific institution both at the
national and international levels. Among the speakers with an established
scientific reputation we may mention (again without aiming to completeness
of the list) C. Corduneanu, V. Barbu and Theodor Hangan and from abroad
L. Neustadt and G. Sell (from USA); I. Gohberg, M. A. Krasnosel’skii and
K. S. Sibirskii ( from USSR); A.J.Pritchard (from Great Britain); Cz. Olech
(from Poland); P. Brunovsky, J. Kurzweil, St. Schwabik, M. Tvrdý, O.
Vejvoda, I. Vrkoć (from Czechoslovakia) a.o.

The scientific results of the research performed under the auspices of the
seminar have been published in hundreds of papers that appeared in the
most valuable mathematical journals and in dozens of books; these books
cover all the topics of the seminar (but not only !) and have been published
by the most prestigious publishing houses in Romania and throughout the
world; these books are read and cited worldwide. In Appendix 1 we indicate
a brief selection of volumes authored by or devoted to the Seminar and
to its members. We also give a short account of the editorial activities of
the Seminar members. Appendix 2 includes a photo gallery related to the
Seminar.

After 60 years, this genuine scientific institution is as open as before
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to its initial sources: active research areas of the field, young researchers
promotion and worldwide cooperation. This gives legitimate hopes that it
may continue for a long time, in the benefit of Mathematics. This issue of
the journal is dedicated to the 60th Anniversary of the Seminar.

APPENDIX 1

Books by Seminar members: a selection

1) V. Dragan, A. Halanay, Stabilization of linear systems- Birkhauser,
Boston, 1999.

2) V. Dragan, T. Morozan and A.M. Stoica, Mathematical methods in ro-
bust control of linear stochastic systems, Mathematical Concepts and Meth-
ods in Science and Engineering, Series Editor: Angelo Miele, Volume 50,
Springer (2006).

3) V. Dragan, T. Morozan and A.M. Stoica, Mathematical methods in
robust control of discrete-time linear stochastic systems, Springer New York,
Dordrecht, Heidelberg, London, 2010.

4) A. Halanay, Differential Equations : Stability, Oscillations, Time Lag,
Academic Press, 1966. (the Japanese translation, 1969).

5) A. Halanay, D. Wexler, Qualitative theory of impulse systems (Rus-
sian), Nauka, Moscow (1973).

6) A.Halanay, V. Rasvan, Applications of Liapunov Methods in Stability,
Kluwer Academic Publishers, Dordrecht, 1993.

7) A.Halanay, V. Ionescu, Time Varying Discrete Linear Systems,
Birkhauser, Basel, 1994.

8) A. Halanay, J. Samuel, Differential Equations, Discrete Systems and
Control, Kluwer Academic Publishers, Dordrecht, 1997.

9) A. Halanay, V. Rasvan, Stability and Stable Oscillations in Discrete
Time Systems, Gordon and Breach Science Publishers, 2000.
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10) Mihail Popescu, Dumitru Arsenie, Paul Vlase : Applied Hydraulic
Transients for Hydropower Plants and Pumping Stations, Balkema Publish-
ers, Lisse, Abingdon, Exton, Tokyo (2003).

11) V.M. Popov Hyperstability of Control Systems, Springer-Verlag,
Berlin (1973).

12) Vl. Rasvan, Absolute stability of time lag control systems (Russian),
Nauka, Leningrad, (1983).

13) Vl. Rasvan, R. Stefan, Systémes non linéaires, théorie et applications,
Hermes Science & Lavoisier, Paris/London, 2007.

14) V. Ionescu, A.-M. Stoica. Robust stabilisation and problems, Kluwer
Academic Publishers, 1999.

15) D. Tiba, Optimal control of nonsmooth distributed parameter sys-
tems, Lecture Notes in Mathematics 1459, Springer Verlag, Berlin (1990).

16) D. Tiba, P. Neittaanmaki, Optimal control of nonlinear parabolic
systems. Theory, algorithms and applications, Marcel Dekker, New York
(1994).

17) D. Tiba, P. Neittaanmaki, J. Sprekels, Optimization of elliptic sys-
tems. Theory and applications, Springer Monographs in Mathematics, Springer,
New York (2006).

18) C. Varsan, Applications of Lie Algebras to Hyperbolic and Stochastic
Differential Equations, Kluwer Academic Publishers (1999).

Volumes and articles devoted to the Seminar and its members

Revue Roumaine de Mathematiques Pures et Appliquees, vol.29, no.10
(1984) Hommage au Prof. Aristide Halanay a l’occasion de son 60-e anniver-
saire.

Revue Roumaine de Mathematiques Pures et Appliquees, Vol. 39, no.4
(1994) Aristide Halanay on his 70-th birthday.

Qualitative problems for differential equations and control theory,
C. Corduneanu Ed., World Scientific, Singapore, London (1995) - dedicated
to Aristide Halanay on the occasion of his 70-th birthday.

Journal of Differential Equations 146, pp. 1-4 (1998) - In memoriam
Aristide Halanay.

Mathematical Reports (Bucharest) vol.5 (55), no.4 (2003) - The seminar
Qualitative theory of differential equations and control theory- 50 years.
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Mathematical Reports, (Bucharest), vol.9 (59), no.1 (2007) - Toader Mo-
rozan on his 70-th birthday.

Mathematical Reports, (Bucharest), vol. 11 (61), no.4 (2009) - Con-
stantin Varsan on his 70-th birthday.

Editorial activities of the seminar members

ARISTIDE HALANAY
- Journal of Differential Equations (1965-1997)
- Revue Roumaine de Mathematiques Pures et Appliquees (1984 - 1997)

HENRY BONNEL
- Pacific Journal of Optimization (since 2007)

AURELIAN CERNEA
- Annals of the Academy of Romanian Scientists. Series on Mathematics

and its Applications (since 2012)

VASILE DRAGAN
- International Journal of Innovative Computing Information and Control

(since 2005)
- Innovative Computing Information and Control Express Letters (since

2007)

TOADER MOROZAN
- Stochastic Analysis and Applications (1983-2002)
- Studii si Cercetari Matematice (Mathematical Reports) (1984-2012)
- ROMAI Journal (since 2005)
- International Journal of Innovative Computing Information and Control

(2005-2007).

VALERIU PREPELITA
- Scientific Bulletin, Series A: Applied Mathematics and Physics, Univ.

Politehnica Bucharest, (since 1992)
- Applied Sciences (APPS), (electronic journal) (since 1999).
- Journal of Advanced Mathematical Studies (2008-2012)
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ANDREI HALANAY
- Mathematics in Engineering, Science and Aerospace (since 2010)

VLAD IONESCU
- Revue Roumaine des Sciences Techniques (Serie Electrotechnique et

Energetique), (1984 - 1997)

VLADIMIR RASVAN
- Revue Roumaine des Sciences Techniques (Serie Electrotechnique et

Energetique) (since 1995)
- European Journal on Control (2001-2006);
- Control Engineering and Applied Informatics (since 2004)
- Analele Universitatii din Craiova - Seria ”Automatica, calculatoare,

Electronica, Mecatronica” (since 1991)

ADRIAN M. STOICA
- Annals of the Academy of Romanian Scientists. Series on Mathematics

and its Applications (since 2012)

DAN TIBA
- Annals of the Academy of Romanian Scientists. Series on Mathematics

and its Applications (since 2009)
- Mathematical Reports (Bucharest) (2010-2012)
- Scientific Bulletin, Series A: Applied Mathematics and Physics, Univ.

Politehnica Bucharest, (since 2012)

CONSTANTIN VARSAN
- Annals of the Ovidius University Constanta - Series on Mathematics

(since 2007).
- ROMAI Journal (since 2005)
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POST-PARETO ANALYSIS FOR

MULTIOBJECTIVE PARABOLIC

CONTROL SYSTEMS∗

Henri Bonnel †

Abstract

In this paper is presented the problem of optimizing a functional
over a pareto control set associated with a convex multiobjective con-
trol problem in Hilbert spaces, namely parabolic system. This approach
generalizes for this setting some results obtained in finite dimensions.
Some examples are presented. General optimality results are obtained,
and a special attention is paid to the linear-quadratic multi objective
parabolic system when is possible to get explicit optimality conditions.

MSC: 90C29, 49K20, 49K27, 90K48, 93C20.

keywords: Vector Optimization, Distributed parameters systems,
Parabolic systems, Optimizing over the Pareto set, Multiobjective Control
problems in Hilbert spaces.

1 Introduction

Since the legendary paper of H.W. Kuhn and A.W.Tucker (1951), Multi-
Objective Optimization Problems (MOP) took progressively an important

∗Accepted for publication in revised form on November 20, 2012.
†(former name Serban Bolintineanu) henri.bonnel@univ-nc.nc, University of New

Caledonia (France), ERIM, B.P. R4, F98851 Nouméa Cedex, New Caledonia.
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14 Henri Bonnel

place in Operation Research. However the genesis of the theory goes back
to Pareto (1906) inspired by Edgeworth’s indifference curves.

If we want to simultaneously minimize p-objectives, problem which we
will denote1

(MOP ) MINRp
+

[f1(x), . . . , fp(x)] s.t. x ∈ Xad,

where the objectives f1, . . . , fp are real valued functions defined on a set X,
and Xad ⊂ X is the feasible set, it is very unlikely that all theses func-
tions have a common minimizer. That is why we are led to consider feasi-
ble solutions which ensure some sort of equilibrium between the objectives,
roughly speaking, solutions which are such that none of the objectives can
be improved further without deteriorating another. Precisely, we have the
following definitions (see e.g. [28]).

Definition 1 For problem (MOP) a point x̂ ∈ Xad is a

• Pareto solution if there is no x ∈ Xad, such that fi(x) ≤ fi(x̂) for all
i, with at least one inequality strictly satisfied.

• weakly Pareto solution if there is no x ∈ Xad, such that fi(x) < fi(x̂)
for all i.

• properly Pareto solution if x̂ is a Pareto solution, and there exists a
real M > 0 so that, for every j ∈ {1, . . . , p} and every x ∈ Xad with
fj(x) < fj(x̂), at least one k ∈ {1, . . . , p} exists with fk(x) > fk(x̂)
and

fj(x̂)− fj(x)
fk(x)− fk(x̂)

≤M.

Notice that a (MOP) can be naturally considered as the grand coalition
p-player cooperative game (see Example 2 in the next section).

The drawback is that the (weakly or properly) Pareto set is usually very
large (may be infinite and even unbounded), so a decision maker (or a super-
visor of a cooperative p-player game) may select a Pareto solution optimizing
his own criterion. Thus we can consider the following problem of Post-Pareto

1The subscript Rp
+ stands for the ordering cone in Rp, since more generally one may

consider vector optimization problems with respect to different partial order in the outcome
space.
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Analysis of optimizing a scalar objective f0 : X → R over the Pareto set, i.e.
we consider the problem

min
x∈P

f0(x), (1)

where P is the (weakly or properly) Pareto set associated with problem
(MOP).

This problem of optimizing a scalar function over a Pareto set has been
considered the first time in [32], and intensively studied in the last three
decades (see e.g. [1, 4, 5, 6, 7, 8, 9, 19, 22, 23, 24, 26, 27] and [34] for a
survey). In all these papers the Pareto (or efficient) set is associated with
a mathematical programming problem, not with a multiobjective control
problem. Some related results concerning generalizations to semivectorial
bilevel problems can be found in [11, 14]. Approaches to the case of multi-
objective control for ODE are presented in [13, 17], and in [15, 16] for the
more general case of semivectorial bilevel problems. A stochastic case has
been considered in [12].

This problem is difficult because the Pareto set is not explicitly described,
and it is not convex (even for a multi-objective linear programming problem!)

In the present paper is studied the more difficult case of a multiobjective
convex control problem in Hilbert spaces, especially parabolic equations.

The paper is organized as follows. In Section 2 the general framework for
our problem and the main notations and hypotheses are introduced. More-
over, two concretes examples to justify the interest of our problem in this
special setting are presented. In Section 3 some useful preliminary results
are obtained. The last Section contains the main results. Using scalariza-
tion techniques, i.e. replacing the multiobjective problem with a family of
scalar problems obtained by convex combination (weighted sum) of the ob-
jectives, we show that the weakly (resp. properly) Pareto set2 is the union
of the minimizers of these scalarized problems when the vector of weights
runs over Rp

+ \ {0}, (resp. Rp
++ := int Rp

+). Thus, theoretically, our prob-
lem can be restated as optimizing over the previous union. Considering the
set-valued map which associates to each weighting vector the set of the min-
imizers, the problem becomes a real set valued optimization problem over
Rp

+ \ {0} (or Rp
++). Using set-valued analysis techniques optimality condi-

tions are presented. Next a special attention is paid to the case when the

2Note that the set of Pareto points, which is located between the properly and the
weakly Pareto sets, cannot be characterized in this way.
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previous set-valued map is single-valued and sufficient conditions to ensure
this property are presented in Theorem 4. These conditions are satisfied in
particular when we deal with the linear-quadratic multi-objective problem.
The differentiability of this map is proven and some ideas how to obtain an
explicit description of this map are given.

2 Problem statement

We deal with the following post-Pareto optimization control problem

(PPOCP ) minJ0(z, u) s.t.

(z, u) is a weakly (or properly) Pareto control process for the following
multi-objective convex control optimization problem in Hilbert spaces

(MOCCOP ) MINRp
+

[J1(z, u), . . . , Jp(z, u)] s.t.

dz

dt
(t) +A(t)z(t) = B(t)u(t) a.e. on ]0, T [ (2)

u(t) ∈ U a.e. on ]0, T [ (3)
z(0) = z0 (4)
z(T ) ∈ ZT (5)

Throughout the paper we will consider the following general assumptions
and notations.

(A(t))t∈]0,T [ is a family of linear continuous operators from a real Hilbert
space V to its (topological) dual V ′, i.e. A(t) ∈ L(V, V ′), 0 < t < T .
(B(t))t∈]0,T [ is a family of linear continuous operators from a real Hilbert
space U to V ′. We suppose that there exists a real Hilbert space H such that
V ⊂ H with linear continuous and dense embedding. Then we have that
H ′ ⊂ V ′ with linear continuous and dense embedding. We identify H ≡ H ′

using the canonical isomorphism given by Riesz’ theorem, thus the following
inclusions are linear, continuous and dense

V ⊂ H ⊂ V ′,

and H is called “pivot space” (see e.g. [18] or [10]).
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For v′ ∈ V ′ and v ∈ V , we denote by (v′| v) the value of the functional v′

in v. Note the for h ∈ H considered as an element of V ′, and for v ∈ V , the
real (h | v) coincides with the usual scalar product between h and v in H. So
there is no confusion to denote also (· | ·) the scalar product of H. The norm
of H (respectively V and V ′) will be denoted by | · | (respectively by ‖ · ‖ and
‖ · ‖∗).

Suppose that there are some α ∈ R and ω > 0 such that, for all v ∈ V ,
t ∈]0, T [,

(A(t)v | v) + α|v|2 ≥ ω‖v‖2. (6)

Moreover, we suppose that for all v, w ∈ V , the function t 7→ (A(t)v |w)
is measurable on ]0, T [, and there is a constant c > 0, such that

‖A(t)‖L(V,V ′) ≤ c a.e. on ]0, T [.

Also, suppose that for any u ∈ L2(0, T ;U), the function t 7→ B(t)u(t) is
measurable on ]0, T [ and

‖B(t)‖L(U ,V ′) ≤ c a.e. on ]0, T [.

The initial value z0 ∈ H is specified. We suppose that U is a nonempty
closed convex subset of U . The “target set” ZT is a nonempty closed convex
subset of H.

Each objective Ji : L2(0, T ;V ) ∩ C(0, T ;H) × L2(0, T ;U) → R ∪ {+∞}
is given by

Ji(z, u) = li(z(T )) +
∫ T

0
Li(t, z(t), u(t))dt,

where Li :]0, T [×V × U → R ∪ {+∞} is a Borel function such that for
each t ∈]0, T [, the function Li(t, ·, ·) is lower semicontinuous and proper,
li : H → R∪{+∞} is supposed proper, lower semicontinuous, and there are
some real numbers βi, γi and and a ∈ L1(0, T ) such that

∀(v, u) ∈ V × U Li(t, v, u) ≥ ai(t) + βi‖v‖2 + γi‖u‖2U , t ∈]0, T [ (7)

i = 0, 1, . . . , p.
Moreover, the objectives of (MOCCOP) problem are supposed convex,

i.e. for all i = 1, . . . , p, and t ∈]0, T [, the functions Li(t, ·, ·), li are convex.
J0 is not necessarily convex.

Other assumptions will be specified when necessary.
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Example 1 The abstract problem (MOCCOP) contains as a particular case
the following multi-objective parabolic boundary control problem

MINRp
+

[J1(z, u), . . . , Jp(z, u)] s.t. (z, u) verifies

∂z

∂t
− divx(k(x)∇xz)− q(x)z = 0 a.e. in Q (8)

∂z

∂n
+ ρ(x)z = u a.e. in Σ (9)

z(x, 0) = z0(x) a.e. in Ω (10)
u(t) ∈ U a.e. in ]0, T [ (11)

where Ω ⊂ Rn is an open bounded set, its boundary Γ is of class C1,

Q = Ω×]0, T [, Σ = Γ×]0, T [ ,

k ∈ C1(Ω̄), k(x) > 0, ∀x ∈ Ω̄, q ∈ C(Ω̄), ρ ∈ C(Γ), ρ ≥ 0.
The function z = z(x, t) : Ω × [0, T ] → R is the state, and the function

u(t) ∈ L2(Γ) is the (boundary) control at the moment t ∈]0, T [, supposed
square integrable, i.e. u ∈ L2(0, T ;L2(Γ)). The initial value z0 ∈ L2(Ω) is
specified.

Put V = H1(Ω), H = L2(Ω), U = L2(Γ), and define A(t) ≡ A ∈
L(V, V ′), B(t) ≡ B ∈ L(U , V ′) by

∀z, w ∈ V (Az |w) =
∫

Ω
(k∇z · ∇w − qzw)dx+

∫
Γ
kρzwdσ

∀u ∈ U , w ∈ V, (Bu |w) =
∫

Γ
kuwdσ.

Note that the last boundary integral is well defined since for each element
w of H1(Ω) its trace on Γ, w|Γ is well defined and belongs to L2(Γ) (see e.g.
[3] or [29] and the references herein).

It is easy to see that using Green formula, the variational formulation
of problem (8, 9, 10, 11) can be written in the abstract form (2, 3, 4), and
A, B satisfy all the hypotheses.

Suppose we have p captors, the ith captor being located on the boundary
in a measurable zone Γi ⊂ Γ, i = 1, . . . , p, and the desirable state is zd ∈
L2(0, T ;V ). Suppose that the sets (Γi)1≤i≤p are mutually disjoints and the
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values of the desired state are known only on the boundary zone Γi. Consider
li = 0, and Li described by

∀(t, z, u) ∈]0, T [×V × U Li(t, z, u) =
∫

Γi

(z − zd(t))2dσ + 〈Riu, u〉U ,

where Ri ∈ L(U) is a nonnegative symmetric operator.
Finally, let us consider L0 = 0, ∀x ∈ H2, l0(x) = ‖x‖.
Roughly speaking, the meaning of our problem of optimizing J0(z, u) over

the set of weakly (or properly) Pareto processes of the multi-objective control
problem is that amongst all the (weakly or properly) Pareto controls, i.e.,
amongst all the controls which are such that we cannot improve an objective
Ji (i ≥ 1) without deteriorating further another objective Jk, (k ≥ 1), we
are looking for the control which realizes the minimal final state norm.

4

Example 2 In this example (MOCCOP) problem is stated as a grand coali-
tion of a p-player cooperative differential game. Consider the special case
when U is a product of p Hilbert spaces U = U1 × · · · × Up, and conse-
quently U = U1 × · · · × Up, u(t) = (u1(t), . . . , up(t)). Thus B(t)u(t) =
B1(t)u1(t) + · · · + Bp(t)up(t), with Bi(t) ∈ L(Ui, V ′). The player i has the
objective Ji and interacts with the system with the control ui ∈ L2(0, T ;Ui).
Consider that a “supervisor” of the game has its own objective J0. Thus,
amongst all the controls which are such that no player can improve his ob-
jective without further deteriorating the performance of another player, the
supervisor choses the control which optimizes his objective.

Suppose we have the same diffusion process as in previous example (8-
11), but the boundary control is different :

∂z

∂t
− divx(k(x)∇xz)− q(x)z = 0 a.e. in Q (12)

∂z

∂n
+ ρ(x)z =

p∑
i=1

ui a.e. in Σ (13)

z(x, 0) = z0(x) a.e. in Ω (14)
u(t) ∈ U a.e. in ]0, T [ (15)

The functional spaces are the same except that we take U =
∏p
i=1 Ui where

Ui = L2(Γ), i = 1, . . . , p, and Ui = {ui ∈ L2(Γ)| suppui ⊂ Γi} where Γi ⊂ Γ
is a closed subset of Γ representing the zone where player (agent) i interacts
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with the system. Now the control is of the form u(t) = (u1(t), . . . , up(t)),
U = U1 × · · · × Up. The operator A is the same, but B is now given by

∀u = (u1, . . . , up) ∈ U Bu =
p∑
i=1

Biui,

where
∀w ∈ V Biui =

∫
Γi

kuiwdσ.

Suppose that Ω is sufficiently smooth such that the state at each moment
belongs to H2(Ω), and n ≤ 3, hence z(·, t) ∈ C(Ω̄) (see e.g. [18] for details
about solution regularity). The player i observes the systems in some points
(point sensors) x(i)

k ∈ Ω̄, k = 1, . . . ,mi. Suppose that each player wants to
minimize his energy and the square of the deviation from the desired state
zd in his points of observation i.e.

Ji(z, u) =
∫ 1

0

( mi∑
k=1

|z(t, x(i)
k )− zd(t, x

(i)
k )|2 + ‖ui(t)‖2Ui

)
dt,

and the supervisor wants to minimize the final state global deviation, i.e.

J0(z, u) = ‖z(T )− zd(T )‖L2(Ω).

4

3 Preliminary results

Lemma 1 For each z0 ∈ H and u ∈ L2(0, T ;U), there exists a unique
function zu : [0, T ] → H such that zu ∈ L2(0, T ;V ) ∩ C(0, T ;H), dzu

dt ∈
L2(0, T ;V ′) verifying the abstract Cauchy problem (2), (4).

Moreover, the correspondence u 7→ zu is an affine continuous operator
from L2(0, T ;U) to L2(0, T ;V ), and from L2(0, T ;U) to C(0, T ;H).

Proof. Denote for a.e t ∈]0, T [

f(t) = B(t)u(t).

It is easy to see f ∈ L2(0, T ;V ′) and the correspondence u 7→ f is a linear
continuous operator from L2(0, T ;U) to L2(0, T ;V ′). The existence and
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uniqueness of the function zu : [0, T ] → H such that zu ∈ L2(0, T ;V ) ∩
C(0, T ;H), dzu

dt ∈ L
2(0, T ;V ′) verifying

dzu
dt

(t) +A(t)zu(t) = f(t) a.e. on ]0, T [, z(0) = z0

is a well known result (see e.g. [29, 3]).
The only thing to prove is the last assertion. Let zh : [0, T ]→ H be the

unique function such that zh ∈ L2(0, T ;V ) ∩ C(0, T ;H), dzh

dt ∈ L
2(0, T ;V ′)

verifying

dzh

dt
(t) +A(t)zh(t) = 0 a.e. on ]0, T [, zh(0) = z0,

and let zf : [0, T ]→ H be the unique function such that zf ∈ L2(0, T ;V ) ∩
C(0, T ;H), dzf

dt ∈ L
2(0, T ;V ′) verifying

dzf

dt
(t) +A(t)zf (t) = f(t) a.e. on ]0, T [, zf (0) = 0.

Obviously zu = zh + zf , zh does not depend on u, so it is sufficient to
prove that the correspondence f 7→ zf is a linear continuous operator from
L2(0, T ;V ′) to L2(0, T ;V ), and from L2(0, T ;V ′) to C(0, T ;H).

Note that the function t 7→ z̃(t) := e−αtzf (t) verifies the Cauchy problem
dz̃

dt
(t)+(A(t)+αI)z̃(t) = e−αtf(t), z̃(0) = 0, and Ã(t) := A(t)+αI verifies

for all v ∈ V and t ∈]0, T [, (Ã(t)v | v) ≥ ω‖v‖2, so we can assume without
loss of generality that α = 0 in (6).

Then we have for a.e. t ∈]0, T [

d

dt
|zf (t)|2 = 2

(
dzf (t)
dt

|zf (t)

)
= 2(−A(t)zf (t) + f(t) | zf (t))
≤ −2ω‖zf (t)‖2 + 2(f(t) | zf (t)).

Since zf ∈ C(0, T ;H), we obtain for all t ∈ [0, T ] that

|zf (t)|2 + 2ω
∫ t

0
‖zf (s)‖2ds ≤ 2

∫ t

0
(f(s) | zf (s))ds.

Since
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2
∫ t

0
(f(s) | zf (s))ds ≤ 2

(∫ t

0
‖f(s)‖2∗ds

)1/2 (∫ t

0
‖zf (s)‖2ds

)1/2

≤ 1
ω
‖f‖2L2(0,T,V ′) + ω

∫ t

0
‖zf (s)‖2ds,

we obtain finally that

max
{
‖zf‖2C(0,T ;H), ω‖z

f‖2L2(0,T ;V )

}
≤ 1
ω
‖f‖2L2(0,T,V ′)

and the conclusions follow immediately. 4

Proposition 1 Let us define for all u ∈ L2(0, T ;U) and i = 0, 1, . . . , p

Ĵi(u) := Ji(zu, u), (16)

where the map u 7→ zu has been introduced in Lemma 1. Then the function
Ĵi : L2(0, T ;U)→ R ∪ {+∞} is lower semicontinuous.

Proof. Fix i ∈ {0, 1, . . . , p}. By (7) we obtain as in ([2], Example 2
page 14) that the functional ]0, T [×L2(0, T ;V ) × L2(0, T ;U) 3 (z, u) 7→∫ T

0 Li(t, z(t), u(t))dt ∈ R ∪ {+∞} is lower semicontinuous. Then, according
to Lemma 1, by composition with the continuous map u 7→ zu, we obtain
that u 7→

∫ T
0 Li(t, zu(t), u(t))dt is lower semicontinuous from L2(0, T ;U) to

R∪{+∞}. Also, the functional u 7→ li(zu(T )) is lower semicontinuous from
L2(0, T ;U) to R ∪ {+∞}, since, by Lemma 1, for each fixed t ∈ [0, T ], we
obtain easily that the map u 7→ zu(t) is continuous from L2(0, T ;U) to H.
4

4 Main results

Consider the set

Uad := {u ∈ L2(0, T ;U) | u(t) ∈ U a.e. on ]0, T [, zu(T ) ∈ ZT }. (17)

The set Uad is closed and convex in L2(0, T ;U). Indeed, since U and ZT
are convex, and u 7→ zu is affine, we obtain that Uad is convex. On the other
hand, since U is closed in U , and ZT is closed in H, using Fischer-Riesz



Multiobjective parabolic system 23

theorem and the fact that u 7→ zu(T ) is continuous from L2(0, T ;U) to H
according to Lemma 1, it is easy to see that Uad is closed in L2(0, T ;U).

From now on we will assume that

(A) Uad 6= ∅.

(B) the functionals Ĵi take finite values on Uad, i = 1, 2, . . . , p.

Now, according to Proposition 1, our problem (PPOPC) can be written
equivalently as

min Ĵ0(u) s.t. (18)

u is a (weakly or properly) Pareto solution to

MINRp
+

[Ĵ1(u), . . . , Ĵp(u)] s.t. u ∈ Uad. (19)

Let us consider the map Ĵ = (Ĵ1, . . . , Ĵp) : Uad → Rp. The following
result is known as “scalarization theorem” (see e.g. [28, 30, 31]), and allows
to replace a convex multiobjective minimization problem with a family of
scalar convex minimization problem.

Theorem 1 Let ũ ∈ Uad. Then ũ is a weakly (resp. properly) Pareto solu-
tion to problem (19) if, and only if, there exists θ = (θ1, . . . , θp) ∈ Rp

+ \ {0}
(resp. θ ∈ Rp

++) such that ũ is a minimizer of the functional

Uad 3 u 7→ 〈θ, Ĵ(u)〉 =
p∑
i=1

θiĴi(u) (20)

over Uad.

Let the symbol σ stands for “weak” (σ = w) or “proper” (σ = p). Denote

Θσ =


Rp

+ \ {0} if σ = w

Rp
++ if σ = p

Then the scalarization theorem can be written as

σ-ARGMIN
u∈Uad

Rp
+
Ĵ(u) =

⋃
θ∈Θσ

argmin
u∈Uad

〈θ, Ĵ(u)〉, (21)

where the left hand side stands for the σ-Pareto set associated with problem
(19), and σ ∈ {w, p}.



24 Henri Bonnel

4.1 Necessary optimality conditions

In this subsection necessary optimality conditions in a general setting are
presented. To do this we need some results from set-valued analysis , and
for reader’s convenience we will recall briefly some basic facts and notations.

Let X , Y be real Banach spaces and let F : X → 2Y be a set-valued map,
A ⊆ X and B ⊆ Y. Denote

dom F = {x ∈ X | F (x) 6= ∅}, Gr (F ) = {(x, y) ∈ X × Y| y ∈ F (x)},

F (A) =
⋃
x∈A

F (x) F−(B) = {x ∈ X | F (x) ∩B 6= ∅}.

The contingent cone T (A, x) of the set A at the point x ∈ A is the set of
the elements h ∈ X such that there exists a sequence (xn)n≥1 of elements of
A and a sequence (tn)n≥1 of positive real numbers such that

x = limxn and h = lim tn(xn − x).

The contingent derivative DF (x0, y0) : X → 2Y of F at (x0, y0) ∈
Gr (F ) is defined by

Gr (DF (x0, y0)) = T (Gr (F ), (x0, y0)).

This is equivalent to say that, for each x ∈ X , y ∈ DF (x0, y0)(x)⇐⇒

∃tn > 0, (xn, yn) ∈ Gr (F ) : lim(xn, yn) = (x0, y0)

and (x, y) = lim tn(xn − x0, yn − y0).

Now we go back to our problem. Let Pσ : Rp → 2L
2(0,T ;U) be the set-

valued map given by

Pσ(θ) :=

 argmin
u∈Uad

〈θ, Ĵ(u)〉 if θ ∈ Θσ

∅ if θ ∈ Rp \Θσ.

It is obvious that Pσ has convex closed values which are subsets of Uad.
Moreover (21) can be written as

σ-ARGMIN
u∈Uad

Rp
+
Ĵ(u) = Pσ(Θσ). (22)
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Consider the following scalar set-valued minimization problem

(SSVMσ) min
θ∈Θσ

Ĵ0 ◦ Pσ(θ).

Recall that a solution to this problem is an element (θ̃, ỹ) ∈ Gr (Ĵ0 ◦Pσ) such
that

ỹ = min(Ĵ0 ◦ Pσ)(Θσ).

The following two results have been obtained in [6]

Proposition 2 Problem (18-19) is equivalent to problem (SSVMσ) in the
following sense

If ũ solves (18-19), then P−σ ({ũ}) 6= ∅, and for each θ̃ ∈ P−σ ({ũ}) we
have that (θ̃, Ĵ0(ũ)) is a solution to problem (SSVMσ).

Conversely, if (θ̃, ỹ) is a solution to problem (SSVMσ), then there exists
ũ ∈ Pσ(θ̃) such that ũ solves problem (18-19) and ỹ = Ĵ0(ũ).

Theorem 2 (Necessary optimality conditions) Suppose that Ĵ0 is
Fréchet differentiable on an open set containing Uad. Let ũ solve problem
(18-19). Then P−σ (ũ) 6= ∅, and for each θ̃ ∈ P−σ (ũ)

∀θ ∈ Rp ∇Ĵ0(ũ) ·DPσ(θ̃, ũ)(θ) ⊂ [0,+∞[ (23)

where ∇Ĵ0(ũ) stands for the Fréchet derivative of Ĵ0 at the point ũ.

Remark 1 If we identify L2(0, T ;U) to its dual by Riesz canonical isomor-
phism, we can consider ∇Ĵ0(ũ) ∈ L2(0, T ;U), and then (23) can be restated
as

∀θ ∈ Rp, ∀u ∈ DPσ(θ̃, ũ)(θ) 〈∇Ĵ0(ũ), u〉L2(0,T ;U) ≥ 0. (24)

We end up this subsection with an existence result for the scalarized
problem. Consider the following coercivity hypothesis

(CHσ) for all i ∈ {1, . . . , p}, li is bounded from below, and in relation
(7) we have

βi = 0 and

{
γi > 0 if σ = w
γi ≥ 0,

∑p
j=1 γj > 0 if σ = p.
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Theorem 3 Let σ ∈ {w, p}. Suppose that at least one of the following
assumptions is fulfilled

(i) (CHσ)

(ii) The set U is bounded in U .

Then
dom (Pσ) = Θσ,

in other words, for each θ ∈ Θσ, the scalarized problem min
u∈Uad

〈θ, Ĵ(u)〉 admits

at least a solution.

Proof. It is obvious that for each θ ∈ Θσ the functional u 7→ 〈θ, Ĵ(u)〉 is
convex, finite valued and lower semicontinuous on the closed convex set Uad,
hence lower semicontinuous for the weak topology of L2(0, T ;U). On the
other hand if (CHσ) holds then 〈θ, Ĵ(·)〉 is coercive and the conclusion is a
well known result. If U is bounded in U , then it is easy to see that Uad is
bounded in L2(0, T ;U), hence weakly compact, and the conclusion follows
from Weierstrass’ Theorem. 4

4.2 The case when Pσ is single valued

We will make the following assumption to ensure the strict convexity of the
functional 〈θ, Ĵ0(·)〉

(SCσ)


∀i ∈ {1, . . . , p} Li is strictly convex if σ = w

∃i ∈ {1, . . . , p} | Li is strictly convex if σ = p.

Then we can state the following result.

Theorem 4 (Existence and uniqueness for the scalarized prob-
lem) Let σ ∈ {w, p}. Under the hypotheses of Theorem 3 and (SCσ), for
any θ ∈ Θσ there exists a unique minimizer of 〈θ, Ĵ(·)〉 over Uad denoted
from now on ũ(θ).

Conversely, for each σ-Pareto solution to problem (19)
u ∈ σ-ARGMIN

u∈Uad
Rp

+
Ĵ(u) there exists at least an element θ ∈ Θσ such that

u = ũ(θ).
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Proof. The existence of ũ(θ) follows from Theorem 3 and the uniqueness
follows from (SCσ) which ensures the strict convexity of 〈θ, Ĵ(·)〉.

The last part follows from Theorem 1. 4
Thus we obtain immediately the following:

Corollary 1 Under the hypotheses of Theorem 4 the map Pσ is single valued

∀θ ∈ Θσ Pσ(θ) = {ũ(θ)}

and establishes a surjection from Θσ to σ-ARGMIN
u∈Uad

Rp
+
Ĵ(u).

From now on we will keep the hypotheses of Theorem 4.
Consider the function J̃0 : Θσ → R given for all θ ∈ Θσ by

J̃0(θ) := Ĵ0(ũ(θ)). (25)

It is clear that our problem (PPOCP ) is equivalent to the following finite
dimensional scalar minimization problem

(SMFD) min
θ∈Θσ

J̃0(θ)

in the sense that

(z, u) is a solution to (PPOCP ) if, and only if, there exists a solution θ
to (SMFC) such that u = ũ(θ) and z = zu.

Thus the main practical problem is to be able to find in closed form, (or
at least to have the maximum of information about) the map θ 7→ ũ(θ).

In the general setting we can apply Pontryagin maximum principle for the
control problem having the scalar objective (z, u)7→〈θ, (J1(z, u), . . . , Jp(z, u))〉
and satisfying (2, 3, 4, 5) as e.g. in [3], but this approach will be very dif-
ficult for applications, and could be the subject of a subsequent paper. We
will restrain our study here to a particular but important case of the linear-
quadratic multi-objective control problem in Hilbert spaces.

4.3 The case of a linear-quadratic multi-objective parabolic
control system

In this section we consider the particular case when, U = U , ZT = H, and
for all i = 1, . . . , p,
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li = 0, ∀(t, v, u) ∈]0, T [×V×U , Li(t, v, u) = ‖Ci(t)(v−zd(t))‖2W+〈Ri(t)u, u〉,

where W is a real Hilbert space, and for all t ∈]0, T ], Ci(t) ∈ L(V,W ),
Ri(t) ∈ L(U ,U), is a symmetric positive operator. zd ∈ L2(0, T ;V ) is the de-
sired state. Moreover, we suppose that t 7→ 〈Ci(t)v, w〉W , t 7→ 〈Ri(t)u1, u2〉U ,
are measurable for all v ∈ V,w ∈ W,u1, u2 ∈ U , and ‖Ci(t)‖L(V,W ) ≤
c, ‖Ri(t)‖L(U ,U) ≤ c for all t ∈]0, T [.

Hence, hereafter for all i = 1, . . . , p,

Ji(z, u) =
∫ T

0
(‖Ci(t)(zu(t)− zd(t))‖2W + 〈Ri(t)u(t), u(t)〉U )dt,

and problem (MOCCOP) becomes (MOLQP)

MINRp
+

(∫ T

0
(‖Ci(t)(zu(t)− zd(t))‖2W + 〈Ri(t)u(t), u(t)〉U )dt

)
1≤i≤p

s.t.

dz

dt
(t) +A(t)z(t) = B(t)u(t) a.e. on ]0, T [

z(0) = z0 ∈ H

All the hypotheses about the families (A(t))t∈]0,T and (B(t))t∈]0,T are kept
in this section.

Moreover, we will make the following assumption (HLQ)


∀i ∈ [1, p] ∃αi > 0 ∀u ∈ U , ∀t ∈]0, T [ 〈Ri(t)u, u〉 ≥ αi‖u‖2U if σ = w.

∃i ∈ [1, p] ∃αi > 0 ∀u ∈ U , ∀t ∈]0, T [ 〈Ri(t)u, u〉 ≥ αi‖u‖2U if σ = p.

Notice that the adjoint of A∗(t) of A(t) will be considered for all t ∈]0, T [
as A∗(t) ∈ L(V, V ′) given by

∀v, z ∈ V (A(t)v | z) = (A∗(t)z| v).
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Also, thanks to Riesz’ theorem, we will consider for all t ∈]0, T [, B∗(t) ∈
L(V,U) given by3

∀(u, v) ∈ U × V (B(t)u | v) = 〈u,B∗(t)v〉U ,

and C∗i (t) ∈ L(W,V ) given by

∀(v, w) ∈ V ×W 〈Ci(t)v, w〉W = 〈v, C∗i (t)w〉V .

Let θ = (θ1, . . . , θp) ∈ Θσ. We have for all u ∈ L2(0, T ;U),

〈θ, Ĵ(u)〉 =
p∑
i=1

θi

∫ T

0
(‖Ci(t)(zu(t)− zd(t))‖2W + 〈Ri(t)u(t), u(t)〉U )dt

=
∫ T

0

(
〈D(θ)(t)zu(t), zu(t)〉V − 2〈D(θ)zd(t), zu(t)〉V

+〈R(θ)(t)u(t), u(t)〉U
)
dt+ c0(θ),

where

D(θ) :=
p∑
i=1

θiC
∗
i Ci ∈ L(V, V ), R(θ) :=

p∑
i=1

θiRi, (26)

c0(θ) =
∫ T

0
〈D(θ)zd(t), zd(t)〉dt.

It is obvious that the hypotheses of Theorems 3 and 4 are fulfilled, hence
for each θ ∈ Θσ, there exists a unique minimizer ũ(θ) of 〈θ, Ĵ(·)〉 over Uad =
U .

Proposition 3 The map Θw 3 θ 7→ ũ(θ) ∈ L2(0, T ;U) is indefinitely
Fréchet differentiable on Θp = int (Θw).

Proof. Denote J(θ, u) = 〈θ, Ĵ(u)〉, thus J : Θw × L2(0, T ;U → R,
and, using Lemma 1 it is easy to see that we can write

J(θ, u) =
1
2
〈N(θ)u, u〉L2(0,T ;U) − 〈l(θ), u〉L2(0,T ;U) + k0(θ),

3In general, if we do not identify a Hilbert space with its dual, the adjoint of B(t)
is the operator B∗(t) ∈ L(V ′,U ′) which verifies 〈B(t)u, , v′〉V V ′ = 〈u, B∗(t)v′〉UU′ for all
u ∈ U , v′ ∈ V ′. Thus, if we denote by IV : V → V ′ the canonical isomorphism given by
Riesz’ theorem, in order to simplify notations, we denote in fact by B∗(t) the operator
I−1
U B∗(t)IV .
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where N(θ) ∈ L(L2(0, T ;U), L2(0, T ;U)) is a selfadjoint operator such that
there is some β > 0 independent of θ verifying 〈N(θ)u, u〉L2(0,T ;U) ≥
β‖u‖2L2(0,T,U for all u, l(θ) ∈ L2(0, T ;U) and k0(θ) ∈ R are independent
of u. Moreover the maps θ 7→ N(θ), θ 7→ l(θ), θ 7→ k0(θ) are (restrictions
to Θw of) linear maps, more precisely

N(θ) =
p∑
i=1

θiNi, l(θ) =
p∑
i=1

θili,

where Ni are selfadjoints and positive, and li ∈ L2(0, T ;U), i = 1, . . . , p.
Thus it is obvious that J is C∞ and its Fréchet derivative (gradient) with
respect to u is given by

∂J

∂u
(θ, u) = N(θ)u− l(θ),

identifying L2(0, T ;U) with its dual thanks to Riesz’ theorem. Fermat’s rule
implies that for all θ ∈ Θp we mast have

N(θ)ũ(θ) = l(θ),

hence
ũ(θ) = N−1(θ)l(θ). (27)

The RHS term is well defined and the map θ 7→ N−1(θ)l(θ) is C∞ on
Θp. Moreover, for each θ ∈ Θp, the partial derivative of ũ at θ is given by

∂ũ

∂θi
(θ) = −N−1(θ)NiN

−1(θ)l(θ) +N−1(θ)li, i = 1, . . . , p. (28)

4

Remark 2 The last result has only a theoretical value because it is a com-
plicated task to give an explicit expression as function of data in (27, 28).
That is why we will briefly present other ways to find ũ(θ).

4.4 The adjoint system

We can characterize ũ(θ) coupling the initial evolution equation with the
adjoint equation (see e.g. [29]). Let θ ∈ Θσ be fixed. Then ũ(θ) is given by

ũ(θ)(t) = −R−1(θ)B∗(t)p(t) a.e. on ]0, T [, (29)
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where p ∈ W (0, T ) := {p ∈ L2(0, T ;V ) | dp
dt ∈ L2(0, T ;V ′)} verifies the

following system (limit problem)

dz

dt
(t) +A(t)z(t) = −B(t)R−1(θ)B∗(t)p(t) a.e. on ]0, T [

−dp
dt

(t) +A∗(t)p(t) = D(θ)(z(t)− zd(t)) a.e. on ]0, T [

zu(0) = z0, p(T ) = 0.

(30)

4.5 Riccati equation

Consider for a fixed θ ∈ Θσ the following formal backward Cauchy problem
in the operator space L(H,H)


−dP
dt

+ PA+A∗P + PBR(θ)−1B∗P = D(θ) in ]0, T [

P (T ) = 0,

(31)

as well as the backward Cauchy problem in L2(0, T ;H)
−dr
dt

+A∗r + PBR−1(θ)B∗r = −D(θ) in ]0, T [

r(T ) = 0.

(32)

The precise meaning of these problems can be found in [29]. Thus, we
have (see [29])

p(t) = P (t)z(t) + r(t) ∀t ∈]0, T [, (33)

where z and p verify (30). Of course we will obtain ũ(θ) as a feedback of the
state replacing the value of p given by (33) in (29). But for us the problem
is to find also the optimal value of θ! To do this it could be possible to
express ũ and zũ in closed form as functions of θ if we are able to solve a
linear differential equation in the product operator space L(H,H)×L(H,H)
generalizing some ideas from [17] to infinite dimensional case, but this will
be the object of a subsequent paper.
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Abstract

We consider a Cauchy problem for a fractional semilinear differen-
tial inclusions involving Caputo’s fractional derivative in non separable
Banach spaces under Filippov type assumptions and we prove the ex-
istence of solutions.
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1 Introduction

Differential equations with fractional order have recently proved to be strong
tools in the modelling of many physical phenomena. As a consequence there
was an intensive development of the theory of differential equations of frac-
tional order ([20, 22, 24] etc.). The study of fractional differential inclusions
was initiated by El-Sayed and Ibrahim ([17]). Very recently several qualita-
tive results for fractional differential inclusions were obtained in [1, 3, 7-11,
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13, 23] etc.. Applied problems require definitions of fractional derivative al-
lowing the utilization of physically interpretable initial conditions. Caputo’s
fractional derivative, originally introduced in [5] and afterwards adopted in
the theory of linear visco elasticity, satisfies this demand. For a consistent
bibliography on this topic, historical remarks and examples we refer to [1].

The study of theory of abstract differential equations with fractional
derivatives in infinite dimensional spaces is also very recent. The main prob-
lem consists in how to introduce new concepts of mild solutions. One of the
first paper on this topic is [16]. In [19] it is showed that several papers on
fractional differential equations in Banach spaces were incorrect and used an
approach to treat these equations based on the theory of resolvent opera-
tors for integral equations. A suitable definition of mild solutions based on
Laplace transform and probability density functions may be found in [25-28].

In this paper we study fractional semilinear differential inclusions of
the form

Dr
cx(t) ∈ Ax(t) + F (t, x(t)) t ∈ I, x(0) = x0 (1.1)

where I = [0, T ], X is a Banach space, A is the infinitesimal generator of
a strongly continuous semigroup {T (t), t ≥ 0}, F (., .) : I ×X → P(X) is a
set-valued map and Dr

c is the Caputo fractional derivative of order r ∈ (0, 1].
In our recent paper [12] it is shown that Filippov’s ideas ([18]) can be

suitably adapted in order to prove the existence of solutions to problem (1.1)
provided the Banach space X is separable.

De Blasi and Pianigiani ([15]) established the existence of mild solutions
for semilinear differential inclusions on an arbitrary, not necessarily separa-
ble, Banach space X. Even if the ideas of Filippov are still present, the ap-
proach in [15] has a fundamental difference which consists in the construction
of the measurable selections of the multifunction. This construction does not
use classical selection theorems as Kuratowsky and Ryll-Nardzewski ([21])
or Bressan and Colombo ([4]).

The aim of this note is to obtain an existence result for problem (1.1)
similar to the one in [15]. We will prove the existence of solutions for problem
(1.1) in an arbitrary space X under assumptions on F of Filippov type. Our
result may be interpreted as extension of the result in [15] to fractional
semilinear differential inclusions and as an extension of the result in [12] to
non separable Banach spaces.
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The paper is organized as follows: in Section 2 we present the notations,
definitions and the preliminary results to be used in the sequel and in Section
3 we prove the main result.

2 Preliminaries

Consider X an arbitrary real Banach space with norm |.| and with the cor-
responding metric d(., .). Let P(X) be the space of all bounded nonempty
subsets of X endowed with the Pompeiu-Hausdorff pseudometric

dH(A,B) = max{d∗(A,B),d∗(B,A)}, d∗(A,B) = sup
a∈A

d(a,B),

where d(x,A) = infa∈A |x− a|, A ⊂ X,x ∈ X.
Let L be the σ-algebra of the (Lebesgue) measurable subsets of R and,

for A ∈ L, let µ(A) be the Lebesgue measure of A.
Let X be a Banach space and Y be a metric space. An open (resp.

closed) ball in Y with center y and radius r is denoted by BY (y, r) (resp.
BY (y, r). In what follows B = BX(0, 1).

A multifunction F : Y → P(X) with closed bounded nonempty values
is said to be dH -continuous at y0 ∈ Y if for every ε > 0 there exists δ > 0
such that for any y ∈ BY (y0, r) we have dH(F (y), F (y0)) ≤ ε. F is called
dH -continuous if it is so at each point y0 ∈ Y .

Let A ∈ L, with µ(A) <∞. A multifunction F : Y → P(X) with closed
bounded nonempty values is said to be Lusin measurable if for every ε > 0
there exists a compact set Kε ⊂ A, with µ(A\Kε) < ε such that F restricted
to Kε is dH -continuous.

It is clear that if F,G : A → P(X) and f : A → X are Lusin mea-
surable then so are F restricted to B (B ⊂ A measurable), F + G and
t → d(f(t), F (t)). Moreover, the uniform limit of a sequence of Lusin mea-
surable multifunctions is also Lusin measurable.

We recall next the following definitions. For more details, we refer to
[20].

Definition 2.1. a) The fractional integral of order r > 0 of a Lebesgue
integrable function f : (0,∞)→ R is defined by

Irf(t) =
∫ t

0

(t− s)α−1

Γ(r)
f(s)ds, t > 0, r > 0
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provided the right-hand side is pointwise defined on (0,∞) and Γ(.) is the
(Euler’s) Gamma function defined by Γ(α) =

∫∞
0 tα−1e−tdt.

b) The Riemann-Liouville derivative of order r of f(.) ∈ L1(I,R) is
defined by

Dr
Lf(t) =

1
Γ(n− r)

dn

dtn

∫ t

0

f(s)
(t− s)r+1−nds, t > 0, n− 1 < r < n.

c) The Caputo fractional derivative of order r of f(.) ∈ L1(I,R) is defined
by

Dr
cf(t) = Dr

L(f(t)−
n−1∑
k=0

tk

k!
f (k)(0)) t > 0, n− 1 < r < n.

Remark 2.2. a) If f(.) ∈ Cn([0,∞),R) then Dr
cf(t) = In−rf (n)(t),

t > 0, n− 1 < r < n.
b) The Caputo derivative of a constant is equal to zero.
c) If f : I → X, with X a Banach space, then integrals which appears in

Definition 2.1 are taken in Bochner’s sense.

Let denote by I the interval [0, T ], T > 0, consider F : I ×X → P(X)
a set-valued map and x0 ∈ X. Consider A : D(A) → X the infinitesimal
generator of a strongly continuous semigroup {T (t), t ≥ 0} and let M ≥ 0
be such that supt∈I |T (t)| ≤M .

Definition 2.3. A continuous function x(.) ∈ C(I,X) is called a mild
solution of problem (1.1) if there exists a (Bochner) integrable function f(.) ∈
L1(I,X) such that f(t) ∈ F (t, x(t)) a.e. (I) and

x(t) = S1(t)x0 +
∫ t

0
(t− u)r−1S2(t− u)f(u)du ∀t ∈ I, (2.1)

where

S1(t) =
∫ ∞

0
ξr(θ)T (trθ)dθ, S2(t) = r

∫ ∞
0

θξr(θ)T (trθ)dθ,

ξr(θ) =
1
r
θ−1− 1

rωr(θ−
1
r ) ≥ 0,

ωr(θ) =
1
π

∞∑
n=1

(−1)n−1θ−rn−1 Γ(nr + 1)
n!

sin(nπr), θ > 0
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and ξr is a probability density function defined on (0,∞), i.e. ξr(θ) ≥ 0,
θ ∈ (0,∞) and

∫∞
0 ξr(θ)dθ = 1.

We shall call (x(.), f(.)) a trajectory-selection pair of (1.1).
The results summarized in the next lemmas will be used in the proof of

our main results.

Lemma 2.4. ([27,28]) a) For any fixed t ≥ 0, S1(t) and S2(t) are linear
and bounded operators, i.e. for any x ∈ X

|S1(t)x| ≤M |x|, |S2(t)x| ≤ M

Γ(r)
|x|.

b){S1(t), t ≥ 0} and {S2(t), t ≥ 0} are strongly continuous.
c) If T (t), t ≥ 0 is compact, then S1(t), t ≥ 0 and S2(t), t ≥ 0 are also

compact operators.

In what follows X is a real Banach space and we assume the following
hypotheses.

Hypothesis 2.5. i) F (., .) : I×X → P(X) has nonempty closed bounded
values and for any x ∈ X F (., x) is Lusin measurable on I.

ii) There exists l(.) ∈ L1(I, (0,∞)) with L := supt∈I Irl(t) < +∞ such
that, ∀t ∈ I

dH(F (t, x1), F (t, x2)) ≤ l(t)|x1 − x2|, ∀ x1, x2 ∈ X.

iii) There exists q(.) ∈ L1(I, (0,∞)) with Q := supt∈I Irq(t) < +∞ such that
∀t ∈ I we have

F (t, 0) ⊂ q(t)B.

Lemma 2.6. ([15]) i) Let Fi : I → P(X), i=1,2 be two Lusin measurable
multifunctions and let εi > 0, i=1,2 be such that

H(t) := (F1(t) + ε1B) ∩ (F2(t) + ε2B) 6= ∅, ∀t ∈ I.

Then the multifunction H : I → P(X) has a Lusin measurable selection
h : I → X.

ii) Assume that Hypothesis 2.5 is satisfied. Then for any x(.) : I → X
continuous, u(.) : I → X measurable and ε > 0 we have

a) the multifunction t→ F (t, x(t)) is Lusin measurable on I.
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b) the multifunction G : I → P(X) defined by

G(t) := (F (t, x(t)) + εB) ∩BX(u(t), d(u(t), F (t, x(t))) + ε)

has a Lusin measurable selection g : I → X.

3 The main results

We are ready now to prove our main result.

Theorem 3.1. Consider A the infinitesimal generator of a strongly
continuous semigroup {T (t), t ≥ 0} on a Banach space X such that there
exists a constant M ≥ 1 with supt∈I |T (t)| ≤M . We assume that Hypothesis
2.5 is satisfied and ML < 1.

Then, for every x0 ∈ X the problem (1.1) has a solution x(.) : I → X.

Proof. Let 0 < ε < 1, εn = ε
2n+2 and f0(.) : I → X, f0(t) ≡ 0 and

define

x0(t) = S1(t)x0 +
∫ t

0
(t− s)r−1S2(t− s)f0(s)ds = S1(t)x0, ∀t ∈ I

Since x0(.) is continuous, by Lemma 2.6 ii) there exists a Lusin measur-
able function f1(.) : I → X satisfying, for t ∈ I,

f1(t) ∈ (F (t, x0(t)) + ε1B) ∩B(f0(t), d(f0(t), F (t, x0(t))) + ε1)

Obviously, f1(.) is Bochner integrable on I. Define x1(.) : I → X by

x1(t) = S1(t)x0 +
∫ t

0
(t− s)r−1S2(t− s)f1(s)ds, ∀t ∈ I

By induction, we construct a sequence xn : I → X, n ≥ 2 given by

xn(t) = S1(t)x0 +
∫ t

0
(t− s)r−1S2(t− s)fn(s)ds, ∀t ∈ I, (3.1)

where fn(.) : I → X a Lusin measurable function satisfying, for t ∈ I,

fn(t) ∈ (F (t, xn−1(t)) + εnB) ∩B(fn−1(t),d(fn−1(t), F (t, xn−1(t))) + εn).
(3.2)
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From (3.2), for n ≥ 2, and t ∈ I we obtain

|fn(t)−fn−1(t)| ≤ d(fn−1(t), F (t, xn−1(t)))+εn ≤ d(fn−1(t), F (t, xn−2(t)))+

dH(F (t, xn−2(t)), F (t, xn−1(t))) + εn ≤ εn−1 + l(t)|xn−1(t)− xn−2(t)|+ εn.

Since εn−1 + εn < εn−2 we deduce, for n ≥ 2, that

|fn(t)− fn−1(t)| ≤ εn−2 + l(t)|xn−1(t)− xn−2(t)|. (3.3)

Denote p0(t) := d(f0(t), F (t, x0(t))) = d(0, F (t, x0(t))), t ∈ I. One has

p0(t) ≤ d(0, F (t, 0)) + dH(F (t, 0), F (t, x0(t))) ≤
≤ q(t) + l(t)|x0(t)| ≤ q(t) +Ml(t)|x0|.

Therefore

Irp0(t) =
1

Γ(r)

∫ t

0
(t− s)r−1p0(s)ds ≤ Q+ML|x0|.

Denote k = Q+ML|x0|+ T r

Γ(r+1)ε

Next we prove, by recurrence, that, for n ≥ 2 and t ∈ I we have

|xn(t)− xn−1(t)| ≤ T r

Γ(r + 1)

n−2∑
j=0

εn−2−jM
j+1Lj +MnLn−1k (3.4)

We start with n = 2. In view of (3.1), (3.2) and (3.3), for t ∈ I, one has

|x2(t)− x1(t)| ≤
∫ t

0
(t− s)r−1|S2(t− s)(f2(s)− f1(s))|ds ≤

≤ M

Γ(r)

∫ t

0
(t− s)r−1|f2(s)− f1(s)|ds ≤ M

Γ(r)

∫ t

0
(t− s)r−1[ε0+

l(s)|x1(s)− x0(s)|]ds ≤ MT r

Γ(r + 1)
ε0 +

M

Γ(r)

∫ t

0
(t− s)r−1l(s)|x1(s)− x0(s)|ds

≤ MT r

Γ(r + 1)
ε0 +

M2

(Γ(r))2

∫ t

0
(t− s)r−1l(s)(

∫ s

0
(s− u)r−1|f1(u)− f0(u)|du)ds

≤ MT r

Γ(r + 1)
ε0 +

M2

(Γ(r))2

∫ t

0
(t− s)r−1l(s)(

∫ s

0
(s− u)r−1[p0(u) + ε1]du)ds
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≤ MT r

Γ(r + 1)
ε0 +M2Lk,

i.e, (3.4) is verified for n = 2.
Using again (3.3) and (3.4) we have

|xn+1(t)− xn(t)| ≤ M

Γ(r)

∫ t

0
(t− s)r−1|fn+1(s)− fn(s)|ds ≤

≤ M

Γ(r)

∫ t

0
[εn−1 + l(s)|xn(s)− xn−1(s)|]ds ≤ MT r

Γ(r + 1)
εn−1+

M

Γ(r)

∫ t

0
(t− s)r−1l(s)|xn(s)− xn−1(s)|ds ≤ MT r

Γ(r + 1)
εn−1+

M

Γ(r)

∫ t

0
(t− s)r−1l(s)[

T r

Γ(r + 1)

n−2∑
j=0

εn−2−jM
j+1Lj +MnLn−1k]ds

≤ MT r

Γ(r + 1)
εn−1 +

T r

Γ(r + 1)

n−2∑
j=0

εn−2−jM
j+2Lj+1 +Mn+1Lnk

=
T r

Γ(r + 1)

n−1∑
j=0

εn−2−jM
j+1Lj +Mn+1Lnk

and the statement (3.4) is true for n+ 1.
From (3.4) it follows that, for n ≥ 2 and t ∈ I one has

|xn(t)− xn−1(t)| ≤ an, (3.5)

where

an =
T r

Γ(r + 1)

n−2∑
j=0

εn−2−jM
j+1Lj +MnLn−1(Q+ML|x0|+

T r

Γ(r + 1)
ε).

Obviously, the series whose n-th term is an is convergent. So, from
(3.5) we have that xn(.) converges uniformly on I to a continuous function,
x(.) : I → X.

On the other hand, in view of (3.3) we have

|fn(t)− fn−1(t)| ≤ εn−2 + l(t)an−1, t ∈ I, n ≥ 3
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which implies that the sequence fn(.) converges to a Lusin measurable func-
tion f(.) : I → X.

One may write successively,

|
∫ t

0
(t− s)r−1S2(t− s)fn(s)ds−

∫ t

0
(t− s)r−1S2(t− s)f(s)ds| ≤

M

Γ(r)

∫ t

0
(t− s)r−1|fn(s)− f(s)|ds ≤ M

Γ(r)

∫ t

0
(t− s)r−1l(s)|xn−1(s)

−x(s)|ds ≤ M

Γ(r)
L|xn−1(.)− x(.)|C .

So, passing with n→∞ in (3.1) we obtain

x(t) = S1(t)x0 +
∫ t

0
(t− u)r−1S2(t− u)f(u)du ∀t ∈ I.

On the other hand, from (3.2) we get

fn(t) ∈ F (t, xn(t)) + εnB, t ∈ I, n ≥ 1

and letting n→∞ we have

f(t) ∈ F (t, x(t)), t ∈ I.

and the proof is complete.
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Abstract

The purpose of the paper is to present a design procedure of the
optimal filter for discrete-time stochastic linear system with periodic
coefficients simultaneously affected by a non-homogeneous but periodic
Markov chain and state multiplicative white noise perturbations. The
optimal filter minimizes a performance index described by the Cesaro
limit of the mean square of the deviations of the signal generated by
the filter from the values of the signal which must be estimated. It
is proved that the optimal filter with respect to the considered perfor-
mance criterion has a Luenberger observer form which gain depends on
the unique periodic solution of a discrete-time linear equation together
with the stabilizing solution of a suitable discrete-time Riccati type
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equation with periodic coefficients. The theoretical developments are
illustrated by a numerical example.

MSC: 93E15, 93E11, 93E20, 93C55

keywords: H2 optimal filtering, discrete-time, periodic coefficients, Marko-
vian switching, Riccati equations.

1 Introduction.

The estimation of a remote signal when measurements of another observed
signal are available is a classical problem. Usually, both the remote signal
and the measured signal are outputs of a dynamic system. In the case when
the two signals are linear combinations of the states of a dynamic linear
system, a significant advanced in the estimation problem was achieved by
the Kalman-Bucy filter [15, 16]. In this case both the system describing the
evolution of the states as well as the measured output are assumed to be cor-
rupted only by additive noise. Although the first applications of the Kalman
filtering were in aerospace domain, these techniques were rapidly dissemi-
nated in many other fields of engineering sciences, geophysics, economy and
finance. An important issue in the Kalman type filtering intensively investi-
gated over the last few decades is the influence of the modelling uncertainty
of the plant which generates the remote signal over the filtering performance.
It is a known fact that in the case of classical Kalman filters the performance
deteriorates in the presence of modelling errors. Among the papers devoted
to the robust filtering for systems subjected to parametric uncertainty one
mentions for example in [18] and its references. Besides the deterministic
representations of the model uncertainties there are many other cases when
the plant parameters variations can be described as random perturbations
of their nominal values. An important class of stochastic systems frequently
used to approximate such variations are the models with state dependent
noise (or multiplicative white noise). These stochastic systems have been
intensively studied over the last four decades and many useful theoretical
results including stability, robust design and optimal control are available
(see e.g. [19] and [9]).

The filtering problem for discrete-time linear stochastic systems with
multiplicative white noise perturbations attracted a great deal of interest in
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the past decades under different assumptions and performance criteria. So,
in [3, 4] was considered the case when the multiplicative noises affect only
the measured output of the plant, while, in [2] was investigated the case
when the multiplicative noises affect only the state equations. In [5, 20, 6]
the estimation problem was considered for a wider class of linear stochastic
systems. We refer to linear stochastic systems with Markovian jumping
of the coefficients and affected by multiplicative and additive white noise
perturbations.

Lately, there is an increasing interest regarding the various control prob-
lems for time varying systems with periodic coefficients. A convincing mo-
tivation concerning the arising of the mathematical models described by
equations with periodic coefficients together with a rich list of references re-
lated to this topic, may be found in the monographs [1, 11, 12]. It is worth
mentioning that unlike the general time varying context, in the case of con-
trolled systems with periodic coefficients, the derived algorithms for different
control problems may be implemented due to the finite memory required by
the numerical computations.

The goal of this paper is to extend the results proved in Chapter 12 of
[1] to the case of systems having the state space representation described by
systems of discrete-time stochastic equations with periodic coefficients simul-
taneously affected by multiplicative and additive white noise perturbations
and Markovian switching. It is known, see for example [10], that in the case
of this kind of stochastic systems the Kalman filter constructed based on
the stabilizing solution of corresponding Riccati type equation of stochastic
control is not implementable because its state space representation contains
multiplicative white noise.

In our approach the class of admissible filters consists of all discrete-time
linear systems with periodic coefficients and Markovian switching having ar-
bitrary dimension of the state space. To measure the performance achieved
by an admissible filter, we introduced a performance index described by
the Cesaro limit of the mean square of the deviations of the signal gener-
ated by the filter from the values of the signal which must be estimated.
We show that the optimal filter with respect to the considered performance
criterion has in fact the structure of a Luenberger observer which gain is
constructed based on the unique periodic solution of a discrete-time linear
equation together with the stabilizing solution of a suitable discrete-time Ric-
cati type equation with periodic coefficients. Unlike the filters constructed
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via discrete-time Riccati equation of stochastic control, as in [10], the op-
timal filter derived in the present paper is implementable. The theoretical
developments are illustrated by a numerical example.

2 Problem formulation

Consider the system G having the state space representation described by:

G


x(t+ 1) =

[
A0(t, ηt) +

r∑
k=1

wk(t)Ak(t, ηt)
]
x(t) +B(t, ηt)v(t),

y(t) =
[
C0(t, ηt) +

r∑
k=1

wk(t)Ck(t, ηt)
]
x(t) +D(t, ηt)v(t),

z(t) = Cz(t, ηt)x(t).

(1)

t ∈ Z+ = {0, 1, 2, ...}, where x(t) ∈ Rn are the state vectors, y(t) ∈ Rny are
the measurements available at time t, while z(t) is the signal which must
be estimated. In (1) the sequence {ηt}t≥0 is a nonhomogeneous Markov
chain on a given probability space (Ω,F ,P) with the set of the states S =
{1, 2, ..., N} and the sequence of probability transition matrices {Pt}t ≥ 0
(for details regarding the nonhomogeneous Markov chains we refer to [7] or
[14]); {w(t)}t≥0 (w(t) = (w1(t), w2(t), ..., wr(t))T ), {v(t)}t≥0 are sequences
of independent random vectors satisfying the assumptions:

H1) E[w(t)] = 0, E[w(t)wT (t)] = Ir for all t ∈ Z+; the stochastic process
{w(t)}t≥0 is independent of the stochastic process {ηt}t≥0.

H2) E[v(t)] = 0, E[v(t)vT (t)] = Imv for all t ∈ Z+; the stochastic process
{v(t)}t≥0 is independent of {w(t), ηt}t≥0.

As usual E[·] stands for the mathematical expectation and superscript
T denotes the transposition of a matrix or a vector.

Regarding the coefficients of the system (1) we assume that the sequences
{Ak(t, i)}t≥0 ⊂ Rn×n, {Ck(t, i)}t≥0 ⊂ Rny×n, 0 ≤ k ≤ r, {B(t, i)}t≥0 ⊂
Rn×mv , {Cz(t, i)}t≥0 ⊂ Rnz×n, {D(t, i)}t≥0 ⊂ Rny×mv , are periodic with a
period θ ≥ 1. Throughout this paper, we also assume that the sequence
{Pt}t≥0 is periodic with period θ.

Our goal is to design a linear dynamic system (often called filter) fed to
its input with the measurements y(s), 0 ≤ s ≤ t, such that its output zF (t)
to be ”a best estimation” of z(t). The class of admissible filters considered
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in this paper consists of the family of linear systems GF of the form:

GF

{
xF (t+ 1) = AF (t, ηt)xF (t) +BF (t, ηt)y(t),
zF (t) = CF (t, ηt)xF (t).

(2)

with the properties:
α) the sequences {AF (t, i)}t∈Z+ ⊂ RnF×nF , {BF (t, i)}t∈Z+ ⊂ RnF×ny ,

{CF (t, i)}t∈Z+ ⊂ Rnz×nF are periodic with period θ.
β) the zero solution of the linear equation

xF (t+ 1) = AF (t, ηt)xF (t) (3)

is exponentially stable in mean square (ESMS).
Throughout this paper Fs stands for the set of all filters GF of arbitrary

dimension nF ≥ 1 of the state space, satisfying the conditions α) and β)
from above.

To measure the quality of the estimation achieved by an admissible filter
we introduce the performance index J : Fs → R+ defined by

J(GF ) = lim
τ→∞

1
τ

τ∑
t=0

E[|z(t)− zF (t)|2]. (4)

In Section 4 we shall provide a set of conditions which guarantee the ex-
istence of a filter G̃F ∈ Fs satisfying the optimality condition J(G̃F ) =
min

GF∈Fs
J(GF ).

Also, we shall provide a state space representation of the optimal filter
G̃F . In the special case of N = 1 (no Markovian jumps) and Ak(t, 1) = 0,
Ck(t, 1) = 0, 1 ≤ k ≤ r, t ∈ Z+, the optimal filter derived in this paper
recovers the one designed in [1]. It is worth mentioning that in our approach,
the class of admissible filters is wider than the one considered in [1], where,
only filters in state observer form were considered.

3 Computation of the performance of an admissi-
ble filter

When a filter GF is coupling to the system (1) one obtains the following
system on the space Rn × RnF :

xcl(t+ 1) =
[
A0cl(t, ηt) +

r∑
k=1

wk(t)Akcl(t, ηt)
]
xcl(t) +Bcl(t, ηt)v(t)

zcl(t) = z(t)− zF (t) = Ccl(t, ηt)xcl(t)
(5)
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where we denoted:

xcl(t) =
(
xT (t) xTF (t)

)T
, A0cl(t, i) =

(
A0(t, i) 0

BF (t, i)C0(t, i) AF (t, i)

)
,

Akcl(t, i) =
(

Ak(t, i) 0
BF (t, i)Ck(t, i) 0

)
, Bcl(t, i) =

(
B(t, i)

BF (t, i)D(t, i)

)
,

Ccl(t, i) =
(
Cz(t, i) −CF (t, i)

)
.

(6)

Consider the linear system

x(t+ 1) =

[
A0(t, ηt) +

r∑
k=1

wk(t)Ak(t, ηt)

]
x(t) (7)

obtained from (1) for B(t, i) = 0. Combining Corollary 3.9 (iii) with Theo-
rem 3.10 in [6] one obtains:

Corollary 3.1. If the zero solution of the linear system (7) is ESMS,
then for any admissible filter GF ∈ Fs the zero solution of the linear closed-
loop system

xcl(t+ 1) =

[
A0cl(t, ηt) +

r∑
k=1

wk(t)Akcl(t, ηt)

]
xcl(t) (8)

is ESMS.
Before stating the main result of this section, let us introduce the nota-

tion: Pt = P0 ·P1 · ... ·Pt−1, t ≥ 1. Since Pθ is a stochastic matrix, then the
following matrix is well defined by

Q(θ) = lim
τ→∞

1
τ

τ∑
k=0

Pk
θ . (9)

Throughout this paper, Sd stands for the linear space of real symmetric
matrices of size d × d. Set, SNd = Sd × Sd... × Sd. The space SNd equipped
with the inner product

< X,Y >=
N∑
j=1

Tr[X(j)Y (j)] (10)

is a Hilbert space.
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Based on the coefficients of the system (8), we introduce the linear op-
erators Lcl(t) : SNn+nF

→ SNn+nF
by Lcl(t)Y = (Lcl1(t)Y, ...,LclN (t)Y) with

Lcli(t)Y =
r∑

k=0

N∑
j=1

pt(j, i)Akcl(t, j)Y (j)ATkcl(t, j) (11)

for all Y = (Y (1), ..., Y (N)) ∈ SNn+nF
.

The main result of this section is:
Theorem 3.2. Under the considered assumptions, if the zero solution of

the discrete-time linear system (7) is ESMS, then, for each admissible filter
GF , the value of the performance index (4) is given by:

J(GF ) =
1
θ

θ−1∑
t=0

N∑
j=1

Tr[Ccl(t, j)Y π0
cl (t, j)CTcl(t, j)] (12)

where Yπ0
cl (t) = (Y π0

cl (t, 1), ..., Y π0
cl (t,N)) is the unique θ-periodic solution of

the following discrete-time forward affine equation:

Yπ0
cl (t+ 1) = Lcl(t)Yπ0

cl (t) + Bπ0
cl (t) (13)

Bπ0
cl (t) = (Bπ0

cl (t, 1), ...,Bπ0
cl (t,N)) with

Bπ0
cl (t, i) =

N∑
j=1

pt(j, i)µπ0
t (j)Bcl(t, j)BT

cl(t, j) (14)

1 ≤ i ≤ N , t ∈ Z+.
The scalars µπ0

t (j) involved in (14) are computed via

µπ0
t (j) =

N∑
l=1

π0(l)µt(l, j) (15)

µt(l, j) being the elements of the matrix

M(t) = Q(θ)Pt+1 (16)

t ∈ Z+, Q(θ) being the matrix introduced in (9) and π0 = (π0(1), ..., π0(N))
is the initial distribution of the Markov chain.
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Proof. First, let us remark that J(GF ) = lim
τ→∞

1
τ

τ∑
t=0

E[|Ccl(t, ηt)xcl(t)|2].

Applying Theorem 4.2 in [8], we obtain

J(GF ) =
1
θ

θ−1∑
t=0

N∑
l,j=1

pt(j, l)µπ0
t (j)Tr[BT

cl(t, j)X̃cl(t+ 1, l)Bcl(t, j)] (17)

where the scalars µπ0
t (j) are defined by (15)-(16) and

X̃cl(t) = (X̃cl(t, 1), ..., X̃cl(t,N))

is the unique θ-periodic solution of the following discrete-time backward
affine equation:

X̃cl(t) = L∗cl(t)X̃cl(t+ 1) + Ξcl(t) (18)

where Ξcl(t) = (CTcl(t, 1)Ccl(t, 1), ..., CTcl(t,N)Ccl(t,N)). In (18) L∗cl(t) is the
adjoint operator of (11) with respect to the inner product (10). Further,
combining (14) with (10), we may write successively:

N∑
j,l=1

pt(j, l)µπ0
t (j)Tr[BT

cl(t, j)X̃cl(t+ 1, l)Bcl(t, j)] =

=
N∑
l=1

Tr[X̃cl(t+ 1, l)Bπ0
cl (t, l)] =< X̃cl(t+ 1),Bπ0

cl (t) > . (19)

Based on the equations (13) and (18) we may write:

< X̃cl(t+ 1),Bπ0
cl (t) >=< X̃cl(t+ 1),Yπ0

cl (t+ 1) > −

− < X̃cl(t+ 1),Lcl(t)Yπ0
cl (t) >=< X̃cl(t+ 1),Yπ0

cl (t+ 1) > −

− < L∗cl(t)X̃cl(t+ 1),Yπ0
cl (t) >=< X̃cl(t+ 1),Yπ0

cl (t+ 1) > −

− < X̃cl(t),Yπ0
cl (t) > + < Ξcl(t), Y π0

cl (t) > .

So, (19) becomes:

N∑
j,l=1

pt(j, l)µπ0
t (j)Tr[BT

cl(t, j)X̃cl(t+ 1, l)Bcl(t, j)]

=< X̃cl(t+ 1), Ỹπ0
cl (t+ 1) > − < X̃cl(t), Ỹπ0

cl (t) > + < Ξcl(t),Yπ0
cl (t) >

(20)
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0 ≤ t ≤ θ − 1.
Plugging (20) in (17) and taking into account that X̃cl(·) and Yπ0

cl (·) are
θ-periodic sequences, we obtain:

J(GF ) =
1
θ

θ−1∑
t=0

< Ξcl(t), Ycl(t) > . (21)

Invoking again the formula of the inner product from (10) we deduce that
(21) coincides with (12). Thus the proof is complete.

From (12)-(15) one sees that the value of the performance J(GF ) de-
pends upon the initial distribution π0 of the Markov chain. Based on the
monotonicity property of the θ periodic solution of the Lyapunov type equa-
tions we may introduce a new performance criterion not depending upon the
initial distributions of the Markov chain. If 0 ≤ t ≤ θ− 1 and 1 ≤ j ≤ N we
define

νt(j) = max
1≤i≤N

µt(i, j). (22)

From (15) one obtains

µπ0
t (j) ≤ νt(j) (23)

for all 0 ≤ t ≤ θ − 1, 1 ≤ j ≤ N and for any initial distribution π0 of the
Markov chain.

Let Ỹcl(t) = (Ỹcl(t, 1), ..., Ỹcl(t,N)) be the unique θ periodic solution of
the discrete-time forward affine equation

Ycl(t+ 1) = Lcl(t)Ycl(t) + B̃cl(t) (24)

where B̃cl(t) = (B̃cl(t, 1), ..., B̃cl(t,N)) with

B̃cl(t, i) =
N∑
j=1

pt(j, i)ν̃t(j)Bcl(t, j)BT
cl(t, j). (25)

In (25) the scalars ν̃t(j), t ∈ Z are obtained from νt(j) by periodicity, i.e.
ν̃t(j) = νt−[ t

θ
]θ(j) for all t ∈ Z, where [ tθ ] is the largest integer, less or

equal with t
θ . If the zero solution of (7) is ESMS, then for each admissible

filter GF ∈ Fs, the corresponding equation (24) has a unique bounded on Z
solution {Ỹcl(t)}t∈Z. Additionally, this solution is θ periodic.
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Furthermore, if Yπ0
cl (t) = (Y π0

cl (t, 1), ..., Y π0
cl (t,N)) is the unique θ-periodic

solution of the discrete-time affine equation (13)-(16), we have

Y π0
cl (t, i) ≤ Ỹcl(t, i) (26)

for all (t, i) ∈ Z×S. We introduce the performance index

J̃(GF ) =
1
θ

θ−1∑
t=0

N∑
i=1

Tr[Ccl(t, i)Ỹcl(t, i)CTcl(t, i)]. (27)

From (12), (26) and (27) we deduce that

J(GF ) ≤ J̃(GF ) (28)

for all GF ∈ Fs. J̃(·) introduced via (27) does not depend upon the initial
distributions of the Markov chain. From (28), we deduce that the minimiza-
tion of the cost (27) may lead to an acceptable value of the cost (4).

4 Main result

In order to provide a unified approach of the optimization problems asking
for the designing of a filter GF ∈ Fs minimizing either the cost J(·) intro-
duced via (4) or the cost J̃(·) introduced in (27) we shall consider a new
performance criterion Jε : Fs → R+ defined by

Jε(GF ) =
1
θ

θ−1∑
t=0

N∑
i=1

Tr[Ccl(t, i)Y ε
cl(t, i)C

T
cl(t, i)] (29)

where Yε
cl(t) = (Y ε

cl(t, 1), ..., Y ε
cl(t,N)) is the unique θ-periodic solution of

the discrete-time forward affine equation

Yε
cl(t+ 1) = Lcl(t)Yε

cl(t) + Bε
cl(t), t ∈ Z (30)

where Bε
cl(t) = (Bεcl(t, 1), ...,Bεcl(t,N)) with

Bεcl(t, i) =
N∑
j=1

pt(j, i)εt(j)Bcl(t, j)BT
cl(t, j) (31)

{εt(j)}t∈Z, 1 ≤ j ≤ N are some given θ-periodic sequences of non-negative
real numbers. One sees that in the special case εt(j) = µπ0

t (j) we have
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Jε(GF ) = J(GF ) for all GF ∈ Fs while, if εt(j) = ν̃t(j) for all t, j ∈ Z×S,
then for any GF ∈ Fs we have Jε(GF ) = J̃(GF ).

Let us introduce the discrete-time forward affine equation on SNn :

Qc(t+ 1, i) =
N∑
j=1

pt(j, i)
{

r∑
k=0

Ak(t, j)Qc(t, j)ATk (t, j)

+εt(j)B(t, j)BT (t, j)
}
, 1 ≤ i ≤ N.

(32)

The equation (32) may be written in a compact form as:

Qc(t+ 1) = L(t)Qc(t) + Bε(t) (33)

where Qc(t) = (Qc(t, 1), ...., Qc(t,N)),

Bε(t)=

 N∑
j=1

pt(j, 1)εt(j)B(t, j)BT(t, j), ...,
N∑
j=1

pt(j,N)εt(j)B(t, j)BT (t, j)

(34)

and Lt : SNn → SNn is defined by L(t)X = (L1(t)X, ...,LN (t)X),

Li(t)X =
N∑
j=1

pt(j, i)
r∑

k=0

Ak(t, j)X(j)ATk (t, j) (35)

for all X = (X(1), ..., X(N)) ∈ SNn .
Combining Theorem 3.10 and Theorem 2.6 (ii) from [6], we obtain:
Corollary 4.1. Under the considered assumptions if the zero solution of

the discrete-time linear system (7) is ESMS, then the discrete-time forward
affine equation (32) has a unique bounded solution {Qc(t)}t∈Z. Moreover
this solution is a θ-periodic sequence. It has the representation formula:

Q̃(t) =
t−1∑

s=−∞
T (t, s+ 1)Bε(s) (36)

where T (t, s) = L(t − 1)L(t − 2)...L(t, s) if t > s and T (t, s) = ISNn if t = s

(ISNn being the identity operator on SNn ).

Remark 4.1. From (36) one obtains Q̃c(θ) = T (θ, 0)Q̃c(0)+
θ−1∑
s=0

T (θ, s+

1)Bε(s). The periodicity condition Q̃c(θ) = Q̃c(0) leads to

[ISNn − T (θ, 0)]Q̃c(0) =
θ−1∑
s=0

T (θ, s+ 1)Bε(s). (37)
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This shows that the initial value Q̃c(0) of the θ-periodic solution of (32) is
obtained as solution of the linear equation (37). Since the zero solution of
the system (7) is ESMS, iff ρ[T (θ, 0)] < 1 (ρ[·] being the spectral radius)
we may conclude that under the assumptions of Corollary 4.1, the linear
equation (37) has a unique solution.

Let us associate the following discrete-time Riccati equation of filtering
(DTRE-F)

Y (t+1, i)=
N∑
j=1

pt(j, i)
{
A0(t, j)Y (t, j)AT0 (t, j)− [A0(t, j)Y (t, j)CT0 (t, j)

+Lε(t, j)][Rε(t, j) + C0(t, j)Y (t, j)CT0 (t, j)]−1

×[C0(t, j)Y (t, j)AT0 (t, j) + (Lε(t, j))T ] +M ε(t, j)
} (38)

where we denoted

Rε(t, j) = εt(j)D(t, j)DT (t, j) +
r∑

k=1

Ck(t, j)Q̃c(t, j)CTk (t, j)

Lε(t, j) = ε(j)B(t, j)DT (t, j) +
r∑

k=1

Ak(t, j)Q̃c(t, j)CTk (t, j) (39)

M ε(t, j) = εt(j)B(t, j)BT (t, j) +
r∑

k=1

Ak(t, j)Q̃c(t, j)ATk (t, j)

We recall that a global solution {Ys(t)}t∈Z of the DTRE-F (38) is a stabi-
lizing solution if the zero solution of the closed-loop system

x(t+ 1) = [A0(t, ηt) +Ks(t, ηt)C0(t, ηt)]x(t) (40)

is ESMS, where

Ks(t, j) = [A0(t, j)Ys(t, j)CT0 (t, j) + Lε(t, j)][Rε(t, j)
+C0(t, j)Ys(t, j)CT0 (t, j)]−1, (t, j) ∈ Z×S. (41)

Remark 4.2. a) In the definition of the stabilizing solution Y(·) we tacitly
assumed that the matrices Rε(t, j)+C0(t, j)Ys(t, j)CT0 (t, j) are invertible for
all (t, j) ∈ Z×S.

b) Since the coefficients of the DTRE-F are θ-periodic sequences then the
bounded and stabilizing solution {Ys(t)}t∈Z, if it exists, is also a θ-periodic
sequence.
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Reasoning as in the proof of Theorem 26 in [21] (see also Theorem A5
in [8]), we obtain the following set of necessary and sufficient conditions for
the existence of the stabilizing and θ-periodic solution of DTRE (38).

Theorem 4.2. Assume: a) the zero solution of the system (7) is ESMS.

b)
N∑
i=1

pt(i, j) > 0, 0 ≤ t ≤ θ − 1, 1 ≤ j ≤ N .

Under these conditions, the following are equivalent:
(i) the DTRE-F (38) has a stabilizing solution {Ys(t)}t∈Z which is θ-

periodic and satisfies the following sign conditions:

Rε(t, i) + C0(t, i)Ys(t, i)CT0 (t, i) > 0 (42)

for 0 ≤ t ≤ θ − 1, 1 ≤ i ≤ N ;
(ii) there exist the symmetric matrices Z(t, i) ∈ Rn×n, 0 ≤ t ≤ θ − 1,

1 ≤ i ≤ N satisfying the following system of LMIs:(
A0(t, i)
C0(t, i)

) N∑
j=1

pt−1(j, i)Z(t− 1, j)
(
A0(t, i)
C0(t, i)

)T
−

diag[Z(t, i), 0] +
(

M ε(t, i) Lε(t, i)
(Lε(t, i))T Rε(t, i)

)
> 0

0 ≤ t ≤ θ − 1, 1 ≤ i ≤ N with Z(−1, i) = Z(θ − 1, i) and p−1(i, j) =
pθ−1(i, j) ∀i, j ∈ {1, 2, ..., N}.

The dependence of the stabilizing solution of (38) and of the stabilizing
gain (41) with respect to ε was suppressed for the sake of simplicity.

The main result of this paper is:
Theorem 4.3. a) The assumptions H1) and H2) are fulfilled;
b) the zero solution of the linear system (7) is ESMS;
c) the DTRE-F (38) has a θ-periodic and stabilizing solution {Ys(t)}t∈Z

which satisfy the sign condition (42).
Consider the filter G̃F having the state space representation given by

xF (t+ 1) = [A0(t, ηt) +Ks(t, ηt)C0(t, ηt)]xF (t)−Ks(t, ηt)y(t)
zF (t) = Cz(t, ηt)xF (t) (43)

where Ks(t, i) is introduced via (41).
Under the considered assumptions, the filter G̃F lies in Fs and satisfies

the optimality condition: Jε(G̃F ) = min
GF∈Fs

Jε(GF ).
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The optimal value achieved by the cost performance (29) is:

Jε(G̃F ) =
1
θ

θ−1∑
t=0

N∑
i=1

Tr[Cz(t, i)Ys(t, i)CTz (t, i)]. (44)

Proof. The fact that G̃F ∈ Fs is obtained using Corollary 3.1. To
this end, one takes into account that, in this special case, the system (3)
coincides with (40). Let GF ∈ Fs be an arbitrary admissible filter and let
Yε
cl(t) = (Y ε

cl(t, 1), ..., Y ε
cl(t,N)) be the θ-periodic solution of the correspond-

ing discrete-time forward affine equation (30)-(31).

Let
(
Y11(t, i) Y12(t, i)
Y T

12(t, i) Y22(t, i)

)
be the partition of the matrix Y ε

cl(t, i) com-

patible with the structure of the coefficients given in (6), i.e. Y11(t, i) ∈ Sn
and Y22(t, i) ∈ SnF . Based on (6) and (11) we obtain the following partition
of (30)-(31):

Y11(t+ 1, i)=
N∑
j=1

pt(j, i)
{

r∑
k=0

Ak(t, j)Y11(t, j)ATk (t, j)+εt(j)B(t, j)BT(t, j)
}

Y12(t+ 1, i)=
N∑
j=1

pt(j, i)
{

r∑
k=0

Ak(t, j)Y11(t, j)CTk (t, j)BT
F (t, j)

+A0(t, j)Y12(t, j)ATF (t, j) + ε(j)B(t, j)DT (t, j)BT
F (t, j)

}
Y22(t+ 1, i)=

N∑
j=1

pt(j, i)
{
BF (t, j)C0(t, j)Y11(t, j)CT0 (t, j)BT

F (t, j)

+AF (t, j)Y22(t, j)ATF (t, j)

+
r∑

k=1

BF (t, j)Ck(t, j)Y11(t, j)CTk (t, j)BT
F (t, j)

+ε(j)BF (t, j)D(t, j)DT (t, j)BT
F (t, j)

}
.

(45)

One sees that the first equation of (45) coincides with (32). From the unique-
ness of θ-periodic solution of the equation (32) we deduce that Y11(t, i) =

Q̃c(t, i) for all (t, i) ∈ Z×S. We set, U(t, i)=
(
Q̃c(t, i)− Ys(t, i) Y12(t, i)

Y T
12(t, i) Y22(t, i)

)
,

(t, i) ∈ Z×S. By direct calculations, involving (38) together with (45) with
Y11(t, i) replaced by Q̃c(t, i) one obtains that U(t) = (U(t, 1), ..., U(t,N)) is
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a θ-periodic solution of the following discrete-time forward affine equation:

U(t+ 1, i) =
N∑
j=1

pt(j, i){A0cl(t, j)U(t, j)AT0cl(t, j) + (46)

+B̌cl(t, j)[Rε(t, j) + C0(t, j)Ys(t, j)CT0 (t, j)]B̌T
cl(t, j)}

for all (t, i) ∈ Z×S, where B̌cl(t, i) =
(

Ks(t, i)
−BF (t, i)

)
.

Since GF ∈ Fs we deduce via Corollary 3.1 that the zero solution of the
corresponding system (8) is ESMS. Consequently, the zero solution of the
discrete-time linear equation xcl(t+ 1) = A0cl(t, ηt)xcl(t) is also ESMS.

Invoking (42) we may conclude that the unique θ-periodic solution of
(46) satisfies

U(t, i) ≥ 0 (47)

for all (t, i) ∈ Z×S.
Further, we rewrite (29) in the form

Jε(GF ) =
1
θ

θ−1∑
t=0

N∑
i=1

Tr[Cz(t, i)Ys(t, i)CTz (t, i)] +

+
1
θ

θ−1∑
t=0

N∑
i=1

Tr[Ccl(t, i)U(t, i)CTcl(t, i)]. (48)

Combining (47) and (48) we obtain

Jε(GF ) ≥ 1
θ

θ−1∑
t=0

N∑
i=1

Tr[Cz(t, i)Ys(t, i)CTz (t, i)] (49)

for all GF ∈ Fs.
It remains to show that in the case of the filter described by (43) we have

equality in (49). To this end, let us remark that in the special case of the
filter G̃F given by (43) we may write:

Ccl(t, i)U(t, i)CTcl(t, i) = Cz(t, i)
(
In −In

)
U(t, i)

(
In −In

)T
×CTz (t, i) = Cz(t, i)Û11(t, i)CTz (t, i)

(50)
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where Û11(t, i) is the (1,1)-block of the matrix Û(t, i) = T U(t, i)T T , T =(
In −In
0 In

)
. Multiplying (46) by T to the left and T T to the right one

obtains that {Û11(t, i)}t∈Z and i ∈ S is the bounded solution of the equation

Û(t+ 1, i) =
N∑
j=1

pt(j, i)[A0(t, j) +Ks(t, j)C0(t, j)]Û11(t, j)[A0(t, j) +

+Ks(t, j)CT0 (t, j)]. (51)

If we take into account that the zero solution of (40) is ESMS, we may
conclude that, the unique bounded solution of the equation (51) is U11(t, i) =
0 for all (t, i) ∈ Z×S.

Plugging this last equality in (50) we deduce that (48) reduces to (44) if
GF is replaced by G̃F given by (43). Thus the proof is complete.

Remark 4.3. In the special case εt(j) = µπ0
t (j) the filter G̃F designed

as in (43) minimizes the cost functional J(·) introduced in (4).

5 A numerical example

In order to illustrate the above theoretical developments, the following pe-
riodic stochastic system of form (1) with n = 2, N = 2, r = 1 and θ = 3 is
considered

A0(t, 1) =
(
−0.1− 0.3(t− 1) 0.3

0 0.1 + 0.1(t− 1)

)
,

A0(t, 2) =
(
−0.4− 0.1(t− 1) 0.3

0.1 −0.1 + 0.3(t− 1)

)
,

B(t, 1) =
(

1 + 0.1(t− 1)
1− 0.2(t− 1)

)
, B(t, 2) =

(
−3 + 0.1(t− 1)
1 + 0.1(t− 1)

)
,

A1(t, 1) =
(

0.1 + 0.2(t− 1) 0.2
0.3− 0.1(t− 1) 1

)
,

A1(t, 2) =
(

0.2− 0.1(t− 1) 0.3
0.3 0.1 + 0.2(t− 1)

)
,

C0(t, 1) =
(

1 + 0.1(t− 1) 2
)
, C0(t, 2) =

(
1− 0.2(t− 1) 1

)
,

C1(t, 1) =
(

0.2 + 0.1(t− 1) 0.1
)
, C0(t, 2) =

(
0.1 + 0.1(t− 1) 0.2

)
,



62 Vasile Dragan, Toader Morozan, Adrian-Mihail Stoica

D(t, 1) = 1 + 0.1(t− 1), D(t, 2) = 3− 0.2(t− 1),

Cz(t, 1) =
(

3 + 0.3(t− 1) 9
3 1 + 0.2(t− 1)

)
,

Cz(t, 2) =
(

2− 0.2(t− 1) 3
1 1 + 0.4(t− 1)

)
, t = 1, 2, 3.

Based on Theorem 4.3 and using iterative algorithms to compute the solution
of (32) and the stabilizing solutions of the SDTRE–F (38) respectively (for

details, see [6], one obtains for P =
(

0.3 0.7
0.4 0.6

)
and for ε1 = ε2 = 0.5

Q(1, 1) =
(

3.2321 −0.3757
−0.3757 1.040Q

)
, Q(1, 2) =

(
5.5729 −0.4059
−0.4059 1.8243

)
,

Q(2, 1) =
(

2.6092 −0.3507
−0.3507 0.9163

)
, Q(2, 2) =

(
4.0908 −0.3310
−0.3310 1.7786

)
,

Q(3, 1) =
(

2.6932 −0.3475
−0.3475 0.8404

)
, Q(3, 2) =

(
4.3945 −0.3354
−0.3354 1.5700

)
,

Y (1, 1) =
(

2.1277 0.4185
0.4185 0.7618

)
, Y (1, 2) =

(
1.7786 0.2967
0.2967 0.4544

)
,

Y (2, 1) =
(

0.8567 0.2148
0.2148 0.6700

)
, Y (2, 2) =

(
1.4148 0.4867
0.4867 1.3812

)
,

Y (3, 1) =
(

1.1782 0.1700
0.1700 0.4779

)
, Y (3, 2) =

(
1.9872 0.3955
0.3955 0.9875

)
,

for which the optimal gains Ks are

Ks(1, 1) =
(

0.1151
0.1192

)
, Ks(1, 2) =

(
−0.6402
0.2358

)
,

Ks(2, 1) =
(

0.1367
0.1627

)
, Ks(2, 2) =

(
−0.5826
0.3295

)
,

Ks(3, 1) =
(

0.0632
0.1363

)
, Ks(3, 2) =

(
−0.6961
0.4708

)
.
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1 Introduction

The Lyapunov type linear operators play a central role in the characteriza-
tion of exponential stability of linear systems of differential equations both in
deterministic and stochastic framework, continuous time and discrete-time
cases. For the readers convenience, we refer to [13, 14] for the deterministic
framework and [1, 2, 9, 10, 15] for the stochastic context. In the stochastic
case, the differential equations defined by the Lyapunov type operator valued
functions offer a deterministic framework for the characterization of expo-
nential stability in mean square for stochastic linear differential equations
with multiplicative white noise perturbations and/ or Markovian jumping.
The systematic investigation of linear differential equations defined by Lya-
punov type operator valued functions regarded as mathematical object with
interest in itself, started with the time invariant case, namely, the differential
equation is defined by a Lyapunov operator not depending upon the time.
In this case, criteria for exponential stability of differential equations de-
fined by a Lyapunov operator were derived based on properties of resolvent
positive operators [4, 5, 6]. In the time varying case, criteria for exponen-
tial stability of differential equations defined by a Lyapunov type operator
valued function were obtained in [8, 7] for the finite dimensional case and
in [11] for infinite dimensional case. The derived criteria are expressed in
terms of existence of some global bounded and uniform positive solutions
of some suitable affine differential equations. It is known that in the case
when the operator valued function defining the Lyapunov type differential
equation is either periodic function or constant function, the unique global
bounded solution of the affine differential equations involved in study of ex-
ponential stability criteria, is also periodic or constant function. Therefore,
in this important special cases, the existence of a positive definite solution
may be tested by numerical computations. Usually, to a system of stochas-
tic linear differential equations one may associate two kinds of Lyapunov
type operator valued functions which define two types of differential equa-
tions on some linear spaces of symmetric matrices: a forward differential
equation and a backward differential equation. In the case of finite dimen-
sional linear space of symmetric matrices one may introduce in a natural
way an inner product which induces a Hilbert space structure. In this case
the two types of Lyapunov type operators are interconnected, one of them
being the adjoint operator of the other. A detailed study of linear differen-
tial equations defined by the Lyapunov type operator valued functions on
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a finite dimensional linear space of symmetric matrices may be found in
Chapter 2 in [9]. The goal of the present paper is to study the Lyapunov
type operator valued functions on an infinite dimensional linear space of
bounded sequences of symmetric matrices. Such linear spaces can be orga-
nized as infinite dimensional ordered Banach spaces. We shall prove that
under some additional assumptions we may identify some suitable subspaces
which may be organized as infinite dimensional ordered Hilbert spaces where
the two Lyapunov type linear operators are interconnected. More precisely,
the restriction of the Lyapunov type operator defining a backward differen-
tial equation coincides with the adjoint of the Lyapunov operator defining
a forward differential equation. Finally, we shall introduce a concept of de-
tectability for Lyapunov type operators and we shall derive a new criterion
for exponential stability for differential equations defined by the Lyaponov
type operator valued functions.

2 Linear differential equations with positive evo-
lution on an ordered Banach space

2.1 Linear evolution operators on ordered Banach spaces

Let (X , ‖ · ‖) be a real Banach space. Let I ⊂ R be an interval of real
numbers. Let L : I → B(X ) be a strongly continuous operator valued
function. This means that for each x ∈ X the vector valued function t →
L(t)x is continuous on I.

We consider the linear differential equation on X :

d

dt
x(t) = L(t)x(t). (1)

Based on the developments in Chapter 3 of [3] we deduce that for each
(t0, x0) ∈ I × X there exists a unique C1-function x(·; t0, x0) : I → X
satisfying (1) and the initial condition x(t0; t0, x0) = x0.

In Chapter 3 of [3] it is shown that there exists an operator valued func-
tion TL : I × I → B(X ) with the property that x(t; t0, x0) = TL(t, t0)x0 for
all t, t0 ∈ I and x0 ∈ X . The operator valued function (t, τ) → TL(t, τ) or
TL(t, τ) for shortness is named the linear evolution operator on X defined
by the operator valued function L(·) or, equivalently, the linear evolution
operator defined on X by the linear differential equation (1).
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Often, we shall write T (t, τ) instead of TL(t, τ) if confusions are not
possible.

Remark 1 A linear evolution operator T (t, τ) on a Banach space X has the
properties (see [3] Chapter 3 for details).

(i) t → T (t, τ) is the unique solution of the problem with given initial
value on B(X )

d

dt
X(t) = L(t)X(t), X(τ) = IX

where IX is the identity operator on X . More precisely,

d

dt
T (t, τ) = L(t)T (t, τ), t ∈ I (2)

T (τ, τ) = IX .

(ii) τ → T (t, τ) : I → B(X ) satisfies

d

dτ
T (t, τ) = −T (t, τ)L(τ), ∀τ ∈ I. (3)

(iii)
T (t, τ)T (τ, s) = T (t, s), (∀) t, τ, s ∈ I. (4)

(iv) For each (t, τ) ∈ I×I, the operator T (t, τ) is invertible and T−1(t, τ) ∈
B(X ). More precisely, we have T−1(t, τ) = T (τ, t).

(v) ‖T (t, τ)‖ ≤ e
|
tR
τ
‖L(s)‖ds|

, ∀ t, τ ∈ I.

(vi) If L(t) = L ∈ B(X ) then T (t, τ) = eL(t−τ), where eLt =
∞∑
k=0

tk

k!L
k.

This series is convergent in the topology induced by the operator norm uni-
formly on any compact subinterval of R.

(vii) If I = R and L(t + θ) = L(t) for all t ∈ R and some θ > 0 then
T (t+ kθ, τ + kθ) = T (t, τ) for any t, τ ∈ R, k ∈ Z.

The strongly continuous operator valued function L(·) defines also the
linear differential equation

d

dt
y(t) + L(t)y(t) = 0. (5)

Applying the results from Chapter 3 of [3] to the operator valued function
t → −L(t) we deduce that for each (t0, y0) ∈ I × X the linear differential



Lyapunov operators on ordered Banach spaces 69

equation (5) has a unique solution y(·; t0, y0) : I → X which satisfy the initial
condition y(t0; t0, y0) = y0. In what follows we denote by T aL(t, t0) the causal
evolution operator generated by −L(t) and we call it the anticausal linear
evolution operator on X generated by the operator valued function L(·).
One proves also that y(t; t0, y0) = T aL(t, t0)y0 for all (t; t0, y0) ∈ I × I × X
and therefore the evolution operator T aL(t, t0) : I × I → B(X ) will be also
called the anticausal linear evolution operator on X generated by the linear
differential equation (5).

In the sequel, we shall write T a(t, t0) instead of T aL(t, t0), if confusions
are not possible.

Remark 2 Many of the assertions of Remark 1 remain valid if the causal
linear evolution operator T (t, τ) is replaced by the anticausal linear evolution
operator T a(t, τ).

In the case of anticausal linear evolution operator, the statements (i),
(ii), (vi) from Remark 1 become:

(i
′
) for each τ ∈ I, t → T a(t, τ) satisfies the linear differential equation

on B(X ):
d

dt
T a(t, τ) = −L(t)T a(t, τ) (6)

and the initial condition T a(τ, τ) = IX .
(ii
′
) for each t ∈ I, τ → T a(t, τ) satisfies:

d

dτ
T a(t, τ) = T a(t, τ)L(τ). (7)

(vi
′
) If L(t) = L ∈ B(X ), t ∈ R, then, T aL(t, τ) = eL(τ−t), ∀ t, τ ∈ R.

Beside the linear differential equations (1) and (5) respectively, we asso-
ciate the following affine differential equations:

d

dt
x(t) = L(t)x(t) + f(t) (8)

and
d

dt
y(t) + L(t)y(t) + g(t) = 0 (9)

where L(·) is an operator valued function as before, and f : I → X , g : I →
X are continuous vector valued functions.
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The solutions of (8) and (9) have the following representation formulae:

x(t; t0, x0) = T (t, t0)x0 +

t∫
t0

T (t, s)f(s)ds (10)

for all t ∈ [t0,∞) ∩ I, x0 ∈ X and

y(t; t0, y0) = T a(t, t0)y0 +

t0∫
t

T a(t, s)g(s)ds (11)

for all t ∈ (−∞; t0] ∩ I, y0 ∈ X .
In the development from this paper, the affine differential equation of

type (8) will be called forward affine differential equation while the affine
differential equations of type (9) will be named backward affine differential
equations.

Remark 3 If y(t) is a solution of the backward affine differential equation

d

dt
y(t) + L(t)y(t) + g(t) = 0

then x̂(t) defined by x̂(t) = y(−t) is a solution of the forward affine equation
d
dtx(t) = L̂(t)x(t) + f̂(t) where L̂(t) = L(−t) and f̂(t) = g(−t).

Moreover if T a(t, t0) is the anticausal evolution operator defined by the
operator valued function L(·) then T̂ (t, t0) defined by

T̂ (t, t0) = T a(−t,−t0), ∀t, t0 ∈ Î = {t ∈ R;−t ∈ I} (12)

is the causal evolution operator defined by the operator valued function L̂ :
Î → B(X ), L̂(t) = L(−t).

2.2 Linear differential equations with positive evolutions on
ordered Banach spaces

Let (X , ‖ · ‖) be a real Banach space ordered by a solid, closed, normal,
convex cone X+.

Let L : I → B(X ) be a strongly continuous operator valued function.
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Definition 1 We say that the operator valued function L(·) generates:
(i) a causal positive evolution on X , or a positive evolution (for short-

ness) if TL(t, t0)X+ ⊂ X+, for all t ≥ t0, t, t0 ∈ I.
(ii) an anticausal positive evolution on X , if T aL(t, t0)X+ ⊂ X+, for all

t ≤ t0, t, t0 ∈ I.

In other words, the operator valued function L(·) generates a positive
evolution on X if the solutions of the linear differential equation (1) have
the property that x(t; t0, x0) ∈ X+ for all t ≥ t0, t, t0 ∈ I if x0 ∈ X+. In this
case we shall say that the linear differential equation (1) defines a positive
evolution on X .

Similarly the operator valued function L(·) generates an anticausal posi-
tive evolution on X if and only if the solutions of linear differential equation
(5) have the property that y(t; t0, y0) ∈ X+, for all t ≤ t0, t, t0 ∈ I, if
y0 ∈ X+. In this case, we shall say that the linear differential equation (5)
defines an anticausal positive evolution on X .

Based on (12) we obtain:

Corollary 1 Let L : I → B(X ) be a strongly continuous operator valued
function and L̂(t) = L(−t), t ∈ Î. Then the operator valued function L(·)
defines an anticausal positive evolution if and only if the operator valued
function L̂(·) generates a causal positive evolution on X .

The next result was proved in [8] for the finite dimensional case. In
infinite dimensions, the proof can be found in [11].

Corollary 2 Let L(·),Π(·) be two strongly continuous operator valued func-
tions defined on I, taking values in B(X ). Assume that Π(t) ≥ 0 for all
t ∈ I. Then the following are true:

(i) If L(·) generates a positive evolution on X then L(·) + Π(·) generates
a positive evolution on X .

(ii) If L(·) generates an anticausal positive evolution on X , then L(·) +
Π(·) generates an anticausal positive evolution on X .

(iii) Π(·) generates both a causal positive evolution and anticausal posi-
tive evolution on X .

Definition 2 (i) We say that the zero state equilibrium of the linear dif-
ferential equation (1) is exponentially stable, or equivalently, the operator
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valued function L(·) generates an exponentially stable evolution if there exist
the constants β ≥ 1, α > 0 such that

‖T (t, t0)‖ ≤ βe−α(t−t0) (13)

for all t ≥ t0, t, t0 ∈ I.
(ii) We say that the zero state equilibrium of the linear differential equa-

tion (5) is anticausal exponentially stable, or equivalently, the operator valued
function L(·) generates an anticausal exponentially stable evolution on X if
there exist the constants β ≥ 1, α > 0 such that

‖T a(t, t0)‖ ≤ βeα(t−t0) (14)

for all t ≤ t0, t, t0 ∈ I.

Since both (1) and (5) are linear differential equations we will often say
that the linear differential equation (1) is exponentially stable and the linear
differential equation (5) is anticausal exponentially stable, respectively if
(13) and (14), respectively, are fulfilled.

It is worth mentioning that under the considered assumptions for any
ξ ∈ IntX+ the corresponding Minkovski operator norm ‖ · ‖ξ is equivalent
with the norm ‖ · ‖ (see the Appendix for the definition of ‖ · ‖ξ). Therefore,
the above definition may be stated in terms of the operator norm ‖ · ‖ξ for
some ξ ∈ IntX+.

Based on the identity (12) together with the Definition 2 we obtain:

Corollary 3 Let L : I → B(X ) be a strongly continuous operator valued
function and L̂(t) = L(−t), t ∈ Î = {t ∈ R;−t ∈ I}. Then the operator
valued function L(·) defines an anticausal exponentially stable evolution if
and only if the operator valued function L̂(·) generates a causal exponentially
stable evolution.

The above corollary allows us to derive criteria for anticausal exponen-
tial stability of a linear differential equation defined by an operator valued
function L(·) directly from the criteria for causal exponential stability for
the linear differential equation defined by the operator valued function L̂(·).

Criteria for exponential stability of differential equations with positive
evolution on an ordered Banach space are derived in [11].
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2.3 The case of differential equations with positive evolution
on ordered Hilbert spaces

Throughout this subsection (X ; 〈·, ·〉) is a real Hilbert space, ordered by the
ordering ”≤” induced by the closed, solid, selfdual, convex cone. Based on
Proposition 2.4 in [10] we deduce that the norm ‖ · ‖, induced by the inner
product is monotone with respect to the cone X+. So, X+ is a normal cone
with a constant b̃ = 1 (see Definition 5 from the Appendix).

Let ξ ∈ IntX+ be fixed and | · |ξ be the corresponding Minkovski norm.
As we can see, applying Proposition 4 and Proposition 5 one deduces that
| · |ξ is equivalent with the norm ‖ · ‖ of the Hilbert space X . It is known
that, if T ∈ B(X ) and T ∗ is its adjoint operator, then, ‖T ∗‖ = ‖T‖. The
equality ‖T ∗‖ξ = ‖T‖ξ is not, in general, true. However, one can prove, via
the equivalence of the operator norms ‖·‖ and ‖·‖ξ, that there exist positive
constants, c̃1, c̃2 such that

c̃1‖T‖ξ ≤ ‖T ∗‖ξ ≤ c̃2‖T‖ξ, ∀ T ∈ B(X ). (15)

Let L : I → B(X ) be a continuous operator valued function, I ⊂ R
being a right unbounded interval. In this case t→ L∗(t) : I → B(X ) is also
a continuous operator valued function. It is known that if T (t, τ), t, τ ∈ I,
is the linear evolution operator defined by the linear differential equation

d

dt
x(t) = L(t)x(t), t ∈ I (16)

then, τ → T ∗(t, τ) verifies

∂

∂τ
T ∗(t, τ) = −L∗(τ)T ∗(t, τ) (17)

T ∗(t, t) = IX .

So we have:
T ∗(t, τ) = T aL∗(τ, t) (18)

∀ t, τ ∈ I, where T aL∗(τ, t) is the anticausal linear evolution operator defined
by the operator valued function L∗(·). This means that, T aL∗(τ, t) is a linear
evolution operator associated to the linear differential equation

d

dτ
y(τ) = −L∗(τ)y(τ). (19)

Combining (15), (18) one obtains the following result:
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Proposition 1 If L : I → B(X ) is a continuous operator valued function,
then the following statements are true:

(i) The operator valued function L(·) defines a causal positive evolution
on X , iff the operator valued function L∗(·) defines an anticausal positive
evolution on X .

(ii) The operator valued function L(·) defines an exponentially stable evo-
lution on X iff the operator valued function L∗(·) defines an anticausal ex-
ponentially stable evolution on X .

Using criteria for the anticausal exponential stability of the linear differ-
ential equation defined by the operator valued function L∗(·) and taking into
account the equality (18) and Proposition 1 one obtains a set of criteria for
the causal exponential stability of the linear differential equation (16). For
details see [11]. Such criteria are specific to the linear differential equations
with positive evolution on ordered Hilbert spaces.

3 Ordered vector spaces of sequences of symmetric
matrices

This section collects several examples of real ordered Banach spaces. As
usual |x| stands for the euclidian norm of a vector x ∈ Rn, that is, |x| =
(xTx)1/2. For a matrix A ∈ Rm×n, |A| stands for the matrix norm induced
by the euclidian norm | · |, that is

|A| = sup
|x|≤1

|Ax| (20)

Also, we shall use the notation |A|2 for the Frobenius norm of the matrix A,
i.e.

|A|2 =
(
Tr[ATA]

)1/2
(21)

where Tr[·] stands for the trace operator. Beside the two norms introduced
before, we shall use also the norm

|A|1 = Tr
[
(ATA)1/2

]
(22)

where (ATA)1/2 is the unique positive semidefinite matrix X such that X2 =
ATA.
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Let Sn ⊂ Rn×n be the linear subspace of symmetric matrices of size
n× n, that is S ∈ Sn iff S = ST .

The restrictions of the norm (20)-(22) to the subspace Sn take the equiv-
alent form:

|S| = max{|λ|;λ ∈ Λ(S)} = sup
|x|≤1
{|xTSx|} (23)

|S|2 =

(
n∑
i=1

λ2
i

)1/2

(24)

|S|1 =
n∑
i=1

|λi| (25)

where λ1, ..., λn ∈ Λ(S) with Λ(S) is the spectrum of the matrix S.
For a matrix S ∈ Sn the following hold:

|S| ≤ |S|2 ≤ |S|1 ≤ n|S|. (26)

Throughout this paper D denotes either the set {1, 2, ..., d} or the set Z+.

3.1 The space SDn
Let X = SDn = `∞{D,Sn} be the linear space of the bounded sequences of
symmetric matrices, that is

`∞{D,Sn} =
{

X = {X(i)}i∈D|X(i) ∈ Sn, i ∈ D, sup
i∈D
|X(i)| < +∞

}
.

The space SDn equipped with the norm

‖X‖∞ = sup
i∈D
|X(i)| (27)

is a real Banach space. On SDn we consider the ordering induced by the cone
X+ = SDn+ = `∞{D,Sn+} where

`∞{D,Sn+} = {X = {X(i)}i∈D;X(i) ≥ 0, i ∈ D} . (28)
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Here X(i) ≥ 0 means that X(i) is positive semidefinite. One verifies that
X+ is a closed, solid, convex cone. Its interior IntX+ consists of the subset
of the sequences X = {X(i), i ∈ D;X(i) ≥ δIn,∀i ∈ D for some δ > 0
independent of i}.

Based on the monotonicity of the norm | · | on Sn one obtains that ‖ · ‖∞
introduced by (27) is monotone with respect to the cone X+. Hence X+ is
a normal cone.

Further we shall use Sdn instead of SDn and Sdn+ for SDn+ when D =
{1, 2, .., d}, while S∞n is used for SDn when D = Z+. In the last case, S∞n+

stands for the convex cone `∞(Z+,Sn+). It is obvious that (Sdn, ‖ · ‖∞) is a
finite dimensional real ordered Banach space, while (S∞n , ‖·‖∞) is an infinite
dimensional real ordered Banach space.

Specializing the results from Theorem 4, Proposition 4, Proposition 5,
to the ordered Banach space SDn we obtain:

Corollary 4 In the case of the Banach space (SDn , ‖·‖∞), the following hold:
(i) If D = {1, 2, ..., d} and Jd = (In, In, ..., In)︸ ︷︷ ︸

d

∈ IntSdn+ then the

Minkovski norm defined by (112) for ξ = Jd is:

|X|Jd = ‖X‖∞ (29)

for all X = (X(1), X(2), ..., X(d)) ∈ Sdn.
(ii) If D = Z+ and J∞ = (In, In, ..., In, ...) ∈ IntS∞n+ then the Minkovski

norm introduced by (112) for ξ = J∞ is given by

|X|J∞ = ‖X‖∞ (30)

for all X = {X(i)}i∈Z+.

Remark 4 For the sake of brevity we shall use |X| and |X|, respectively,
instead of |X|Jd and |X|J∞, respectively, for the Minkovski norms defined
by (29) and (30), respectively, if no confusions are possible.

3.2 The space `1(D,Sn)

Let X = `1(D,Sn), where

`1(D,Sn) = {X = {X(i)}i∈D ⊂ Sn;
∑
i∈D
|X(i)|1 <∞}.
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Taking

‖X‖1 =
∑
i∈D
|X(i)|1 (31)

one obtains that (X , ‖ · ‖1) is a real Banach space.
On the Banach space (X , ‖·‖1) we consider the order relation induced by

the convex cone X+ = `1(D,Sn+) = {X ∈ `1(D,Sn); X = {X(i)}i∈D, X(i) ≥
0}. It is a closed convex cone. In the case D = {1, 2, ..., d}, `1(D,Sn)
coincides with Sdn and `1(D,Sn+) coincides with Sdn+. In the case D = Z+,
X = `1(Z+,Sn) ⊂ S∞n . The convex cone `1(Z+,Sn+) has an empty interior.
Finally, let us remark that based on (26) we may introduce a new norm on
X , by

‖̃X‖̃1 =
∑
i∈D
|X(i)|. (32)

Based on (26), (32) we deduce that the norms ‖ ·‖1 and ‖̃ · ‖̃1 are equivalent,
more precisely we have:

‖̃X‖̃1 ≤ ‖X‖1 ≤ n‖̃X‖̃1 (33)

for all X = {X(i)}i∈D ∈ `1(D,Sn).

3.3 The space `2(D,Sn)

Let X = `2(D,Sn) = {X = {X(i)}i∈D ⊂ Sn;
∑
i∈D

(|X(i)|2)2 < ∞}. On

`2(D,Sn) we introduce the inner product:

〈X,Y〉2 =
∑
i∈D

Tr[X(i)Y (i)] (34)

for all X = {X(i)}i∈D, Y = {Y (i)}i∈D from `2(D,Sn).
To show that the sum from the right hand side of (34) is convergent, let

us remark that∑
i∈D

Tr[X(i)Y (i)] =
1
4

∑
i∈D

{
|X(i) + Y (i)|22 − |X(i)− Y (i)|22

}
=

1
4

{∑
i∈D
|X(i) + Y (i)|22 −

∑
i∈D
|X(i)− Y (i)|22

}
∈ R
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because ∑
i∈D
|X(i) + Y (i)|22 < +∞

∑
i∈D
|X(i)− Y (i)|22 < +∞.

One may check that the inner product 〈·, ·〉2 induces a real Hilbert space
structure on `2(D,Sn). Set

‖X‖2 = 〈X,X〉1/22 . (35)

On the space `2(D,Sn) we consider the order relation induced by the convex
cone X+ = `2(D,Sn+) = {X = {X(i)}i∈D ∈ `2(D,Sn);X(i) ≥ 0, i ∈ D}.
The cone `2(D,Sn+) is a closed cone. If D = Z+ its interior is empty.
Remark 5 In the case D={1, 2, ..., d}the linear spaces `∞(D,Sn), `1(D,Sn),
`2(D,Sn) coincide with Sdn = Sn × Sn × ...× Sn︸ ︷︷ ︸

d

.

On Sdn we have three norms:
‖ · ‖∞ introduced via (27),
‖ · ‖1 defined in (31) and
‖ · ‖2 introduced by (35) for D = {1, 2, ..., d}.
We have ‖S‖∞ ≤ ‖S‖2 ≤ ‖S‖1 ≤ nd‖S‖∞ for all S ∈ Sdn. The convex

cone `2(D,Sn+) coincides with the convex cone Sdn+ = Sn+ × Sn+...Sn+︸ ︷︷ ︸
d

if

D = {1, 2, ..., d}. The cone Sdn+ is a closed, solid, selfdual convex cone. It is
selfdual with respect to the inner product

〈X,Y 〉 =
d∑
i=1

Tr[X(i)Y (i)] (36)

for all X = (X(1), X(2), ..., X(d)), Y = (Y (1), Y (2), ..., Y (d)) ∈ Sdn which is
the special form of (34) for the case D = {1, 2, ..., d}.

In the case D = Z+ we have the following result.

Proposition 2 If `1(Z+,Sn) and `2(Z+,Sn+) are the linear spaces intro-
duced in a previous subsections for D = Z+ then

`1(Z+,Sn) ⊂ `2(Z+,Sn+).

Proof is similar to the one given in [19] for the case of sequences of
nuclear operators and Hilbert-Schmith operators.
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4 Lyapunov type linear differential equations on
the space SDn

In this section we emphases several properties of an important class of oper-
ator valued functions on the Banach spaces SDn and `1(Z+,Sn), respectively.
These operators extend to this framework the well known Lyapunov op-
erators and they will play an important role in the characterization of the
exponential stability in mean square of stochastic linear differential equation.

4.1 Extended Lyapunov operators

LetMDmn := `∞(D,Rm×n) be the space of the bounded sequences of matri-
ces A = {A(i)}i∈D where A(i) ∈ Rm×n. We introduce the norm ‖A‖∞ =
sup
i∈D
|A(i)| where |A(i)| is defined by (20). One obtains that (MDmn, ‖ · ‖∞)

is a real Banach space. If m = n we shall write MDn instead of MDnn. If
D = Z+,M∞mn andM∞n , respectively stand forMDmn andMDn . It is obvious
that SDn ⊂MDn .

We make the following convention of notation:
(a) If A = {A(i)}i∈D ∈ MDmn, X = {X(i)}i∈D ∈ MDnp, by Y = AX we

understand the sequence Y = {Y (i)}i∈D ∈MDmp, Y (i) = A(i)X(i), i ∈ D.
(b) If A = {A(i)}i∈D ∈MDmn then AT = {AT (i)}i∈D ∈MDnm.
Let A : I → MDn be a continuous function. This means that A(t) =

{A(t, i)}i∈D, where t → A(t, i) are matrix valued functions which are con-
tinuous on I uniformly with respect to i ∈ D.

The extended Lyapunov operators associated to A(t):

LA(t) : SDn → SDn ,

LA(t) : SDn → SDn ,

are defined as follows

LA(t)X = A(t)X +XAT (t) (37)

LA(t)X = AT (t)X +XA(t) (38)

for all X = {X(i)}i∈D ∈ SDn .
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According to the notation introduced at the beginning of this subsection
the ith component of (37) and (38) respectively, is:

[LA(t)X](i) = A(t, i)X(i) +X(i)AT (t, i)

[LA(t)X](i) = AT (t, i)X(i) +X(i)A(t, i)

i ∈ D, t ∈ I.
We deduce that ‖LA(t)X‖∞ ≤ 2‖A(t)‖∞‖X‖∞ and ‖LA(t)X‖∞ ≤

2‖A(t)‖∞‖X‖∞. Hence, LA(t),LA(t) ∈ B(SDn ). Moreover t → LA(t) and
t→ LA(t) are continuous functions in the topology induced by the operator
norm.

Remark 6 To be sure that the linear differential equations (39), (44), re-
spectively, defined by LA(t) and LA(t) on SDn have nice properties, would be
sufficient to assume that t → LA(t) and t → LA(t) are strongly continuous
operator valued functions. This means that for each X ∈ SDn , t → LA(t)X
and t → LA(t)X are continuous vector valued functions. If we take X =
{X(i)}i∈D with X(i) = In, ∀i ∈ D one obtains that t → AT (t) + A(t) must
be continuous. This condition is not far from our assumption that t→ A(t)
is a continuous function.

Let us consider the extended Lyapunov equation

d

dt
X(t) = LA(t)X(t), t ∈ I. (39)

Let TA(t, t0) t, t0 ∈ I be the linear operator defined by

(TA(t, t0)X)(i) = Φi(t, t0)X(i)ΦT
i (t, t0) (40)

∀i ∈ D and X = {X(i)}i∈D ∈ SDn , where Φi(t, t0) is the fundamental matrix
solution of the linear differential equation on Rn:

d

dt
x(t) = A(t, i)x(t).

This means that t→ Φi(t, t0) verifies

d

dt
Φi(t, t0) = A(t, i)Φi(t, t0) (41)

Φi(t0, t0) = In.
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Based on the convention of notations introduced before we may write (40)
in the compact form:

TA(t, t0)X = Φ(t, t0)XΦT (t, t0) (42)

for all t, t0 ∈ I, where Φ(t, t0) = {Φi(t, t0)}i∈D. If D = {1, 2, ..., d} one may
check that t→ Φ(t, t0) is a differentiable map and it satisfies:

d

dt
Φ(t, t0) = A(t)Φ(t, t0), Φ(t0, t0) = Jd = (In...In).

By direct calculations one obtains from (42) that

d

dt
TA(t, t0)X = LA(t)TA(t, t0)X (43)

TA(t0, t0)X = X

for all t, t0 ∈ I, X ∈ Sdn. Therefore TA(t, t0) defined by (40), or equivalently
by (42) is just the linear evolution operator on Sdn defined by the linear
differential equation (39).

It remains to show that (40) defines also the linear evolution operator
generated by (39) on S∞n . To this end, let us notice that

|Φi(t, s)| ≤ eγ(t−s)

for all i ∈ Z+, t, s ∈ I, where γ = supt∈I ‖A(t)‖∞. Using also the fact that
t → A(t, i) are continuous functions uniformly with respect to i ∈ Z+ we
deduce that

lim
h→0

1
|h|
|Φi(t+ h, t0)− Φi(t, t0)− hA(t, i)Φi(t, t0)| = 0

uniformly with respect to i ∈ Z+.
This shows that t → Φ(t, t0) : I → M∞n is a differentiable map and it

satisfies:

d

dt
Φ(t, t0) = LA(t)Φ(t, t0), Φ(t0, t0) = J∞ = (In...In...) ∈ S∞n .

Thus we may obtain that TA(t, t0) defined by (42) for D = Z+ is differen-
tiable and satisfies (43).
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Remark 7 From (40) one sees that TA(t, t0)X ∈ SDn+ if X ∈ SDn+. This
shows that the operator valued function LA(·) generates a positive evolution
on the Banach space SDn .

Changing A(t, i) with AT (t, i) in (40), (41) one obtains that the oper-
ator valued function LA(·) generates also positive evolution on the Banach
space SDn . However, concerning the operator valued function LA(·) we are
interested by the anticausal evolution operator T aA(t, t0) defined by the linear
differential equation

d

dt
Y (t) + LA(t)Y (t) = 0. (44)

Reasoning as in the case of the equation (39) we may conclude that

(T aA(t, t0)Y )(i) = ΦT
i (t0, t)Y (i)Φi(t0, t) (45)

for all i ∈ D, 0 ≤ t ≤ t0, Y = {Y (i)}i∈D ∈ SDn .
From (45) one deduces that the operator valued function LA(·) generates

an anticausal positive evolution on the Banach space SDn .

4.2 Lyapunov-type differential equations on the space Sdn
Let I ⊆ R be an interval and Ak : I → Md

n, k = 0, . . . , r be continuous
functions

Ak (t) = (Ak (t, 1) , . . . Ak (t, d)) , k ∈ {0, . . . , r} , t ∈ I.

Denote by Q ∈ Rd×d a matrix which elements qij verify the condition

qij ≥ 0 if i 6= j. (46)

For each t ∈ I we define the linear operator L (t) ,L (t) : Sdn → Sdn by

(L (t)S) (i) = A0 (t, i)S (i) + S (i)AT0 (t, i) (47)

+
r∑

k=1

Ak (t, i)S (i)ATk (t, i) +
d∑
j=1

qjiS (j) ,

(L (t)S) (i) = AT0 (t, i)S (i) + S (i)A0 (t, i) (48)

+
r∑

k=1

ATk (t, i)S (i)Ak (t, i) +
d∑
j=1

qijS (j)
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i ∈ D, S ∈ Sdn. It is easy to see that t 7−→ L (t) and t 7−→ L (t) are continuous
operator valued functions.

One can see that (47) and (48) may be written as:

L(t)S = LA(t)S + Π(t)S

L(t)S = LA(t)S + Π̃(t)S

where LA(t) and LA(t) are the extended Lyapunov operators introduced via
(37) and (38), respectively, for D = {1, 2, ..., d} and A(t, i) = A0(t, i)+ 1

2qiiIn,

(Π(t)S)(i) =
r∑

k=1

Ak(t, i)S(i)ATk (t, i) +
d∑

j=1,j 6=i
qjiS(j),

(Π̃(t)S)(i) =
r∑

k=1

ATk (t, i)S(i)Ak(t, i) +
d∑

j=1,j 6=i
qijS(j).

Based on (46) one obtains that Π(t)S ≥ 0, Π̃(t)S ≥ 0 if S ≥ 0. Therefore,
combining Remark 7 and Corollary 2 (i) we conclude that the operator
valued function L(·) introduced via (47) generates a positive evolution on Sdn.
Also, combining (45) and Corollary 2 (ii) we infer that the operator valued
function L(·) defines an anticausal positive evolution on Sdn. Moreover, by
direct calculation one obtains that L(t) = L∗(t) where L∗(t) is the adjoint
operator with respect to the inner product (36) of L(t).

The Lyapunov operator L (t) defines the following linear differential equa-
tion on Sdn:

d

dt
S (t) = L (t)S (t) , t ∈ I (49)

while, the linear operator L(t) defines the following backward differential
equation

d

dt
S (t) + L (t)S (t) = 0, t ∈ I. (50)

Criteria for exponential stability of the zero solution of differential equations
(49) and (50) may be found in Chapter 2 in [9].
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4.3 Lyapunov-type differential equations on the space S∞n
4.3.1 Definition and basic properties

Let Ak : I → M∞n , 0 ≤ k ≤ r be continuous and bounded functions. This
means that Ak(t) = {Ak(t, i)}i∈Z+ are such that t→ Ak(t, i) are continuous
functions on I uniformly with respect to i ∈ Z+ and supt∈I ‖Ak(t)‖∞ <∞.
Let Q = (qij)i,j∈Z+ be an infinite real matrix whose elements satisfy the
conditions:

qij ≥ 0, if i 6= j (51)

and

sup
i∈Z+

(|qii|+
∞∑

j=0,j 6=i
qij) = ν <∞. (52)

It is worth mentioning that the conditions (51) and (52) are satisfied by
the generator matrix of a standard homogeneous Markov process with an
infinite countable number of states (η(t), P,Z+) (see Section 7 in [11] for
more details).

Based on the functions t → Ak(t, i) and the elements qij of the matrix
Q, one constructs the operators L and L by:

(L(t)X)(i)=A0(t, i)X(i)+X(i)AT0 (t, i)+
r∑

k=1

Ak(t, i)X(i)ATk (t, i)+
∞∑
j=0

qjiX(j)

(53)

(L(t)X)(i)=AT0 (t, i)X(i)+X(i)A0(t, i)+
r∑

k=1

ATk (t, i)X(i)Ak(t, i)+
∞∑
j=0

qijX(j)

(54)
for all sequences X = {X(i)}i∈Z+ .

Lemma 1 If the real numbers qij satisfy conditions (51) and (52) then for
each t ∈ I, L(t) ∈ B(`1(Z+,Sn)) and L(t) ∈ B(S∞n ).

Proof. If X ∈ `1(Z+,Sn) then one obtains via (32), (51)-(53) that:

‖̃L(t)X ‖̃1 =
∞∑
i=0

|(L(t)X)(i)| ≤ γ(t)‖̃X ‖̃1
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where

γ(t) = 2‖A0(t)‖∞ +
r∑

k=1

‖Ak(t)‖2∞ + ν. (55)

Based on (33) we may write ‖L(t)X‖1 ≤ n‖̃L(t)X ‖̃1 ≤ nγ(t)‖̃X ‖̃1 which
yields ‖L(t)X‖1 ≤ nγ(t)‖X‖1. This shows that L(t) introduced by (53)
defines a linear and bounded operator on `1(Z+,Sn) and ‖L(t)‖1 ≤ nγ(t),
t ≥ 0.

Similarly, if X ∈ S∞n one obtains via (51), (52), (54) that

‖L(t)X‖∞ ≤ γ(t)‖X‖∞

where γ(t) is defined by (55). This completes the proof.

In the developments of this paper the linear operator L(t) introduced via
(53) will be named the Lyapunov type operator on the space `1(Z+,Sn) de-
fined by the system (A0, A1, ..., Ar;Q) while L(t) will be named the Lyapunov
type operator on the space S∞n defined by the system (A0, A1, ..., Ar;Q).

Proposition 3 [11] Under the considered assumptions, the operator valued
function L(·) introduced by (53) defines a positive evolution on `1(Z+,Sn)
while, the operator valued function L(·) introduced by (54) defines an anti-
causal positive evolution on the Banach space S∞n .

Let T (t, τ), (t, τ) ∈ I × I be the linear evolution operator on `1(Z+,Sn)
defined by the linear differential equation

d

dt
X(t) = L(t)X(t). (56)

This means that d
dtT (t, τ) = L(t)T (t, τ), T (τ, τ) = I`1(Z+,Sn).

Consider, also T a(t, τ) the anticausal linear evolution operator on S∞n
defined by the backward linear differential equation

d

dt
X(t) + L(t)X(t) = 0. (57)

This means that
∂
∂tT

a(t, τ) = −L(t)T a(t, τ),
T a(τ, τ) = IS∞n .

(58)
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Remark 8 Under the considered assumptions the operator valued functions
t→ L(t) and t→ L(t) are continuous in the topology induced by the norms
of Banach algebras B(`1(Z+,Sn)) and B(S∞n ), respectively.

In the previous subsection we saw that in the case D = {1, 2, ..., d} the
operator defined by (48) which is the analogous of the operator L(t) (intro-
duced by (54)) coincides with the adjoint L∗(t) of the operator L(t).

In the case D = Z+, such an equality is not possible because the operator
L(t) and L(t) act on different linear spaces.

In the next developments we shall see that under some additional assump-
tions the restriction of the operator L(t) to the Hilbert space (`2(Z+,Sn), ‖ ·
‖2) coincides with the adjoint operator of L(t).

To this end we need the following auxiliary result which could be also of
interest in itself.

Lemma 2 If A,M ∈ Rn×n are given matrices, then |AM |2 ≤ min{|A||M |2,
|A|2|M |} where | · | and | · |2 are the norms introduced by (20) and (21).

Theorem 1 Assume that beside the conditions (51)-(52) the real numbers
qij satisfy the condition:

sup
i∈Z+

∞∑
j=0

|qji| = q̃ < +∞. (59)

Let L̃(t) = L(t)|`2(Z+,Sn) be the restriction of the operator L(t) to `2(Z+,Sn) ⊂
S∞n . Under these conditions, for each t ∈ I, the following hold:

(i) L̃(t) ∈ B(`2(Z+,Sn)).
(ii) L(t) ∈ B(`2(Z+,Sn)).
(iii) L̃(t) = L∗(t).

Proof. (i) Let X = {X(i)}i∈Z+ ∈ `2(Z+,Sn) be arbitrary but fixed.
Based on (54) we obtain

|(L(t)X)(i)|22 ≤ 4[|AT0 (t, i)X(i)|22 + |X(i)A0(t, i)|22+

|
r∑

k=1

ATk (t, i)X(i)Ak(t, i)|22 + |
∞∑
j=0

qijX(j)|22].
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Based on Lemma 2 we deduce

|(L(t)X)(i)|22 ≤ 4

γ1(t)|X(i)|22 +

 ∞∑
j=0

|qij ||X(j)|2

2 (60)

where γ1(t) = 2‖A0(t)‖2∞ + r
r∑

k=1

‖Ak(t)‖4∞.

Let N ∈ Z+, N ≥ 1 be arbitrary but fixed. We have N∑
j=0

|qij ||X(j)|2

2

≤
N∑
j=0

|qij |
N∑
j=0

|qij ||X(j)|22. (61)

Using (52) we obtain: N∑
j=0

|qij ||X(j)|2

2

≤ ν
N∑
j=0

|qij ||X(j)|22. (62)

Further we have
N1∑
i=0

(
N∑
j=0
|qij ||X(j)|2

)2

≤ ν
N∑
j=0

(
N1∑
i=0
|qij ||X(j)|22

)
for all

N1 ∈ Z+, N1 ≥ 1. Using (59) one gets:

N1∑
i=0

 N∑
j=0

|qij ||X(i)|2

2

≤ νq̃‖X‖22

for all N1, N ∈ Z+.
Taking the limit for N →∞, N1 →∞ one obtains

∞∑
i=0

 ∞∑
j=0

|qij ||X(j)|2

2

≤
∞∑
i=0

 ∞∑
j=0

|qij ||X(j)|2

2

≤ νq̃‖X‖22 (63)

for all i ∈ Z+.
So, we have shown that the right hand side of (60) is finite. Further,

from (60)-(63) we deduce:

∞∑
i=0

|(L(t)X)(i)|22 ≤ 4(γ1(t) + νq̃)‖X‖22.
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This shows that (L(t)X) ∈ `2(Z+,Sn) if X ∈ `2(Z+,Sn). Furthermore we
have ‖L(t)X‖2 ≤ γ2(t)‖X‖2 ∀X ∈ `2(Z+,Sn), with

γ2(t) = 2(γ1(t) + νq̃)
1
2 . (64)

Thus (i) is proved.
Further we show that (53) is well defined ifX = {X(i)}i∈Z+ ∈ `2(Z+,Sn).

Proceeding as in the proof of (i), we show that

|(L(t)X)(i)|22 ≤ 4

γ1(t)|X(i)|22 +

 ∞∑
j=0

|qji||X(i)|2

2 (65)

i ∈ Z+, γ1(t) being as in (60).

For each N ≥ 1 we have (
N∑
j=0
|qji||X(j)|2)2 ≤

N∑
j=0
|qji|

N∑
j=0
|qji||X(j)|22

which yields (
N∑
j=0
|qji||X(j)|2)2 ≤ q̃

N∑
j=0
|qji||X(j)|22.

Further we obtain
N1∑
i=0

(
N∑
j=0
|qji||X(j)|2

)2

≤ νq̃‖X‖22.

Taking the limits for N →∞ and N1 →∞ we deduce

∞∑
i=0

 ∞∑
j=0

|qji||X(j)|2

2

≤
∞∑
i=0

(
∞∑
j=0

|qji||X(j)|2)2 ≤ νq̃‖X‖22

for all i ∈ Z+, X ∈ `2(Z+,Sn).
This shows that the right hand side of (65) is finite for all i ∈ Z+.

Furthermore we obtain that

∞∑
i=0

|(L(t)X)(i)|22 ≤ γ2(t)‖X‖22, (∀) X ∈ `2(Z+,Sn)

where γ2(t) is defined as in (64). Thus we have proved that L(t)∈B(`2(Z+,Sn).
In order to prove (iii) one employs (34), (53), (54) to show that the

equality 〈L̃(t)X,Y 〉2 = 〈X,L(t)Y 〉2 holds for all X,Y ∈ `2(Z+,Ln). Thus
the proof is complete.
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Remark 9 Under the assumptions of Lemma 1, the condition (59) is satis-
fied if there exist h1 ≥ 0, h2 ≥ 0 such that qij = 0 if i < j−h1 or i > j+h2.
In this case (59) is satisfied with q̃ = (h1 + h2 + 1)ν where ν is the constant
from (52).

By direct calculation one shows that L̃ : I → B(`2(Z+,Sn)) is a strongly
continuous operator valued function. This function defines the linear differ-
ential equation:

d

dt
Y (t) + L̃(t)Y (t) = 0 (66)

t ∈ I on the space (`2(Z+,Sn), ‖ · ‖2).
Let T a

L̃
(t, τ), t, τ ∈ I, be the anticausal linear evolution operator on

`2(Z+,Sn) defined by the linear differential equation (66).

Corollary 5 Under the assumptions of the Theorem 1 we have:

T a
L̃

(τ, t) = T ∗(t, τ), ∀ t, τ ∈ I.

T (t, τ) being the linear evolution operator defined by L(t) ∈ B(`2(Z+,Sn)).

Proof follows from Theorem 1 (iii) and the equality (18).

Let L(t) = LA(t)+Π̃(t) be the partition of the linear operator L(t) where

(Π̃(t)X)(i) =
r∑

k=1

ATk (t, i)X(i)Ak(t, i) +
∞∑

j=0,j 6=i
qijX(j). (67)

We prove:

Lemma 3 For any monotone and bounded sequence {Xk}k∈Z+ ⊂ S∞n we
have:

(i) lim
k→∞

(Π̃(t)[Xk])(i) = (Π̃(t)[X])(i) for all i ∈ Z+, t ∈ I.

(ii) lim
k→∞

(T a(t, t0)Xk)(i) = (T a(t, t0)X)(i) for all i ∈ Z+, t ≤ t0, t, t0 ∈
I, where X = {X(i)}i∈Z+ ∈ S∞n is defined by X(i) = lim

k→∞
Xk(i), i ∈ Z+.
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Proof. Without loss of generality we may assume that {Xk}k∈Z is an
increasing and bounded sequence. This means that there exist µj ∈ R,
j = 1, 2 such that

µ1In ≤ Xk(i) ≤ Xk+1(i) ≤ µ2In, ∀(k, i) ∈ Z+ × Z+ (68)

Therefore, for each i ∈ Z+, X(i) ∈ Sn is well defined by

X(i) = lim
k→∞

Xk(i). (69)

Based on (68) we infer that X = {X(i)}i∈Z+ ∈ S∞n . From (67) we obtain

(Π̃(t)Xk)(i)−(Π̃(t)X)(i)=
r∑
l=1

ATl (t, i)(Xk(i)−X(i))Al(t, i)+

+
∞∑
j=0
j 6=i

qij(Xk(j)−X(j)). (70)

First, from (68) we obtain

lim
k→∞

r∑
k=1

ATl (t, i)(Xk(i)−X(i))Al(t, i) = 0 (71)

On the other hand, applying Corollary 7 from the Appendix for ak(j) =
qij |Xk(j) − X(j)|, we deduce that limk→∞

∑∞
j=0,j 6=i qij |Xk(j) − X(j)| = 0

which leads to

lim
k→∞

∞∑
j=0,j 6=i

qij(Xk(j)−X(j)) = 0. (72)

Combining (70)-(72) we obtain that (i) is true.
Let us now prove that (ii) holds. To this end, let us denote Yk(t) =

T a(t, t0)Xk, t ∈ (−∞, t0]∩I, t0 ∈ I being fixed. Since T a(t, t0) is a positive
operator, if t ≤ t0 the inequalities (68) yield

µ1(T a(t, t0)J∞)(i) ≤ Yk(t, i) ≤ Yk+1(t, i) ≤ µ2(T a(t, t0)J∞)(i) (73)

for all i ∈ Z+, t ≤ t0, t ∈ I. From (73) we obtain that the matrices Z(t, i)
are well defined by

Z(t, i) = lim
k→∞

Yk(t, i), i ∈ Z+, t ∈ (−∞; t0] ∩ I.
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Furthermore (73) yields |Z(t, i)| ≤ µ3|T a(t, t0)J∞| = µ3‖T a(t, t0)‖ for all
i ∈ Z+. This leads to

|Z(t)| ≤ µ3‖T a(t, t0)‖, ∀t ∈ I, t ≤ t0,

where Z(t) = {Z(t, i)}i∈Z+ .
Since t → ‖L(t)‖∞ is a bounded function we deduce that ‖T a(t, t0)‖ ≤

ec(t0−t), for all t ∈ I, t ≤ t0. This leads to

|Z(t)| ≤ µ3e
c(t0−t). (74)

Reasoning in the same way we obtain from (73)

|Yk(t)| ≤ µ3e
c(t0−t) (75)

for all t ∈ I, t ≤ t0, k ∈ Z+.
Let T aA(t, s) be the anticausal linear evolution operator on S∞n defined by

the extended Lyapunov operator LA(t). We have the representation formula

Yk(t) = T aA(t, t0)Xk +

t0∫
t

T aA(t, s)Π̃(s)Yk(s)ds

for all t ≤ t0, t ∈ I.
Based on (45) written for A(t, i) replaced by A0(t, i) + 1

2qiiIn, we obtain
the component wise representation formula

Yk(t, i) = ΦT
i (t0, t)Xk(i)Φi(t0, t) +

t0∫
t

ΦT
i (s, t)(Π̃(s)Yk(s))(i)Φi(s, t)ds (76)

for all i ∈ Z+, t ≤ t0, t ∈ I, where Φi(s, t) is the fundamental matrix solution
of the differential equation

d

dt
x(t) = (A0(t, i) +

1
2
qiiIn)x(t).

Using the result proved in the part (i) of the lemma, we obtain that

lim
k→∞

ΦT
i (s, t)(Π̃(s)Yk(s))(i)Φi(s, t) = ΦT

i (s, t)(Π̃(s)Z(s))(i)Φi(s, t) (77)

for all i ∈ Z+, t ≤ s ≤ t0.
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We recall that the boundedness of the function s → ‖A0(s)‖∞ together
with (52) allow us to deduce that

|Φi(s, t)| ≤ ec1(s−t), (78)

∀t ≤ s ≤ t0, t ∈ I, where c1 > 0 is a constant not depending upon s, t.
Further, from (76), (78) together with the boundedness of the functions

s→ ‖Al(s)‖∞, 0 ≤ l ≤ r yield

xTΦT
i (s, t)(Π̃(s)Yk(s))(i)Φi(s, t)x ≤ β̃ec̃(s−t)|x|2 (79)

for all t ≤ s ≤ t0, where β̃, c̃ are positive constants. Applying Lebesque’s
Theorem we obtain via (77) and (79) that

lim
k→∞

t0∫
t

xTΦT
i (s, t)(Π̃(s)Yk(s))(i)Φi(s, t)xds

=

t0∫
t

xTΦT
i (s, t)(Π̃(s)Z(s))(i)Φi(s, t)xds

for all x ∈ Rn. By a standard procedure, one obtains finally that

lim
k→∞

t0∫
t

ΦT
i (s, t)(Π̃(s)Yk(s))(i)Φi(s, t)ds =

t0∫
t

ΦT
i (s, t)(Π̃(s)Z(s))(i)Φi(s, t)ds

for all t ≤ t0, t ∈ I. Taking the limit for k →∞ in (76) we obtain that

Z(t, i) = ΦT
i (t0, t)X(i)Φi(t0, t) +

t0∫
t

ΦT
i (s, t)(Π̃(s)Z(s))(i)Φi(s, t)ds

for all i ∈ Z+, t ≤ t0, t ∈ I.
The above equality may be rewritten in a compact form:

Z(t) = T aA(t, t0)X +

t0∫
t

T aA(t, s)Π̃(s)Z(s)ds. (80)



Lyapunov operators on ordered Banach spaces 93

Under the considered assumptions the identity (80) allows us to deduce
that t → Z(t) is differentiable and additionally it solves the problem with
given terminal condition:

d

dt
Z(t) + L(t)Z(t) = 0, t ≤ t0 (81)

Z(t0) = X.

From the uniqueness of the solution of the problem (81) we conclude that

Z(t, i) = (T a(t, t0)X)(i) (82)

for all i ∈ Z+, t ≤ t0, t ∈ I.
The conclusion follows now from (82). So, the proof is complete. �

Lemma 4 Assume that the assumptions of Theorem 1 are fulfilled. Let
Hx
i = {Hx

i (j)}j∈Z+ be defined by

Hx
i (j) =

{
0, if j 6= i
xxT , if j = i.

(83)

where x ∈ Rn and i ∈ Z+ are arbitrary but fixed.
Under the considered assumptions we have:

‖T (t, τ)Hx
i ‖1 = xT [(T a(τ, t)J∞)(i)]x (84)

for all t ≥ τ , t, τ ∈ I.

Proof. First we notice that Hx
i ∈ `1(Z+,Sn) and ‖Hx

i ‖1 = |x|2. Therefore
T (t, τ)Hx

i is well defined and we have

‖T (t, τ)Hx
i ‖1 =

∞∑
j=0

Tr[(T (t, τ)Hx
i )(j)] (85)

for all t, τ ∈ I.
For each k ∈ Z+ we consider J∞k = {J∞k (j)}j∈Z+ where

J∞k (j) =
{
In, if 0 ≤ j ≤ k
0, if j > k.

It is obvious that J∞k ∈ `2(Z+,Sn) ⊂ S∞n and we have ‖J∞k ‖2 = (k + 1)
√
n

and ‖J∞k ‖∞ = 1. Also we have J∞k ≤ J∞k+1 ≤ J∞ for all k ∈ Z+. This
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yields: T a(τ, t)J∞k ≤ T a(τ, t)J∞k+1 ≤ T a(τ, t)J∞, for all k ∈ Z+, t ≥ τ ,
t, τ ∈ I because T a(τ, t) ≥ 0 for all t ≥ τ

This allows us to obtain

xT [(T a(τ, t)J∞k )(i)]x ≤ xT [(T a(τ, t)J∞k+1)(i)]x ≤ xT [(T a(τ, t)J∞)(i)]x (86)

for all k ∈ Z+. Moreover, applying Lemma 3 (ii) for Xk = J∞k we obtain
that

lim
k→∞

xT (T a(τ, t)J∞k )(i)x = xT (T a(τ, t)J∞)(i)x. (87)

On the other hand, from Theorem 1 (i) we deduce that T a(τ, t)J∞k ∈
`2(Z+,Sn). Therefore we may write:

xT [(T a(τ, t)J∞k )(i)]x = Tr[(T a(τ, t)J∞k )(i)xxT ] =

=
∞∑
j=0

Tr[(T a(τ, t)J∞k )(j)Hx
i (j)] = 〈T a(τ, t)J∞k ,Hx

i 〉2.

Further, the equality proved in Theorem 1 (iii) together with (18) yield:

〈T a(τ, t)J∞k ,Hx
i 〉2 = 〈T ∗(t, τ)J∞k ,H

x
i 〉2 =

= 〈J∞k , T (t, τ)Hx
i 〉2 =

k∑
j=0

Tr[(T (t, τ)Hx
i )(j)].

Thus we obtain

xT [(T a(τ, t)J∞k )(i)]x =
k∑
j=0

Tr[(T (t, τ)Hx
i )(j)]. (88)

Based on (88) we get

‖T (t, τ)Hx
i ‖1 = lim

k→∞

k∑
j=0

Tr[(T (t, τ)Hx
i )(j)] = lim

k→∞
xT [(T a(τ, t)J∞k )(i)]x.

(89)
The conclusion follows from (89) and (87). Thus the proof is complete. �

Theorem 2 Assume that the assumptions of Theorem 1 are fulfilled. Then
we have

‖T (t, τ)‖1 ≤ ‖T a(τ, t)‖ ∀ t ≥ τ, t, τ ∈ I. (90)
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Proof. Let i ∈ Z+ be arbitrary but fixed and ψi : `1(Z+,Sn)→ `1(Z+,Sn)
be defined by

ψi(X)(j) =
{

0, if j 6= i
X(i), if j = i

(91)

for any X = {X(j)}j∈Z+ ∈ `1(Z+,Sn). We have
∥∥∥∥X− k∑

i=0
ψi(X)

∥∥∥∥
1

=

∞∑
i=k+1

|X(i)|1 which leads to lim
k→∞

∥∥∥∥X− k∑
i=0

ψi(X)
∥∥∥∥

1

= 0.

Hence X =
∞∑
i=0

ψi(X) for all X ∈ `1(Z+,Sn).

Further we have

T (t, τ)X =
∞∑
i=0

T (t, τ)ψi(X) (92)

because T (t, τ) ∈ B(`1(Z+,Sn)).
Let λi1, λi2, ..., λin be real numbers and ei1, ei2, ..., ein ∈ Rn be orthogonal

vectors such that |eij | = 1, 1 ≤ j ≤ n and X(i) =
n∑
j=1

λijeije
T
ij . Combining

(83) and (91) we deduce:

ψi(X) =
n∑
j=1

λijH
eij
i (93)

where Heij
i is defined as in (83) with eij instead of x.

For each k ≥ 1 we write∥∥∥∥∥
k∑
i=0

T (t, τ)ψi(X)

∥∥∥∥∥
1

≤
k∑
i=0

‖T (t, τ)ψi(X)‖1 ≤
k∑
i=0

n∑
j=1

|λij |
∥∥T (t, τ)Heij

i

∥∥
1
.

Applying Lemma 4 we obtain

k∑
i=0

‖T (t, τ)Ψi(X)‖1 ≤
k∑
i=0

n∑
j=1

|λij |eTij [(T a(τ, t)J∞)(i)]eij ≤

≤
k∑
i=0

h∑
j=1

|λij ||(T a(τ, t)J∞)(i)|.
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Invoking (25) we infer
k∑
i=0
‖T (t, τ)ψi(X)‖1 ≤ ‖T a(τ, t)J∞‖∞

∞∑
i=0
|X(i)|1 for

all k ≥ 1.
Hence we have shown that

∞∑
i=0

‖T (τ, t)ψi(X)‖1 ≤ ‖T a(τ, t)J∞‖∞‖X‖1. (94)

Further, from (92)-(94) we get:

‖T (t, τ)X‖1 ≤ ‖T a(τ, t)J∞‖∞‖X‖1, ∀ X ∈ `1(Z+,Sn), t ≥ τ, t, τ ∈ I.

So, we may conclude that ‖T (t, τ)‖1 ≤ ‖T a(τ, t)J∞‖∞ for all t ≥ τ , t, τ ∈ I.
To show that the last inequality coincides with (90) we apply Theorem 5 in
the special case of the positive operator T a(τ, t) together with Corollary 4
(ii) and obtain that ‖T a(τ, t)J∞‖∞ = ‖T a(τ, t)‖. This ends the proof. �

4.3.2 Detectability and exponential stability

Let L and L be the Lyapunov type operators defined by (53) and (54),
respectively. In this section we discuss the exponential stability of the an-
ticausal evolution generated by L under detectability conditions and under
the assumptions of Theorem 1.
Since the cone `1(Z+,Sn+) has empty interior we cannot apply the devel-
opments from Section 4 in [11] in order to derive criteria for exponential
stability of the linear differential equation (56) on `1(Z+,Sn). The next
corollary shows that the criteria for anticausal exponential stability of (57)
could be used as necessary and sufficient conditions for the exponential sta-
bility of (56).

Corollary 6 Under the assumptions of Theorem 1 the following are equiv-
alent:

(i) the operator valued function L(·) defines an exponentially stable an-
ticausal evolution on S∞n ;

(ii) the operator valued function L(·) defines an exponentially stable evo-
lution on `1(Z+,Sn).

Proof. (i) → (ii). If (i) holds then there exist β ≥ 1, α > 0 such that
‖T a(τ, t)‖ ≤ βe−α(t−τ) for all τ, t ∈ I, t ≥ τ . Then from Theorem 2 we get

‖T (t, τ)‖1 ≤ βe−α(t−τ) (95)
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for all t ≥ τ , t, τ ∈ I. This shows that (ii) is true.
Let us prove now that (ii) → (i). If (ii) holds, then there exist β ≥ 1,

α > 0 such that (95) is true. From Lemma 4 we have

xT (T a(τ, t)J∞)(i)x ≤ ‖T (t, τ)‖1‖Hx
i ‖1

which yields xT (T a(τ, t)J∞)(i)x ≤ βe−α(t−τ)|x|2 for all t ≥ τ ∈ I, x ∈ Rn,
i ∈ Z+. Therefore |(T a(τ, t)J∞)(i)| ≤ βeα(τ−t), (∀) i ∈ Z+, which leads
to

‖T a(τ, t)J∞‖∞ ≤ βeα(τ−t). (96)

Applying Theorem 5 to the positive operator T a(τ, t) and using Corollary
4 (ii) we obtain from (96) that ‖T a(τ, t)‖ ≤ βeα(τ−t), for all t ≥ τ , t, τ ∈
I. This confirms that the implication (ii) → (i) is true. So the proof is
complete. �

Definition 3 Let C : I → M∞pn be a continuous, bounded function. We
say that the pair (L, C) is detectable if there is a continuous and bounded
function F : I →M∞np such that

LF (t) (X) = L (t) (X) + F (t)C (t)X +XC (t)T F (t)T , X ∈ `1(Z+,Sn)
(97)

generates a positive and exponentially stable causal evolution on `1(Z+,Sn).

A standard computation shows that t ∈ I → LF (t) ∈ B
(
`1(Z+,Sn)

)
is a well defined, strongly continuous mapping, which generates a causal
evolution operator TLF (t, s) on `1(Z+,Sn). Since LF and L have the same
form, we can apply Proposition 3 to deduce that TLF (t, s) is a positive
operator. Moreover, TLF (t, s) is exactly the restriction to `1(Z+,Sn) of the
positive causal evolution operator T̂LF (t, s) generated by LF on `2(Z+,Sn)
( [18], [3]). Let

LF (t) (X) = L (t) (X) + C (t)T F (t)T X +XF (t)C (t) ,

for all X ∈ S∞n and t ∈ I. Obviously, the conclusions of Corollary 6 re-
main true if we replace the operators L and L with LF and LF , respec-
tively. Therefore LF generates an anticausal exponentially stable evolution
on S∞n if and only if LF generates a causal exponentially stable evolution on
`1(Z+,Sn).
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Remark 10 The pair (L, C) is detectable if and only if there is F : I →
M∞n×p a continuous and bounded function such that LF (t) , t ∈ I generates
a positive and exponentially stable anticausal evolution on S∞n .

Let I = R+ := [0,∞). A mapping P : I→S∞n+ will be called nonnega-
tive. The next theorem is the main result of this section. It gives sufficient
conditions for the exponential stability of the anticausal evolution gener-
ated by the Lyapunov type operator L, in terms of global solvability of an
associated affine equation.

Theorem 3 Assume that (L, C) is detectable and the backward differential
equation

dP (t)
dt

+ L (t)P (t) + CT (t)C (t) = 0 (98)

has a nonnegative solution in the class of all bounded C1-mappings P :
I→S∞n . Then L generates an exponentially stable anticausal evolution on
S∞n .

Proof. If i ∈ Z+ and x ∈ Rn are fixed, then the unique solution in
`1(Z+,Sn) of the equation

dZ (t)
dt

= L (t) (Z (t)) , t ≥ s ≥ 0 (99)

Z (s) = Hx
i , i ∈ Z+, (100)

exists and is given by Z (t, s; (Hx
i )) = TL (t, s) (Hx

i ) ≥ 0, t ≥ s. Let us prove
that there is γ > 0 such that

∞∫
s

‖Z (τ, s;Hx
i )‖1 dτ ≤ γx

Tx (101)

for all s ∈ R+,i ∈ Z+ and x ∈ H. Then, Lemma 4 shows that

∞∫
s

xT [(T aL(s, τ)J∞)(i)]xdτ ≤ γxTx.

From Theorem 4.4 from [11] it follows that L generates an anticausal expo-
nentially stable evolution on S∞n and the proof is complete.
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It remains to prove (101).
First, we establish a sufficient condition for (101). From the detectabil-

ity hypothesis, there is a bounded and continuous function F : I → M∞np
such that the causal evolution operator TLF (t0, t) is exponentially stable on
`1(Z+,Sn). We define

ΩF,ε (t) (X) = LF (t) (X) + ε2X,X ∈ `1(Z+,Sn).

Using Gronwall’s Lemma and a standard computation we deduce that there
is ε0 ∈ (0, 1) such that the causal evolution operator TΩF,ε (t, s) , generated
by ΩF,ε (t), t ∈ R+, is exponentially stable for all 0 < ε < ε0. Then there
are β1 ≥ 1 and α1 ∈ (0, 1) such that ‖TΩF,ε (t, s)‖1 ≤ β1α

t−s
1 for all t ≥ s.

Moreover, by Proposition 3.3 from [11] (see also Corollary 2), TΩF,ε (t, s) is
a positive operator. Now, for such an ε ∈ (0, ε0) , we consider the equation

dY (t)
dt

= ΩF,ε (t) (Y (t)) +
1
ε2
F (t)C (t)Z (t)C (t)T F (t)T , t ≥ s ≥ 0,

(102)

Y (s) = Hx
i , (103)

where Z (t) is the solution of (99). We obtain

d (Y (t)− Z (t))
dt

= ΩF,ε (Y (t)− Z (t)) + Ψ (t) , t ≥ s, t ∈ N, (104)

Y (s)− Z (s) = 0, (105)

where

Ψ (t) =
(
ε+

1
ε
FC

)
Z

(
ε+

1
ε
FC

)T
(t) .

By a standard way it follows that Y (t) − Z (t) ≥ 0 for all t ∈ R+ and,
consequently, ‖Y (t)‖1 ≥ ‖Z (t)‖1 . Therefore the existence of γ > 0 such
that

∞∫
s

‖Y (t, s;Hx
i )‖1 dt ≤ γx

Tx, (106)

is a sufficient condition for (101) to hold. Then, let us prove (106).
Applying (10) for (102), (103) we obtain

Y (t) = TΩF,ε (t, s) (Hx
i ) +

1
ε2

t∫
s

TΩF,ε (t, r)
(

(FCZ) (r) (FC) (r)T
)
dr,
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for any t > s. Hence

‖Y (t)‖1 ≤ β1α
t−s
1 xTx+

1
ε2

t∫
s

αt−r1

∥∥∥(FCZ) (r) (FC) (r)T
∥∥∥

1
dr. (107)

By virtue of (26), the conclusions of Lemma 2 remains valid for |.|1
replacing |.|2 and we get∥∥∥(FCZ) (r) (FC) (r)T

∥∥∥
1

=
∑
j∈Z+

∣∣∣[(FCZ) (r) (FC) (r)T
]

(j)
∣∣∣
1

=
∑
j∈Z+

Tr
[(

(FCZ) (r) (FC) (r)T
)

(j)
]
≤

l2
∑
j∈Z+

Tr
[(
CZCT

)
(r) (j)

]
= l2

∑
j∈Z+

Tr
[(
CTCZ

)
(r) (j)

]
:= (∗) .

The restrictions of the operators L and L to `2(Z+,Sn) will be still
denoted by L and L. So, Corollary 5 ensures that

T ∗L (r, s) = T aL (s, r) (108)

in `2(Z+,Sn) and

Z (r) = TL (r, s) (Hx
i ) = (T aL (s, r))∗ (Hx

i ) .

From Lemma 21 in [19], we have

(∗) = l2
∑
j∈Z+

Tr
[(
CTC

)
(r) (T aL (s, r))∗ (Hx

i ) (j)
]

≤ l2
∑
j∈Z+

Tr
[
T aL (s, r)

(
CT (r)C (r)

)
Hx
i (j)

]
= l2xTT aL (s, r)

(
CT (r)C (r)

)
(i)x (109)

Let P : I → M∞n+
be a nonnegative solution of (98) in the class of all

bounded C1-mappings. From (11), P is also the unique solution of the
equation

P (s) = T aL (s, t) (P (t)) +

t∫
s

T aL (s, r)
(
CT (r)C (r)

)
dr, s ≤ t.
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By inequality (109) and the positiveness of T aL (t, s), we get successively

t∫
s

∥∥∥(FCZ) (r) (FC) (r)T
∥∥∥

1
dr ≤

t∫
s

xTT aL (s, r)
(
CT (r)C (r)

)
(i)xdr

= xT
t∫
s

T aL (s, r)
(
CT (r)C (r)

)
(i) drx

= xTP (s) (i)x− xTT aL (s, t) (P (t)) (i)x
≤ xTP (s) (i)x.

Setting m1 = l2 sups∈R+
‖P (s)‖∞ <∞ we obtain

t∫
s

∥∥∥FCZ (r) (CF ) (r)T
∥∥∥

1
dr ≤ l2xTP (s) (i)x ≤ m1x

Tx,

Taking the integral from t = s to ∞ in (107), we see that there are the
positive constants d1 and d2 such that

∞∫
s

‖Y (t)‖1 dt ≤ d1x
Tx+

d2

ε2

∞∫
s

∥∥∥FCZ (r) (CF ) (r)T
∥∥∥

1
dr (110)

≤ d1x
Tx+

d2

ε2
m1x

Tx ≤
(
d2m1/ε

2 + d1

)
xTx.

So, there is γ > 0 such that
∞∫
s

‖Y (t)‖1 dt ≤ γx
Tx

and (106) follows. The proof is complete. �

5 Appendix

A. Convex cones. In the sequel we collect several basic definitions regard-
ing the convex cones and ordered Banach spaces. For more details concerning
the convex cones and ordered linear spaces we refer to [4, 12, 16, 17] and
references therein.

Let (X , ‖ · ‖) be a real normed space.
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Definition 4 A nonempty subset C ⊂ X is called convex cone if:
(i) C + C ⊂ C
(ii) αC ⊂ C for all α ∈ R, α ≥ 0.

It is easy to see that a cone C is a convex subset and thus we shall say
convex cone when we refer to a cone.

Definition 5 (i) A cone C is called a pointed cone if C
⋂

(−C) = {0}.
(ii) A cone C is called a solid cone if its interior IntC is not empty.
(iii) A cone C is called normal cone if there exists a real number b̃ > 0

such that ‖x‖ ≤ b̃‖y‖ if 0 ≤ x ≤ y.

A convex cone C ⊂ X induces an ordering ” ≤ ” on X , by x ≤ y (or
equivalently y ≥ x) if and only if y−x ∈ C. If C is a solid cone then x < y (or
equivalently y > x) if and only if y − x ∈ IntC. Hence C = {x ∈ X |x ≥ 0}
and IntC = {x ∈ X |x > 0}. That is why, in this paper, we shall use the
notation X+ for the convex cone which induces the order relation on X .

Remark 11 (i) If in the definition of a normal cone we may take b̃ = 1 we
shall say that the norm ‖ · ‖ is monotone with respect to the convex cone C.

(ii) If C is a normal cone then it is a pointed cone. Indeed, if x is such
that x and −x are in C then from (1 + 1

n)x ∈ C we have 0 ≤ −x ≤ 1
nx.

Hence ‖x‖ ≤ b̃
n‖x‖. Taking the limit for n → ∞ we deduce that ‖x‖ = 0

hence x = 0. Thus we obtained that C is pointed cone.

B. Minkovski norms. Linear positive operators
We assume that X is a real Banach space ordered by an order relation

induced by a solid convex cone X+ where X+ 6= X . For a fixed ξ ∈ IntX+

we consider the open and convex subset

Bξ = {x ∈ X ;−ξ < x < ξ}. (111)

The Minkovski functional | · |ξ : X → R associated to the subset Bξ is

|x|ξ = inf

{
t > 0;

1
t
x ∈ Bξ

}
. (112)

The main properties of the Minkovski functional introduced by (112) are
collected in the next theorem.
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Theorem 4 The Minkovski functional introduced in (112) has the proper-
ties:

(i) |x|ξ ≥ 0 and |0|ξ = 0.
(ii) |αx|ξ = |α||x|ξ for all α ∈ R, x ∈ X .
(iii) |x|ξ < 1 if and only if x ∈ Bξ.
(iv) |x+ y|ξ ≤ |x|ξ + |y|ξ for all x, y ∈ X .
(v) There exists β(ξ) > 0 such that |x|ξ ≤ β(ξ)‖x‖, (∀)x ∈ X .
(vi) |x|ξ = 1 if and only if x ∈ ∂Bξ.
(vii) |x|ξ ≤ 1 if and only if x ∈ B̄ξ.
(viii) If X+ is closed then B̄ξ = {x ∈ X ;−ξ ≤ x ≤ ξ}.
(ix) |ξ|ξ = 1.
(x) The set T (x) = {t > 0; 1

tx ∈ Bξ} coincides with the interval (|x|ξ,∞).
(xi) If x, y, z ∈ X are such that y ≤ x ≤ z then |x|ξ ≤ max{|y|ξ, |z|ξ}.

Proof. Properties (i)-(iv), (vi) and (vii), can be proved in a more general
setting of Minkovski functionals, associated to some open and convex subsets
in linear topological spaces (see [12]). The other properties are based on the
special form of the set Bξ given in (111). For details see [10].

From (i) and (iv) in Theorem 4 one obtains that the Minkovski functional
is a seminorm.

The next result provides a sufficient condition such that the Minkovski
seminorm becomes a norm.

Proposition 4 [10] If Bξ is a bounded set then the Minkovski seminorm
| · |ξ defined by (112) is a norm. Moreover there exists αξ > 0 such that
‖x‖ ≤ αξ|x|ξ for all x ∈ X .

Proposition 5 [10] If the cone X+ is normal then for all ξ ∈ IntX+ the set
Bξ is bounded.

Let (X , || · ||) be a real Banach space ordered by the closed, solid, normal,
convex cone X+.
If (Y, || · ||) is another Banach space, then B(X ,Y) stands for the space of
linear and bounded operators defined on X and taking values in Y.
When X = Y we shall write B(X ) instead of B(X ,X ).

Under the considered assumptions, the Minkovski functional | · |ξ is a
norm equivalent with the norm ‖ · ‖ on X .
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If T ∈ B(X ) then ‖T‖ and ‖T‖ξ are the operator norms of T , induced
by ‖ · ‖ and | · |ξ, respectively. This means that

‖T‖ = sup
‖x‖≤1

‖Tx‖ (113)

‖T‖ξ = sup
|x|ξ≤1

|Tx|ξ. (114)

Definition 6 Let (X ,X+), (Y,Y+) be two ordered linear spaces with the
order relation induced by the convex cones X+ and Y+, respectively. An
operator T ∈ B(X ,Y) is called positive operator if TX+ ⊂ Y+. In this case
we shall write T ≥ 0.

By definition, if T1, T2 ∈ B(X ) then T1 ≤ T2 or equivalently T2 ≥ T1 if
and only if T2 − T1 ≥ 0.

Remark 12 If T : X → X is a linear bounded and positive operator then T
is a monotone operator. This means that Tx ≤ Ty if x ≤ y.

The next result provides a simple formula of the operator norm of a
bounded linear positive operator induced by the Minkovski norm.

Theorem 5 Let (X , ‖ · ‖) be a real Banach space ordered by a solid, closed,
normal, convex cone X+. Let ξ ∈ IntX+ be fixed. Then for every positive
operator T ∈ B(X ) we have ‖T‖ξ = |Tξ|ξ.

Proof may be done in a standard way using (114).

C. Lebesque’s theorem for discrete measures
In the sequel, we provide some useful applications of Lebesque’s Theorem

to the study of the series of real numbers.
Let (Z+,2(Z+), µ) be the space with measure, where Z+ is the set of

nonnegative integers, 2(Z+) is the family of all subsets of Z+ and µ : 2(Z+) →
R+ is defined by µ(A) is the number of elements of A if A is a finite subset,
µ(A) = +∞ if A is an infinite subset and µ(∅) = 0. It is obvious that
µ({i}) = 1 if i ∈ Z+. A function a : Z+ → R is a sequence of real numbers
a = {a(i)}i∈Z+ . It is easy to see that every function a : (Z+,2(Z+)) →
(R,B(R)) is a measurable function. The Definition 7, (ii), Chapter 1 in [9]
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specialized to this framework allows us to say that a function a = {a(i)}i∈Z+

is integrable if and only if
∑∞

i=0 |a(i)| <∞. We have∫
Z+

adµ =
∞∑
i=0

a(i)

if the right hand side is well defined.
Applying Theorem 11, Chapter 1, in [9] one obtains.

Corollary 7 Let ak, k ≥ 0 be a sequence of functions ak = {ak(i)}i∈Z+ with
the properties:

(a) limk→∞ ak(i) = x(i) for all i ∈ Z+;
(b) |ak(i)| ≤ m(i), k ≥ 0, i ≥ 0 where

∑∞
i=0m(i) <∞.

Under these conditions the following hold:
(i) The series

∑∞
i=0 |ak(i)|, k ≥ 0,

∑∞
i=0 |x(i)| are convergent.

(ii) limk→∞
∑∞

i=0 |ak(i)− x(i)| = 0.
(iii) limk→∞

∑∞
i=0 ak(i) =

∑∞
i=0 x(i).
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LINEAR DIFFERENTIAL GAMES

WITH VECTOR-VALUED CRITERIA∗

Constantin Drăguşin†

Abstract

This paper deals with a problem of linear differential games with
several quadratic objective criteria (with vector-objective). In this case
the notion of Pareto min-max is used as optimum point of the differ-
ential game. We mention that the notion of Pareto min-max was in-
troduced for the first time in [5]. Existence conditions (Theorem 1),
necessary conditions (Theorem 2) and sufficient conditions (Theorem
3) are given.

MSC: 91A23, 49N90

Keywords: Existence, necessary and sufficient conditions for Pareto
min-max.

§ 1. Notations and Definitions

Let X and Y be real Banach spaces, ∅ 6= U ⊂ X, ∅ 6= V ⊂ Y and
J : U× V→ Rm, m > 1.

Definition 1. Let U and V be convex sets. The function J is called
convex with respect to u ∈ U and concave with respect to v ∈ V if and only
if J(·, v) : U → Rm is a convex function, ∀v ∈ V and J(u, ·) : V → Rm is a
concave function, ∀u ∈ U (see [4]).
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Definition 2. The function J is called (weakly) lower semicontinuous
with respect to u ∈ U at the point (u◦, v◦) ∈ U × V if J(·, v◦) : U → Rm

is (weakly) lower semicontinuous at the point u◦ ∈ U. The function J is
called (weakly) lower semicontinuous with respect to u ∈ U on U × V if
J(·, v) : U→ Rm is (weakly) lower semicontinuous with respect to u, ∀v ∈ V.

The function J is called (weakly) upper semicontinuous with respect to
v ∈ V at the point (u◦, v◦) ∈ U × V if J(u◦, ·) : V → Rm is (weakly) upper
semicontinuous at the point v◦ ∈ V. The function J is called (weakly) upper
semicontinuous with respect to v ∈ V on U×V if J(u, ·) : V→ Rm is (weakly)
upper semicontinuous with respect to v, ∀u ∈ U.

Definition 3. An element (u◦, v◦) ∈ U×V is called Pareto local min-max
point for the function J : U × V → Rm if

[
∃U0 ∈ V(u◦) and ∃V0 ∈ V(v◦)

]
with the property that @(u, v) ∈

(
U ∩ U0

)
×
(
V ∩ V0

)
such that

J(u, v◦) ≤ J(u◦, v◦) ≤ J(u◦, v), (i)

and {
either ‖J(u◦, v◦)− J(u, v◦)‖2 > 0,
or ‖J(u◦, v◦)− J(u◦, v)‖2 > 0.

(ii)

An element (u◦, v◦) ∈ U × V is called Pareto global min-max point for
the function J : U× V→ Rm if @(u, v) ∈ U× V such that

J(u, v◦) ≤ J(u◦, v◦) ≤ J(u◦, v), (i′)

and {
either ‖J(u◦, v◦)− J(u, v◦)‖2 > 0,
or ‖J(u◦, v◦)− J(u◦, v)‖2 > 0.

(ii′)

§ 2. Differential Games with Vector-valued Criterion

We consider the following problem of a linear differential game with sev-
eral quadratic criteria:

Ω1 ⊂ Rp, Ω2 ⊂ Rr, p ≥ 1 ≤ r convex and compact sets,
U := {u(·)|u(·) ∈ L2([0, T ]; Rp), u(t) ∈ Ω1, t ∈ [0, T ]},
V := {v(·)| v(·) ∈ L2([0, T ]; Rr), v(t) ∈ Ω2, t ∈ [0, T ]},

the system of linear differential equations{
ẋ∗(t) = A · x∗(t) +B1 · u∗(t) +B2 · v∗(t),
x∗(0) = x∗0,

(1)
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where A ∈Mn×n(R), B1 ∈Mn×p(R), B2 ∈Mn×r(R) are constant matrix,

J = (J1, ..., Jm) : U× V→ Rm

Jk
(
u(·), v(·)

)
:= xuv(T ) ·Pk ·x∗uv(T )+

T∫
0

[
u(t) ·Qk ·u∗(t)+v(t) ·Rk ·v∗(t)

]
dt,

(2)
where

Pk ∈ Mn×n(R) is a constant, symmetrical and positive semi-definite
matrix,

Qk ∈Mp×p(R) is a constant, symmetrical and positive definite matrix,
Rk ∈ Mr×r(R) is a constant, symmetrical and negative definite matrix,

k ∈ {1, ...,m},
xuv(T ) ∈ Rn is the point where the system (1) trajectory reaches, ac-

cording to the pair (u, v) at the final moment T ,
x∗uv(T ) ∈M1×n

(
R
)

is the transpose of the vector xuv(T ) ∈ Rn.(
P.O.

)
The problem of optimum:

min - max
(u,v)∈U×V

J
(
u(·), v(·)

)
.

From system (1) we deduce

x∗uv(T ) = eAT
[
x∗0 +

T∫
0

e−As
(
B1 · u∗(s) +B2 · v∗(s)

)
ds
]

(3)

and hence

Jk(u, v) = x0 · P̃k · x∗0 + 2x0P̃k

T∫
0

e−As
(
B1 · u∗(s) +B2 · v∗(s)

)
ds+

+

T∫
0

T∫
0

(
u(τ) ·B∗1 + v(τ) ·B∗2

)
·Hk(τ, s) ·

(
B1 · u∗(s) +B2 · v∗(s)

)
dτds+

+

T∫
0

(
u(s) ·Qk · u∗(s) + v(s) ·Rk · v∗(s)

)
ds, (4)
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where

P̃k = eA
∗TPke

AT and Hk(τ, s) = eA
∗(T−s)Pke

A(T−τ), k ∈ {1, ...,m}. (5)

Lemma 1. Let C ∈ Mn×n(R) be a constant, symmetrical and positive
semi-definite matrix. The quadratic form ϕ : L2

(
[0, T ],Rn

)
→ R,

ϕ(y) =

T∫
0

T∫
0

y(τ) · C · y∗(s)dτds,

is positive semi-definite.

Proof. Since C ≥ 0, ∃C1 ≥ 0, C∗1 = C1 such that C = C2
1 . Hence

ϕ(y)=

T∫
0

T∫
0

(
y(τ)·C∗1

)
·
(
C1 ·y∗(s)

)
dτds=

( T∫
0

y(τ)·C∗1dτ
)( T∫

0

C1 ·y∗(s)ds
)
≥ 0.

Remark 1. The sets U a̧nd V are weak-sequentially compact (see [12],
Lemma 1A) and convex.

Remark 2. From the above hypotheses it results that the function J :
U× V→ Rm is convex with respect to u ∈ U

(
see [7], Lemma 2

)
.

Since J is continuous, it results that J is weakly lower semicontinuous
with respect to u ∈ U (see [16], th. 8.2).

Assumption 1. The matrices A, B2, Pk and Rk satisfy the condition

T∫
0

[ T∫
0

v(τ) ·B∗2 ·Hk(τ, s) ·B2dτ + v(s) ·Rk

]
· v∗(s)ds ≤ 0, (6)

∀v(·) ∈ L2

(
[0, T ],Rr

)
, ∀k ∈ {1, ...,m}.

Remark 3. If Pk = 0, k ∈ {1, ...,m} then Assumption 1 is true.

Proposition 1. If Assumption 1 is fulfilled, then the function J : U ×
V → Rm is concave with respect to v(·) ∈ V. In addition is weakly upper
semicontinuous with respect to v(·) ∈ V.
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dThe proof follows from the fact that for ψk : [0, 1] → R, it should be
ψk(t) := = Jk

(
u(·), t · v′(·) + (1− t) · v′′(·)

)
, we get

ψ′′k(t) =

T∫
0

[ T∫
0

(
v′(τ)− v′′(τ)

)
B∗2 ·Hk(τ, s) ·B2dτ+

+
(
v′(s)− v′′(s)Rk

]
·
(
v′(s)− v′′(s)

)∗
ds ≤ 0,

∀v′(·), v′′(·) ∈ V a̧nd ∀k ∈ {1, ...,m}.c

Theorem 1. If Assumption 1 is fulfilled for the problem
(
P.O.

)
, then

there ∃
(
u◦, v◦

)
∈ U× V Pareto min-max point for the function J on U× V.

Proof. Function Fλ : U× V→ R,

Fλ(u, v) :=
〈
λ, J(u, v)

〉
=

m∑
k=1

λk · Jk(u, v), (7)

where λ ∈
◦
Km= int(Rn

+), is convex and weakly lower semicontinuous with
respect to u and concave and weakly upper semicontinuous with respect to
v. Then there ∃

(
u◦, v◦

)
∈ U × V a saddle point for Fλ on U × V

(
see [7],

Lemmas 4 and 6
)
. Hence

(
u◦, v◦

)
is a Pareto min-max point for J on U×V(

see [5], [6]
)
.

Theorem 2. The necessary condition so that
(
u◦, v◦

)
∈ U×V should be

a Pareto min-max point for J on U× V is that

W :=
{

(h1, h2) ∈ L2

(
[0, T ],Rp

)
× L2

(
[0, T ],Rr

)
| ∃(t1 > 0 < t2) such that(

u◦ + t1h1, v
◦) ∈ U× V,

(
u◦, v◦+t2h2

)
∈ U× V,

T∫
0

[
x0P̃ke

−AsB1+u◦(s)Qk+

T∫
0

(
u◦(τ)B∗1 + v◦(τ)B∗2

)
Hk(τ, s)B1dτ

]
h∗1(s)ds<0,

T∫
0

[
x0P̃ke

−AsB2+v◦(s)Rk+

T∫
0

(
u◦(τ)B∗2 + v◦(τ)B∗2

)
Hk(τ, s)B2dτ

]
h∗2(s)ds>0,

∀k ∈ {1, ...,m}
}

(8)
should be empty set

(
W = ∅

)
.
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Proof. Let us assume, by reduction ad absurdum, that W 6= ∅. Let
(h1, h2) ∈ W. There exist t1 > 0 < t2 such that (u◦ + t1h1, v

◦) ∈ U× V and
(u◦, v◦ + t2h2) ∈ U× V. But U and V are convex, hence ∀t ∈]0,min{t1, t2}]
⇒

(u◦ + th1, v
◦) ∈ U× V and (u◦, v◦ + th2) ∈ U× V.

For k ∈ {1, ...,m} and t ∈ ]0,min{t1, t2}] we get

Jk
(
u◦ + th1, v

◦)− Jk(u◦, v◦) = t

T∫
0

[
2x0P̃ke

−AsB1 + 2u◦(s)Qk+

+2

T∫
0

(
u◦(τ)B∗1 + v◦(τ)B∗2

)
·Hk(τ, s) ·B1dτ

]
h∗1(s)ds+

+t2
T∫

0

(
h1(s)Qk +

T∫
0

h1(τ)B∗1 ·Hk(τ, s) ·B1dτ
)
h∗1(s)ds.

For a sufficiently small t > 0, it follows that

Jk
(
u◦ + th1, v

◦)− Jk(u◦, v◦) < 0, ∀k ∈ {1, ...,m},

which contradicts definition 3 and the theorem is proved.

Theorem 3. Consider that Assumption 1 is fulfilled. If for (u◦, v◦) ∈
U× V we get

W ∗ :=
{

(h1, h2) ∈ L2

(
[0, T ],Rp

)
× L2

(
[0, T ],Rr

)
| ∃(t1 > 0 < t2) such that(

u◦ + t1h1, v
◦) ∈ U× V,

(
u◦, v◦ + t2h2

)
∈ U× V,

T∫
0

[
x0P̃ke

−AsB1 + u◦(s)Qk +

T∫
0

(
u◦(τ)B∗1 +v◦(τ)B∗2

)
Hk(τ, s)B1dτ

]
h∗1(s)ds≤0,

T∫
0

[
x0P̃ke

−AsB2 + v◦(s)Rk +

T∫
0

(
u◦(τ)B∗2 +v◦(τ)B∗2

)
Hk(τ, s)B2dτ

]
h∗2(s)ds≥0,

∀k ∈ {1, ...,m}
}

=
{

(0, 0)
}
,

(9)
then (u◦, v◦) is a Pareto min-max point for J on U× V.
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Proof. We suppose that (u◦, v◦) is not a Pareto min-max point for J on
U× V. Then there exists (u, v) ∈ U× V such that

J(u, v◦) ≤ J(u◦, v◦) ≤ J(u◦, v) (10)

and there exist
either i0 ∈ {1, ...,m} for which

Ji0(u, v◦) < Ji0(u◦, v◦) ≤ Ji0(u◦, v), (11)

or k0 ∈ {1, ...,m} for which

Jk0(u, v◦) ≤ Jk0(u◦, v◦) < Jk0(u◦, v) (12)(
hence (u◦, v◦) 6= (u, v)

)
.

Since U and V are convex sets and J is convex with respect to u and
concave with respect to v (Prop. 1), then for any t ∈]0, 1[ we get

(û, v̂) = t(u, v) + (1− t)(u◦, v◦) ∈ U× V, (13)

J(û, v◦) ≤ J(u◦, v◦) ≤ J(u◦, v̂),

and {
either Ji0(û, v◦) < Ji0(u◦, v◦) ≤ Ji0(u◦, v̂)

or Jk0(û, v◦) ≤ Jk0(u◦, v◦) < Jk0(u◦, v̂).
(14)

Let (h1, h2) := (u, v)− (u◦, v◦).
For t ∈]0, 1[, from relation (13) we deduce

Jk(u◦ + th1, v
◦)− Jk(u◦, v◦) = 2t

T∫
0

[
x0P̃ke

−AsB1 + u◦(s)Qk+

+

T∫
0

(
u◦(τ)B∗1 + v◦(τ)B∗2

)
·Hk(τ, s) ·B1dτ

]
h
∗
1(s)ds+

+t2
T∫

0

[
h1(s)Qk +

T∫
0

h1(τ)B∗1 ·Hk(τ, s) ·B1dτ
]
h
∗
1(s)ds ≤ 0

(15)
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and

Jk(u◦, v◦ + th2)− Jk(u◦, v◦) = 2t

T∫
0

[
x0P̃ke

−AsB2 + u◦(s)Rk+

+

T∫
0

(
u◦(τ)B∗1 + v◦(τ)B∗2

)
·Hk(τ, s) ·B2dτ

]
h
∗
2(s)ds+

+t2
T∫

0

[
h2(s)Rk +

T∫
0

h̄2(τ)B∗2 ·Hk(τ, s) ·B2dτ
]
h
∗
2(s)ds ≥ 0

k ∈ {1, ...,m}.

(16)

Taking into account Assumption 1 and the relations (15) and (16) it
results that

T∫
0

[
x0P̃ke

−AsB1+u◦(s)Qk+

T∫
0

(
u◦(τ)B∗1+v◦(τ)B∗2

)
·Hk(τ, s)·B1dτ

]
h
∗
1(s)ds ≤ 0,

(17)
and

T∫
0

[
x0P̃ke

−AsB2+u◦(s)Rk+

T∫
0

(
u◦(τ)B∗1+v◦(τ)B∗2

)
·Hk(τ, s)·B2dτ

]
h
∗
2(s)ds ≥ 0,

(18)
∀k ∈ {1, ...,m}, that is (h1, h2) ∈W ∗\{(0, 0)} which contradicts the hypoth-
esis and the theorem is proved.

Example. We consider

Ω1 = [0, 1], Ω2 = [0, 1], T = 1,

U =
{
u(·) |u(·) ∈ L2

(
[0, 1]; R

)}
, u(t) ∈ [0, 1], t ∈ [0, 1],

V =
{
v(·) | v(·) ∈ L2

(
[0, 1]; R

)}
, v(t) ∈ [0, 1], t ∈ [0, 1],

and the motion equation{
ẋ(t) + x(t) = u(t)− v(t), t ∈ [0, 1],
x(0) = 1.

(∗)

Let J =
(
J1, J2

)
: U× V→ R2, where
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J1

(
u(·), v(·)

)
= x2(1) +

1∫
0

[
2u2(t)− v2(t)

]
dt,

J2

(
u(·), v(·)

)
= 2x2(1) +

1∫
0

[
u2(t)− 2v2(t)

]
dt.

The solution of system (∗) is

x(t) = e−t
[
1 +

t∫
0

(
u(s)− v(s)

)
esds

]
and

x(1) = e−1
[
1 +

1∫
0

(
u(t)− v(t)

)
etdt

]
For finding a solution of the problem, we attach the functional

J̃
(
(u·), v(·)

)
=

1
3
[
J1

(
(u·), v(·)

)
+J2

(
(u·), v(·)

)]
= x2(1)+

1∫
0

(
u2(t)−v2(t)

)
dt.

We get

J̃
(
(u·), v(·)

)
=

1∫
0

[
u2(t)− v2(t)

]
dt+ e−2

[
1 +

1∫
0

(
u(t)− v(t)

)
etdt

]2
.

The functional J̃
(
(u·), v(·)

)
is convex with respect to u(·) ∈ U and one

obtains

ϕ(v(·)) = min
u(·)∈U

J̃
(
u(·), v(·)

)
= J̃
(
0, v(·)

)
= −

1∫
0

v2(t)dt+e−2
[
1−

1∫
0

v(t)etdt
]2
.

In order to show that the functional ϕ is concave we define

ψ(t) := ϕ
(
tv1(·) + (1− t)v2(·)

)
=

= −
1∫

0

(
tv1(s) + (1− t)v2(s)

)2
ds+ e−2

[
1−

1∫
0

(
tv1(s) + (1− t)v2(s)

)
esds

]2
,
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from which, we deduce

ψ′′(t) = −2

1∫
0

(
v1(s)− v2(s)

)2
ds+

[ 1∫
0

(
v1(s)− v2(s)

)
es−1ds

]2
ds.

Because

[ 1∫
0

(
v1(s)− v2(s)

)
es−1ds

]2
ds ≤

1∫
0

(
v1(s)− v2(s)

)2
ds ·

1∫
0

e2(s−1)ds,

it follows
ψ′′(t) ≤ 0,

, hence ϕ(·) is concave. We get

max
v(·)∈V

min
u(·)∈U

J̃
(
u(·), v(·)

)
= max

v(·)∈V
ϕ
(
u(·)

)
= ϕ(0) = J̃

(
0, 0
)

= e−2.

On the other hand, because the functional J̃
(
u(·), v(·)

)
is convex with

respect to u(·) ∈ U, we get

ϕ1

(
u(·)

)
:= max

v(·)∈V
J̃
(
u(·), v(·)

)
= J̃
(
u(·), 0

)
=

1∫
0

u2(s)ds+e−2
[
1+

1∫
0

u(s)esds
]2
,

which is a convex functional.
Now

min
u(·)∈U

max
v(·)∈V

J̃
(
u(·), v(·)

)
= min

u(·)∈U
ϕ1

(
u(·)

)
= ϕ1(0) = J̃

(
0, 0
)

= e−2,

hence

min
u(·)∈U

max
v(·)∈V

J̃
(
u(·), v(·)

)
= e−2 = max

v(·)∈V
min
u(·)∈U

J̃
(
u(·), v(·)

)
= J̃

(
0, 0
)
.

Therefore, a solution of the problem is
(
u◦(·), v◦(·)

)
=
(
0, 0
)
.

Remark 4. (i) The functionals J1

(
u(·), v(·)

)
and J2

(
u(·), v(·)

)
are con-

vex with respect to u(·) ∈ U and concave with respect to v(·) ∈ V. As above,
we deduce

min
u(·)∈U

max
v(·)∈V

J1

(
u(·), v(·)

)
= e−2 = max

v(·)∈V
min
u(·)∈U

J1

(
u(·), v(·)

)
= J1(0, 0),
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and

min
u(·)∈U

max
v(·)∈V

J2

(
u(·), v(·)

)
= 2e−2 = max

v(·)∈V
min
u(·)∈U

J2

(
u(·), v(·)

)
= J2(0, 0),

hence

min
u(·)∈U

max
v(·)∈V

J
(
u(·), v(·)

)
=
(
e−2, 2e−2

)
= max

v(·)∈V
min
u(·)∈U

J
(
u(·), v(·)

)
= J(0, 0).

In this case, we obtain the same solution
(
u◦(·), v◦(·)

)
=
(
0, 0
)
.

(ii) Let α ∈ ]0, 1[. Consider the functional

Jα
(
u(·), v(·

)
= αJ1

(
u(·), v(·)

)
+ (1− α)J2

(
u(·), v(·)

)
=

= [α+ 2(1− α)
]
x2(1) +

1∫
0

{[
2α+ (1− α)

]
u2(t)−

[
α+ 2(1− α)

]
v2(t)

}
dt =

=
(
2−α

){
e−1
[
1+

1∫
0

(
u(t)−v(t)

)
etdt

]}2
+

1∫
0

[(
1+α

)
u2(t)−

(
2−α

)
v2(t)

]
dt.

The functional Jα
(
u(·), v(·)

)
is convex with respect to u(·) ∈ U and con-

cave with respect to v(·) ∈ V and we deduce

min
u(·)∈U

max
v(·)∈V

Jα
(
u(·), v(·)

)
= max

v(·)∈V
min
u(·)∈U

Jα
(
u(·), v(·)

)
= Jα(0, 0).

We get
(
u◦(·), v◦(·)

)
=
(
0, 0
)
.
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Logistica Transporturilor.

9. Duffin R.J., Peterson E.L., Zener C., Geometric Programming Theory
and Application, John Wiley & Sons, Inc. New York-London-Sydney, 1967

10. Dunford N., Schwartz J., Linear Operators. General Theory, Inter-
science, New York, London, 1958.

11. Golstein E. G., Convex Programming. Elementary Theory (in Rus-
sian), Moscow, 1970.

12. Isaacs R., Differential Games, John Wiley & Sons, Inc., New York-
London-Sydney, 1965.

13. Krassovski N., Soubbotine A., Jeux Différentiels, Éditions Mir,
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Abstract

In the present paper, we use a penalization of the Stokes equation
in order to obtain approximate solutions in a larger domain including
the domain occupied by the structure. The coefficients of the fluid
problem, excepting the penalizing term, are constant and independent
of the deformation of the structure, which represents an advantage of
this approach. Subtracting the structure equations from the fictitious
fluid equations in the structure domain and using the Green’s formula,
we obtain a weak formulation where the continuity of the stress at the
interface does not appear explicitly. This is a second advantage of this
model, because the computation of the stress at the fluid-structure in-
terface is not easy from the theoretical point of view as well as for the
numerical approximation. This problem is a free boundary problem
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fluid and the structure, which is unknown and has to be identified to-
gether with the solution of the given system of equations.
MSC: 74F10, 65N85

keywords: fluid-structure interaction, fictitious domain

1 Introduction

The interaction of structures and fluids is the object of intense research
due both to mathematical challenging problems and important practical
applications. The present paper is devoted to the study of the behavior of an
elastic structure immersed in a viscous incompressible fluid. We suppose that
the Reynolds number is suitably small so we use Stokes equation to model
the flow motion. The displacement of the structure under the flow motion
will be modeled by linear elasticity equations, under the small deformations
assumption. In this paper, we study the steady case.

Existence for steady interaction between an incompressible fluid and an
elastic structure was proved in: [22], [13], [14], [3], [23], [10]. In these pa-
pers, the fluid equations are reformulated in a reference configuration. Con-
sequently, the coefficients of the fluid problem are non-constant and depend
on the structure deformation.

In the present paper, we use a penalization of the Stokes equation in or-
der to obtain approximate solutions in a larger domain including the domain
occupied by the structure. The coefficients of the fluid problem, excepting
the penalizing term, are constant and independent of the deformation of
the structure, which represents an advantage of this approach. Subtracting
the structure equations from the fictitious fluid equations in the structure
domain and using the Green’s formula, we obtain a weak formulation where
the continuity of the stress at the interface does not appear explicitly. This
is a second advantage of this model, because the computation of the stress
at the fluid-structure interface is not easy from the theoretical point of view
as well as for the numerical approximation. We underline that this prob-
lem is a free boundary problem and a fundamental difficulty is to find the
free interface between the fluid and the structure, which is unknown and
has to be identified together with the solution of the given system of equa-
tions. In this respect, one of the main ingredients of our approach is similar
with the method developed in [25] for the identification of domains in shape
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optimization problems.
The fluid-structure interaction problems can be solved numerically by

the Arbitrary Lagrangian Eulerian method, where the fluid equations are
written over a moving mesh which follows the structure displacement. This
method was successfully employed in: [28], [8], [19], [24], [20].

The methods entering in the category of fixed domain are: fictitious do-
main with distributed Lagrange multiplier [12], immersed boundary method
[21], an approach using Lagrangian coordinates for the fluid as well as for
the structure equations [17] or Eulerian framework [7]. In the present paper,
we use the fictitious domain approach with penalization, not with Lagrange
multiplier.

2 A steady fluid-structure interaction problem

LetD ⊂ R2 be a bounded open domain with boundary ∂D = Σ1∪Σ2. Let ΩS
0

be the undeformed structure domain, and suppose that its boundary admits
the decomposition ∂ΩS

0 = ΓD ∪ Γ0, where Γ0 is a relatively open subset of
the boundary. On ΓD we impose zero displacement for the structure. We
assume that ΩS

0 ⊂ D and ΓD ⊂ Σ2.
Suppose that the structure is elastic and denote by u = (u1, u2) : ΩS

0 →
R2 its displacement. A particle of the structure with initial position at the
point X will occupy the position

x = ϕ (X) = X + u (X)

in the deformed domain ΩS
u = ϕ

(
ΩS

0

)
.

We assume that ΩS
u ⊂ D and the fluid occupies ΩF

u = D \ ΩS
u . We set

Γu = ϕ (Γ0) and we suppose that Γu does not touch the container wall, i.e.
∂D ∩ Γu = ∅. We recall that Γ0 is relatively open subset. We obtain that
ΩS
u ∩ΩF

u = Γu which represents the fluid-structure interface. The boundary
of the deformed structure is ∂ΩS

u = ΓD ∪ Γu and the boundary of the fluid
domain admits the decomposition ∂ΩF

u = Σ1 ∪ (Σ2 \ ΓD) ∪ Γu. The fluid-
structure geometrical configuration is represented in Figure 1.

We introduce some notations. Generally, the fluid equations are de-
scribed using Eulerian coordinates, while for the structure equations, the
Lagrangian coordinates are employed. The gradients with respect to the
Eulerian coordinates x ∈ ΩS

u of a scalar field q : D → R or a vector field
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Figure 1: Geometrical configuration.

w = (w1, w2) : D → R2 are denoted by

∇q =

(
∂q
∂x1
∂q
∂x2

)
, ∇w =

(
∂w1
∂x1

∂w1
∂x2

∂w2
∂x1

∂w2
∂x2

)
.

The scalar product of two vectors v and w of R2 is denoted as

v ·w =
2∑
i=1

viwi.

If σ = (σij)1≤i,j≤2 and τ = (τij)1≤i,j≤2 are two tensors, we denote

σ : τ =
2∑
i=1

2∑
j=1

σijτij .

The divergence operators with respect to the Eulerian coordinates of a vector
field w = (w1, w2) : D → R2 and of a tensor σ = (σij)1≤i,j≤2 are denoted by

∇ ·w =
∂w1

∂x1
+
∂w2

∂x2
, ∇ · σ =

(
∂σ11
∂x1

+ ∂σ12
∂x2

∂σ21
∂x1

+ ∂σ22
∂x2

)
.

Similarly, when the derivatives are with respect to the Lagrangian coor-
dinates X = ϕ−1(x) ∈ ΩS

0 , we use the notations: ∇Xu, ∇X · u, ∇X · σ.
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If A is a square matrix, we denote by det A, A−1, AT its determi-
nant, the inverse and the transposed matrix, respectively. We write cof A =
(det A)

(
A−1

)T the co-factor matrix of A. We write A−T =
(
A−1

)T .
We denote by F (X) = I+∇Xu (X) the gradient of the deformation and

by J (X) = det F (X) the Jacobian determinant, where I is the unit matrix.

Strong formulation

The problem is to find the structure displacement u : ΩS
0 → R2, the fluid

velocity v : ΩF
u → R2 and the fluid pressure p : ΩF

u → R such that:

−∇X · σS (u) = fS , in ΩS
0 (1)

u = 0, on ΓD (2)
−∇ · σF (v, p) = fF , in ΩF

u (3)
∇ · v = 0, in ΩF

u (4)
v = 0, on Σ1 (5)
v = 0, on Σ2 \ ΓD (6)
v = 0, on Γu (7)

ω
(
σF (v, p) nF

)
◦ ϕ = −σS (u) nS , on Γ0 (8)

where fS : ΩS
0 → R2 are the applied volume forces on the structure and nS

is the structure unit outward vector normal to ∂ΩS
0 . Similarly, we define

fF : ΩF
u → R2 and nF the fluid unit outward vector normal to ∂ΩS

u . We
have denoted by σS (u) : ΩS

0 → R4 and σF (v, p) : ΩF
u → R4 the Cauchy

stress tensors of the structure and fluid, respectively. We point out that the
stress tensor of the structure is defined on the undeformed structure domain
ΩS

0 , while the Cauchy stress tensors of the fluid is defined in the deformed
domain ΩF

u . The constitutive relations will be precised later. We have used
the notation ω (X) =

∥∥J F−TnS
∥∥

R2 =
∥∥cof (F) nS

∥∥
R2 for X on ∂ΩS

0 , which
is a kind of Jacobian determinant for the change of variable formula for
integral over surface.

The equations (1), (2) concern the structure, while (3)-(6) concern the
fluid. The equations (7), (8) represent the boundary conditions on the in-
terface.

Remark 1 The fluid and the structure domains ΩF
u , ΩS

u depend on the
structure displacement u which is unknown. Consequently, the system (1)–
(8) is a free boundary problem.
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3 Fictitious domain approach using penalization

In this section we present in an informal and intuitive manner the ideas
behind our approximation approach. We introduce two more equations con-
cerning the fluid fields, but written on the deformed structure domain:

−∇ · σF (v, p) +
1
ε
P (v) = fF , in ΩS

u (9)

∇ · v = 0, in ΩS
u (10)

where ε > 0 is a penalization parameter,

P (v) =
(
|v1|α−1 sgn (v1) , |v2|α−1 sgn (v2)

)
(11)

where v = (v1, v2) and 1 < α < 2 is a real number. This choice of the
penalization term will be justified later.

Next, we define the characteristic functions χSu : D → R and χFu : D → R

χSu(x) =

{
1, x ∈ ΩS

u

0, x ∈ D \ ΩS
u

and χFu = 1− χSu .

Combining (3) and (9), it follows that

−∇ · σF (v, p) +
1
ε
χSu P (v) = fF , in D. (12)

Similarly, we have from (4) and (10)

∇ · v = 0, in D. (13)

Remark 2 In view of the equation (9), the “fictitious” fluid velocity and
pressure defined on the structure domain ΩS

u depend on ε. In the following,
we denote by vε and pε the fluid velocity and pressure defined all over the
domain D.

Weak formulation

Let wS : ΩS
0 → R2 be such that wS = 0 on ΓD. Using Green’s formula,

we obtain from equation (1):∫
ΩS0

σS (u) : ∇XwS dX =
∫

ΩS0

fS ·wS dX +
∫

Γ0

σS (u) nS ·wSdS. (14)
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Let us define w̃S : ΩS
u → R2 by w̃S = wS ◦ ϕ−1. We get that w̃S = 0 on

ΓD. Using Green’s formula, we obtain from equation (9):∫
ΩSu

σF (vε, pε) : ∇w̃S dx +
1
ε

∫
ΩSu

P (vε) · w̃S dx

=
∫

ΩSu

fF · w̃S dx−
∫

Γu

σF (vε, pε) nF · w̃S ds. (15)

The previous equation is equivalent to the variational formulation written
in the undeformed domain ΩS

0 :∫
ΩS0

J
(
σF (vε, pε) ◦ ϕ

)
F−T : ∇XwS dX +

1
ε

∫
ΩS0

JP (vε ◦ ϕ) ·wS dX

=
∫

ΩS0

J
(
fF ◦ ϕ

)
·wS dX−

∫
Γ0

ω
(
σF (vε, pε) nF ◦ ϕ

)
·wS dS. (16)

Details about this kind of transformation could be found in [6], Chapter 1.2.
Subtracting (16) from (14) and taking into account the interface condi-

tion (8), we obtain that∫
ΩS0

σS (u) : ∇XwS dX−
∫

ΩS0

fS ·wS dX

=
∫

ΩS0

J
(
σF (vε, pε) ◦ ϕ

)
F−T : ∇XwS dX

+
1
ε

∫
ΩS0

JP (vε ◦ ϕ) ·wS dX−
∫

ΩS0

J
(
fF ◦ ϕ

)
·wS dX (17)

for all wS : ΩS
0 → R2 such that wS = 0 on ΓD.

From (12), we get∫
D
σF (vε, pε) : ∇w dx +

1
ε

∫
D
χSu P (vε) ·w dx =

∫
D

fF ·w dx (18)

for all w : D → R2 such that w = 0 on ∂D.
For q : D → R, we obtain from (13) that∫

D
(∇ · vε) q dx = 0. (19)

The weak formulation is to find:
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• structure displacement u : ΩS
0 → R2, u = 0 on ΓD,

• fluid velocity vε : D → R2, vε = 0 on ∂D,

• fluid pressure pε : D → R

such that (17), (18), (19) hold. The spaces where w and q belong will be
introduced later on.

Remark 3 We have to point out that the boundary conditions on the inter-
face (7), (8) do not appear in the above weak formulation. The condition
(7) will be approached by the penalization term. The condition (8) can be
obtained in a weak sense from (17) and (18), if we impose some regularity
to the unknowns. This will be done after the introduction of the constitu-
tive relations. Notice that the equation (17) does not represent the structure
equation, but the difference of structure and fluid equations on the structure
domain. This technique employed in [4] permits us to eliminate (8).

4 Constitutive relations

For an arbitrary w : D → R2, we introduce the tensor

ε (w) =
1
2

(
∇w + (∇w)T

)
.

If σ is a symmetric tensor, we have

σ : ∇w =
1
2
σ : ∇w +

1
2
σT : (∇w)T = σ : ε (w) .

Now, we present the constitutive relations of the structure and of the
fluid. We assume that the structure verifies the linear elasticity equation,
under the assumption of small deformations. The stress tensor of the struc-
ture written in the Lagrangian framework is

λS (∇ · u) I + 2µSε (u)

where λS , µS > 0 are the Lamé coefficients and I is the unit matrix.
Let us introduce the bi-linear form

aS
(
u,wS

)
=
∫

ΩS0

(
λS (∇ · u)

(
∇ ·wS

)
+ 2µSε (u) : ε

(
wS
))
dX.
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We assume that the fluid is Newtonian and the Cauchy stress tensor is
given by

σF (v, p) = −p I + 2µF ε (v)

where µF > 0 is the viscosity of the fluid. We have

σF (v, p) : ∇w = σF (v, p) : ε (w) = 2µF ε (v) : ε (w)− (∇ ·w) p.

Introduce the notation

aF (v,w) =
∫
D

2µF ε (v) : ε (w) dx

bF (w, p) = −
∫
D

(∇ ·w) p dx.

The functional spaces will be precised later.

5 Parametrization and regularization of the char-
acteristic function

Let j ∈W 1,∞(D) be a parametrization of ΩS
0 ⊂ D, i.e. :

j(x) > 0, x ∈ ΩS
0 ,

j(x) < 0, x ∈ D \ ΩS
0 ,

j(x) = 0, x ∈ ∂ΩS
0 .

The parametrization is not necessarily unique.
Let u ∈

(
W 1,∞(ΩS

0 )
)2 be Lipschitz with constant less than 1. Denote, as

before, ΩS
u = ϕ(ΩS

0 ), where ϕ(X) = X + u(X). u will be the displacement
of the structure and it will be shown to satisfy the condition ΩS

u ⊂ D. Then
ϕ : ΩS

0 → ΩS
u is bijective and bilipschitzian and

ju(y) =


j(x), y = ϕ(x) ∈ ΩS

u

0, y ∈ ∂ΩS
u

−dist(y,ΩS
u), y /∈ ΩS

u

is a parametrization of ΩS
u , ju ∈W 1,∞(D).

If H is the Heaviside function H : R→ {0, 1},

H(r) =
{

1, r ≥ 0
0, r < 0
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and H̃ is a Lipschitz regularization of H (to be precised later), then H(ju(·))
is the characteristic function of ΩS

u and H̃(ju(·)) is its approximation, with
Lipschitz properties in D. The approximation properties are to be explained
later. The technique of parametrization and regularization for the unknown
geometries was introduced in [18] and a thorough discussion may be found
in [26]. It was employed in [25] for shape optimization problems with elliptic
equations and in [15] for the steady Navier-Stokes equations.

We specify now how to choose the Lipschitz regularization H̃ of the
Heaviside mapping H.

If ΩS
0 is an open bounded set, for any ε > 0 there exists Ωε

0 ⊂⊂ ΩS
0 , such

that Ωε
0 → ΩS

0 in the Hausdorff-Pompeiu sense, for ε→ 0. Since j : D → R
is Lipschitz continuous and Ωε

0 ⊂⊂ ΩS
0 , j > 0 in ΩS

0 , there exists µε > 0 such
that j(x) ≥ µε > 0, for all x ∈ Ωε

0. Denote Ωε
u = (id + u) (Ωε

0), where id is
the identity mapping. Consequently,

µε ≤ min
y∈Ω

ε
u

ju(y), ∀u ∈
(
W 1,∞(ΩS

0 )
)2
.

Then we take H̃ = Hµε , the Yosida regularization of H

Hµε(r) =


1, r ≥ µε
r
µε

0 ≤ r < µε
0, r < 0

It follows that Hµε (ju(x)) = 1 for all x ∈ Ωε
u.

Let us introduce the Hilbert spaces

WS =
{
wS ∈

(
H1
(
ΩS

0

))2
; wS = 0 on ΓD

}
,

W =
(
H1

0 (D)
)2
,

Q = L2
0 (D) = {q ∈ L2 (D) ;

∫
D
q dx = 0}.

We assume for the moment that fF ∈
(
L2(D)

)2, fS ∈
(
L2(ΩS

0 )
)2.

For a given u ∈
(
W 1,∞(ΩS

0 )
)2, such that ‖u‖1,∞,ΩS0 < 1 and u = 0 on

ΓD, we define:

• fluid velocity vε ∈
(
H1

0 (D)
)2,

• fluid pressure pε ∈ Q,
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• structure displacement uε ∈WS ,

as the solution of the following weakly coupled system of PDE’s:

aF (vε,w) + bF (w, pε)

+
1
ε

∫
D
H̃(ju)P (vε) ·w dx =

∫
D

fF ·wdx, ∀w ∈W (20)

bF (vε, q) = 0, ∀q ∈ Q (21)

aS
(
uε,wS

)
=

∫
ΩS0

fS ·wS dX

+
∫

ΩS0

J
(
σF (vε, pε) ◦ ϕ

)
F−T : ∇XwS dX

+
1
ε

∫
ΩS0

JH̃(ju ◦ ϕ)P (vε ◦ ϕ) ·wS dX

−
∫

ΩS0

J
(
fF ◦ ϕ

)
·wS dX, ∀wS ∈WS (22)

where ϕ(X) = X + u(X), F(X) = I +∇Xu(X), J(X) = det F(X).
From (18) and (17), using the constitutive relations and the regulariza-

tion of the characteristic function, we get (20) and (22), respectively.

Remark 4 The map u appears into the coefficient H̃(ju) in (20), as well
as into the terms of (22) coming from the fluid equations in the right hand
side. But the coefficients of aF , bF , aS are constants.

Define the nonlinear operator

Tε :
{
u ∈

(
W 1,∞(ΩS

0 )
)2

; ‖u‖1,∞,ΩS0 < 1, u = 0 on ΓD
}
→
(
W 1,∞(ΩS

0 )
)2

by
Tε(u) = uε.

We recall that we have assumed ΩS
u ⊂ D. In the following, we will prove

that Tε is well defined and that it has at least one fixed point under some
additional hypotheses.
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6 The approximating problem

Denote by ‖·‖m,s,Ω the usual norm of the Sobolev space Wm,s (Ω). When
s = 2, we use the well known notation Hm (Ω) = Wm,2 (Ω).

We denote by α′ the number α/(α− 1) so that 2 < α′ and 1
α + 1

α′ = 1.
Next, we show some estimations for the solutions of the fluid problem

(20)-(21) and, respectively, of the structure problem (22). Following for
example [11], the properties below hold:

∃αF > 0, ∀w ∈W, αF ‖w‖21,2,D ≤ aF (w,w) (23)

∃MF > 0, ∀v,w ∈W, |aF (v,w)| ≤MF ‖v‖1,2,D ‖w‖1,2,D (24)

∃β > 0, inf
q∈Q,q 6=0

sup
w∈W,w 6=0

bF (w, q)
‖w‖1,2,D ‖q‖0,2,D

≥ β (25)

∃NF > 0, ∀w ∈W, ∀q ∈ Q, |bF (w, q)| ≤ NF ‖w‖1,2,D ‖q‖0,2,D (26)

When u ∈
(
W 1,∞(ΩS

0 )
)2, for every 0 < δ < 1, there exists 0 < ηδ < 1

such that
1− δ ≤ det (I +∇u) ≤ 1 + δ, a.e. x ∈ ΩS

0 (27)

for all u that satisfy ‖u‖1,∞,ΩS0 ≤ ηδ.
Notice that the coefficient H̃(ju) is Lipschitz and 0 ≤ H̃(ju(x)) ≤ 1

for all x ∈ D. Define φ : L2(D)2 → R by φ(v) = 1
α (|v1|α + |v2|α), where

1 < α < 2 and v = (v1, v2). This is a convex continuous function.
Let us define

V =
{
w ∈

(
H1

0 (D)
)2 ; ∇ ·w = 0 on D

}
and let V ′ be its dual.

Lemma 1 The operator 1
ε H̃(ju)∂φ(·) : V → V ′ is maximal monotone.

Proof. Here ∂φ(·) is the subdifferential of φ defined above in L2(D)2 ×
L2(D)2. It exists in any point and the above operator is monotone since the
pairing in V × V ′ extends the scalar product in L2(D)2 and the coefficient
1
ε H̃(ju) is positive.

To prove its maximality, we use Minty’s theorem, [2, p. 39]. We introduce
the regularization φδ : L2(D)2 → R of φ, which is Fréchet differentiable and
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∇φδ ⊂ L2(D)2 × L2(D)2 is Lipschitzian. Then, the operator 1
ε H̃(ju)∇φδ is

monotone and Lipschitzian in L2(D)2 ×L2(D)2. Its restriction to V × V ′ is
monotone and continuous, consequently it is maximal monotone. By Minty’s
theorem, there is a unique solution vδ ∈ V of the equation

F vδ +
1
ε
H̃(ju)∇φδ (vδ) = w

for any w ∈ V ′, where F : V → V ′ is the duality mapping.
Taking into account that 0 = ∇φδ (0), we get immediately that {vδ; δ >

0} is bounded in V and W . On a subsequence, we have vδ → v̂ weakly in W
and strongly in L2(D)2. Since (Id+ δ∂φ)−1 is nonexpansive in L2(D)2 and
(Id+ δ∂φ)−1 v̂→ v̂ for δ → 0 in L2(D)2, we obtain that (Id+ δ∂φ)−1 vδ →
v̂ in L2(D)2.

Moreover, ∂φ is defined everywhere in L2(D)2 and it is locally bounded.
Then ∂φ (Id+ δ∂φ)−1 (vδ) = ∇φδ(vδ) is bounded in L2(D)2 and we may
assume that ∂φ (Id+ δ∂φ)−1 (vδ)→ z weakly in L2(D)2, on a subsequence.
The demiclosedness of ∂φ gives z ∈ ∂φ(v̂). Passing to the limit in the
approximating equation, we get

F v̂ +
1
ε
H̃(ju)∂φ(v̂) 3 w.

This ends the proof of the Lemma, again by Minty’s theorem. �

Proposition 1 There exists a unique solution of (20)-(21) such that vε ∈(
H1

0 (D)
)2 and pε ∈ Q.

Proof. The operator defined by the bilinear form aF (·, ·) in V × V ′ is
maximal monotone continuous and coercive. Its sum with the operator
1
ε H̃(ju)∂φ(·) is, consequently maximal monotone onto V ′ due to its coerciv-
ity. Such properties are discussed in [2, ch. II]. Then, we get the existence
of a unique weak solution vε ∈ V of

aF (vε,w) +
1
ε

∫
D
H̃(ju)∂φ (vε) ·w dx =

∫
D

fF ·w dx, ∀w ∈ V.

We obtain that the element of W ′ defined by

w 7→ aF (vε,w) +
1
ε

∫
D
H̃(ju)∂φ (vε) ·w dx−

∫
D

fF ·w dx
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belongs to the polar set V 0 = {h ∈W ′; 〈h,w〉 = 0, ∀w ∈ V }.
Taking into account (25)-(26) and the Lemma 4.1, p. 58 from [11], there

exists a unique pε ∈ Q, such that (20) holds. From vε ∈ V , we get (21).
The choice (11) of the penalization operator is justified by the expression

of ∂φ(·), the subdifferential of φ(v) = 1
α (|v1|α + |v2|α). In fact, we have

1
ε

∫
D
H̃(ju)∂φ (vε) ·w dx =

1
ε

∫
D
H̃(ju)P (vε) ·w dx.

�

Proposition 2 Let D, ΩS
0 be open bounded sets of class C2. We assume that

fF ∈
(
Lα
′
(D)

)2
, fS ∈

(
Lα
′
(ΩS

0 )
)2

. Then vε ∈
(
W 2,α′(D)

)2
, pε ∈W 1,α′(D)

and uε ∈
(
W 2,α′(ΩS

0 )
)2

, where vε, pε, uε are the solution of (20)-(22).

Proof. The existence of a weak solution vε ∈
(
H1

0 (D)
)2 and pε ∈ Q of

(20)-(21) has already been discussed in Proposition 1. From vε ∈
(
H1(D)

)2,
then vε ∈ (Lα(D))2 since α < 2. It follows that∫

D

(
|vε|α−1

)α′
dx =

∫
D
|vε|α dx <∞ (28)

and consequently |vε|α−1 ∈
(
Lα
′
(D)

)2
. Since the coefficient H̃(ju) is Lips-

chitz and 0 ≤ H̃(ju(x)) ≤ 1 for all x ∈ D, we obtain that

1
ε
H̃(ju)P (vε) ∈

(
Lα
′
(D)

)2
.

Passing the penalization term of (20) in the right-hand side, we obtain that
vε and pε are solution of the Stokes problem:

aF (vε,w) + bF (w, pε) =
∫
D

(
fF − 1

ε
H̃(ju)P (vε)

)
·w dx, ∀w ∈W

bF (vε, q) = 0, ∀q ∈ Q

and assuming fF ∈
(
Lα
′
(D)

)2
, we get vε ∈

(
W 2,α′(D)

)2
and pε ∈W 1,α′(D)

by the regularity results for the Stokes equations from [27, p. 35].
The existence and regularity of uε is a consequence of standard results

for elliptic systems. �
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Proposition 3 For every ε > 0, the nonlinear operator Tε has at least one
fixed point in

Bδ = {u ∈W 1,∞(ΩS
0 )2; ||u||1,∞,ΩS0 ≤ ηδ, u = 0 on ΓD}

if fF , fS are “small” in their own norms.

Proof. We shall prove that Tε (Bδ) ⊂ Bδ and that Tε is continuous.
The regularity result from Proposition 2 can be completed by estimates

expressing the bounded dependence of the solutions vε, pε, uε on the data
fF , fS :

‖vε‖2,α′,D + ‖pε‖1,α′,D ≤

C1

(∥∥fF∥∥
0,α′,D

+
1
ε

∥∥∥H̃(ju)P (vε)
∥∥∥

0,α′,D

)
(29)

‖uε‖2,α′,ΩS0 ≤

C2

(
‖vε‖2,α′,D + ‖pε‖1,α′,D +

∥∥fS∥∥
0,α′,ΩS0

+
∥∥fF∥∥

0,α′,D

)
. (30)

Here ε > is fixed and the constants C1, C2 are independent of ε and u ∈ Bδ.
We have that∣∣∣H̃(ju)P (vε)

∣∣∣α′ =
∣∣∣H̃(ju) |vε|α−1 sgn(vε)

∣∣∣α′ ≤ |vε|(α−1)α′ = |vε|α .

The mapping H̃(ju) has support in ΩS
u and we get∫

D

∣∣∣H̃(ju)P (vε)
∣∣∣α′ dx =

∫
ΩSu

∣∣∣H̃(ju)P (vε)
∣∣∣α′ dx ≤ ∫

ΩSu

|vε|α dx

and then

∥∥∥H̃(ju)P (vε)
∥∥∥

0,α′,D
≤

(∫
ΩSu

|vε|α dx

)1/α′

= ‖vε‖α/α
′

0,α,ΩSu
= ‖vε‖α−1

0,α,ΩSu
.

Using (29) and (30), we finally get

‖uε‖2,α′,ΩS0 ≤ C
(∥∥fF∥∥

0,α′,D
+
∥∥fS∥∥

0,α′,ΩS0
+

1
ε
‖vε‖α−1

0,α,ΩSu

)
.
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Now, we put w = vε ∈W in (20), it follows that

aF (vε,vε) +
1
ε

∫
D
H̃(ju)P (vε) · vε dx =

∫
D

fF · vεdx. (31)

Since H̃(ju) ≥ 0 and P (vε) · vε ≥ 0, we have∫
D
H̃(ju)P (vε) · vε dx ≥ 0.

Using (23) and the Cauchy inequality, we get

αF ‖vε‖21,2,D ≤
∥∥fF∥∥

0,2,D
‖vε‖0,2,D ≤

∥∥fF∥∥
0,2,D

‖vε‖1,2,D .

But α < 2, we get finally

‖uε‖2,α′,ΩS0 ≤ C
(∥∥fF∥∥

0,α′,D
+
∥∥fS∥∥

0,α′,ΩS0
+

1
ε

(∥∥fF∥∥
0,α′,D

)α−1
)
.

For ε > 0 fixed, if fF , fS are “small” in their own norms, then Tε (Bδ) ⊂ Bδ.
Here, we also use the Sobolev embedding theorem that gives, in particular,
that uε is Lipschitzian in each component.

As the Sobolev theorem ensures compactness as well, we just have to
show that the operator Tε is continuous in Bδ.

We study first the coefficient H̃(·) = Hµε(ju(·)) (ε is fixed here), with µε
defined in section 5.

Let un → u strongly in W 1,∞(ΩS
0 )2, un, u ∈ Bδ. We show that Ω̄S

un →
Ω̄S
u in the Hausdorff-Pompeiu sense. By the compactness of the Hausdorff-

Pompeiu metric, the limit exists on a sub-sequence (again denoted by n)
and we have

lim
n→∞

Ω̄S
un = {y ∈ R2;∃xn ∈ ΩS

0 , y = lim
n→∞

(xn + un(xn))}.

We may assume xn → x0, then y = x0 + lim
n→∞

un(x0) + lim
n→∞

(un(xn) −
un(x0)) = x0 + u(x0), by the uniform Lipschitz property of un ∈ Bδ. Then
lim
n→∞

Ω̄S
un ⊂ Ω̄S

u . The converse inclusion is obvious:

∀y ∈ ΩS
u ⇒ y = z + u(z) = lim

n→∞
(z + un(z)),

for some z ∈ ΩS
0 . As the limit is unique, the convergence is valid without

taking sub-sequences. Due to the regularity properties of ΩS
u , ΩS

un , the above
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convergence is equivalent with the convergence of the open sets ΩS
un → ΩS

u

in the Hausdorff-Pompeiu complementary sense, [26, p. 469].
Let K ⊂ ΩS

u be some compact subset. Then K ⊂ ΩS
un for n “big enough”

by the Γ-property of the Hausdorff-Pompeiu complementary convergence of
open sets, [26, p. 465].

If y ∈ K is arbitrary, then there exist xn ∈ ΩS
un , x ∈ ΩS

u ; xn =
(I + un)−1(y), x = (I + u)−1y and we may assume xn → z (a limit of a
subsequence). Clearly, by the uniform Lipschitz property of un, (I+un)(z)−
(I + un)(xn)→ 0, therefore

y = (I + un)(xn) = (I + u)(x) = (I + u)(z)

and z = x as I + u is one-to-one.
It follows that xn → x so (I + un)−1y → (I + u)−1y ∀y ∈ K and

jun(y)→ ju(y), ∀y ∈ K.
As K may be “extended” to ΩS

u , the definition of ju(·) shows that jun →
ju a.e. in D. Consequently Hµε(jun) → Hµε(ju) a.e. in D and the bound-
edness of H̃, gives Hµε(jun)→ Hµε(ju) strongly in Lr(D), ∀r ≥ 1.

As un, u ∈ Bδ, the corresponding solutions of (20), (21) and (22), denoted
shortly vn, v, pn, p and Tεun, Tεu (ε is fixed) are bounded in their spaces, uni-
formly in n. One can take weak convergent sub-sequences, denoted again by
n. In particular the penalization operator satisfies P(vn)→ P(v) uniformly
and it is possible to pass to the limit in the penalization integral due to the
above convergence property of H̃. This allows to pass to the limit in (20)-
(22) and to show that v, p are indeed the limits of vn, pn and Tεun → Tεu in
Bδ. The Schauder fixed point theorem achieves the proof. �

Remark 5 The solution of Tεu = u is, in general, not unique due to the
nonlinear character of Tε. The above argumentation may be compared with
the approach in [13], although the penalized equations, the geometric domains
and the functional spaces are different.

Proposition 4 We have {vε} bounded in
(
H1(D)

)2 and

1
ε

∫
D
H̃(juε) |vε|

α dx ≤ 1
2αF

∥∥fF∥∥2

0,2,D
(32)

for all ε > 0. Moreover, {uε} is bounded in
(
W 1,∞(ΩS

0 )
)2.
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Proof. From (31), using (23), the inequalities Cauchy and ab ≤ 1
2λa

2 + λ
2 b

2,
we obtain

αF ‖vε‖21,2,D +
1
ε

∫
D
H̃(ju)P (vε) · vε dx

≤
∥∥fF∥∥

0,2,D
‖vε‖0,2,D

≤ 1
2αF

∥∥fF∥∥2

0,2,D
+
αF
2
‖vε‖21,2,D

Relation (32) is a consequence of the definition of P.
The boundedness of {uε} is given by uε ∈ Bδ, according to the previous

proposition. �

Remark 6 One can infer weak convergence properties from Proposition 4.
The experiments from the next section show that our method has good nu-
merical convergence and stability properties, too. From a theoretical point of
view, it is necessary to clarify as well the hypothesis that the data fF , fS

have to be “small”, which may induce same undesired dependence on ε > 0.

Proposition 5 If uε → u∗weakly in W 2,α′(ΩS
0 ), vε → v∗ weakly in W 2,α′(D),

pε → p∗ weakly in W 1,α′(D), then v∗ and p∗ satisfy (3), (4) in ΩF
u∗, (7) on

Γu∗, (5) and (6). The mapping u∗ satisfies (1) and (2).

Proof. We have that ΩS
uε → ΩS

u∗ in the complementary Hausdorff-Pompeiu
metric, as in the proof of Proposition 3. And similarly ΩF

uε → ΩF
u∗ in the

same topology.
Notice that supp H̃(juε(·)) = supp Hµε(juε(·)) is contained in Ω̄S

uε by
the construction of H̃ and juε . Let w and q be some test functions in W ,
respectively Q, with their support in ΩF

u∗ . By the Γ-property, for ε “small”,
supp w ⊂ ΩF

uε , supp q ⊂ ΩF
uε . Then, in particular, the penalization integral

in (20) vanishes due to supp H̃(juε(·)) ⊆ Ω̄S
uε . One can pass to the limit

ε → 0, in (20), (21) and obtain (3), (4) in a weak form, satisfied by v∗ and
p∗.

For the boundary condition (7), we use the estimate (32) and the relation
H̃(juε) = 1 on Ωε

uε . We get

1
ε

∫
Ωεuε

|vε|α dx ≤
1

2αF

∥∥fF∥∥2

0,2,D
.
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If K ⊂ ΩS
u∗ is some compact, then K ⊂ ΩS

uε for ε “small”. From the above
inequality, we get that ||vε||0,α,K → 0, for ε → 0. Then, v∗ = 0 a.e. on K.
Since K was arbitrary, we infer that v∗ = 0 a.e. in ΩS

u∗ .
The domain ΩS

u∗ is Lipschitzian and the trace theorem gives (7), i.e.
v∗ = 0 on Γu∗ . By construction, vε verifies (5), (6), then these boundary
conditions hold for v∗ also.

Notice that H̃(juε) = 1 on Ωε
uε by the definition of H̃. Take K ⊂ ΩS

0

to be any compactly embedded subdomain. Then K ⊂ Ωε
0 for ε sufficiently

small and H̃(juε(x)) = 1 for any x ∈ (I + uε)(K).
Let wS ∈

(
H1(ΩS

0 )
)2 have compact support K in ΩS

0 . Since u ∈(
W 1,∞(ΩS

0 )
)2 is such that ‖u‖1,∞,ΩS0 ≤ ηδ, then w̃S = wS ◦ ϕ−1 belongs

to
(
H1(ΩS

u)
)2 with compact support in ΩS

u . We define w̃ ∈
(
H1(D)

)2 the
extension by 0 of w̃S .

We have the identities

aF (vε, w̃) + bF (w̃, pε) =
∫
D
σF (vε, pε) : ∇w̃ dx

=
∫
D

(
−∇ · σF (vε, pε)

)
· w̃ dx =

∫
ΩSu

(
−∇ · σF (vε, pε)

)
· w̃Sdx

=
∫

ΩS0

(
−∇X ·

[
J
(
σF (vε, pε) ◦ ϕ

)
F−T

])
·wSdX

=
∫

ΩS0

[
J
(
σF (vε, pε) ◦ ϕ

)
F−T

]
: ∇XwSdX.

Also, we have∫
D

fF · w̃ dx =
∫

ΩSu

fF · w̃S dx =
∫

ΩS0

J
(
fF ◦ ϕ

)
·wS dX

and∫
D
H̃(ju)P (vε) · w̃ dx =

∫
ΩSu

P (vε) · w̃S dx =
∫

ΩS0

JP (vε ◦ ϕ) ·wS dX.

Puting the test function w̃ in (20) and wS in (22) and adding the two
relations, the above argument yields the conclusion (ε small):

aS(uε,wS) =
∫

ΩS0

fS ·wSdX, ∀wS ∈
(
H1(K)

)2
, ∀K ⊂ ΩS

0 .
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Since uε ∈W 2,α′(ΩS
0 ) and

aS(uε,wS) = −
∫

ΩS0

(
∇X · σS (uε)

)
·wSdX, ∀wS ∈

(
H1(K)

)2
, ∀K ⊂ ΩS

0

we get

−
∫

ΩS0

(
∇X · σS (uε)

)
·wSdX =

∫
ΩS0

fS ·wSdX, ∀wS ∈
(
H1(K)

)2
, ∀K ⊂ ΩS

0 .

By passing to the limit in the above relation, we obtain (1) in the sense of
Lα
′
(ΩS

0 ). By construction uε ∈WS , so (2) holds for u∗ also. �

Let us discuss now the condition (8). Let u ∈
(
W 1,∞(ΩS

0 )
)2 be such that

‖u‖1,∞,ΩS0 < 1 and u = 0 on ΓD, and let vε ∈ W 2,α′(D), pε ∈ W 1,α′(D),
uε ∈WS be a solution of (20)-(22) with α′ > 2.

We have proved at the end of the proof of Proposition 5 that

−∇X · σS (uε) = fS , in Lα
′
(ΩS

0 ).

It follows that

aS(uε,wS) =
∫

ΩS0

fS ·wSdX +
∫

Γ0

σS (uε) nS ·wS dS (33)

for all wS ∈WS .
For w ∈W , we have

aF (vε,w) + bF (w, pε) =
∫
D
σF (vε, pε) : ∇w dx

=
∫
D

(
−∇ · σF (vε, pε)

)
·w dx

and taking into account the equality (20), we get

−∇ · σF (vε, pε) +
1
ε
H̃(ju)P (vε) = fF , in Lα

′
(D).

The same equality holds also in Lα
′
(ΩS

u). Let us define for each wS ∈ WS

the function w̃S = wS ◦ ϕ−1 which belongs to
(
H1(ΩS

u)
)2. Using the Green
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formula, we obtain∫
ΩSu

σF (vε, pε) · w̃Sdx +
1
ε

∫
ΩSu

H̃(ju)P (vε) · w̃Sdx

=
∫

ΩSu

fF · w̃Sdx−
∫

Γu

σF (vε, pε) nF · w̃Sds.

We rewrite the previous equation in the undeformed domain ΩS
0 :∫

ΩS0

J
(
σF (vε, pε) ◦ ϕ

)
F−T : ∇XwSdX

+
1
ε

∫
ΩS0

JH̃(ju ◦ ϕ)P (vε ◦ ϕ) ·wSdX

=
∫

ΩS0

J
(
fF ◦ ϕ

)
·wSdX−

∫
Γ0

ω
(
σF (vε, pε) nF ◦ ϕ

)
·wSdS. (34)

From (33), (34) and (22), we get

−
∫

Γ0

ω
(
σF (vε, pε) nF ◦ ϕ

)
·wSdS =

∫
Γ0

σS (uε) nS ·wSdS

for all wS ∈ WS . This shows that the approximating solutions vε, pε,uε
satisfy (8) for any ε.

7 Partitioned procedures based on the fixed point
iterations

We propose a partitioned procedures algorithm in order to approach the
solution of the penalized fluid-structure interaction problem.

The penalized term P (v) =
(
|v1|α−1 sgn (v1) , |v2|α−1 sgn (v2)

)
, where

1 < α < 2 is non-linear in v, so the fluid problem (20)-(21) is non-linear.
But, if α is close to 2, we can approach P (v) by v. We can also replace
H̃(ju) by the characteristic function χSu in (20).

Under the assumption of small displacements for the structure, we can
approach the Jacobian determinant J by 1 and the gradient of the deforma-
tion F by the identity matrix I. Then, the right-hand side in (37) becomes
simpler than in (22).
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Algorithm 1

Step 1. Given the initial displacement of the structure u0
ε ∈ WS , compute

the characteristic function χSu0
ε
, put k := 0

Step 2. Find the velocity vkε ∈
(
H1

0 (D)
)2, and the pressure pkε ∈ Q by

solving the fluid problem

aF

(
vkε ,w

)
+ bF

(
w, pkε

)
+

1
ε

∫
D
χSukε

vkε ·w dx =
∫
D

fF ·w dx,∀w ∈W (35)

bF

(
vkε , q

)
= 0, ∀q ∈ Q (36)

Step 3. Find the new displacement of the structure uk+1
ε ∈WS by solving

aS

(
uk+1
ε ,wS

)
=
∫

ΩS0

(
fS − fF

)
·wS dx +

∫
ΩS0

2µF ε
(
vkε
)

: ε
(
wS
)
dx

−
∫

ΩS0

(
∇ ·wS

)
pkε dx +

1
ε

∫
ΩS0

(
vkε ◦ ϕkε

)
·wS dx ∀wS ∈WS (37)

where ϕkε (X) = X + ukε (X).
Step 4. Stopping test: if

∥∥ukε − uk+1
ε

∥∥
0,ΩS0
≤ tol, then Stop

Step 5. Compute the characteristic function χS
uk+1
ε

, put k := k + 1 and Go
to Step 2.

Remark 7 The fluid problem (35)-(36) is linear and, for a given ukε , it has
a unique solution. Also, the structure problem (37) is linear and, for given
vkε and pkε , it has a unique solution. At the Step 5, an interpolation between
the deformed structure mesh and the fixed fluid mesh is necessary. We have
to point out that the map of the Step 5

uk+1
ε ∈WS 7→ χS

uk+1
ε
∈ L∞(D)

is non linear.

8 Numerical results. Deformation of a tall build-
ing under the action of wind

We have performed numerical simulations using a 2D model adapted from
[5] (see Figure 2).
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Figure 2: Geometrical configuration for the numerical results

The dimensions of a rectangular tall building are: height H = 180 m,
length L = 30 m. The computational domain of the fluid D is a rectangle
of height H1 = 3H and length L1 = L + 4H, its left bottom corner is at
(0, 0). This does not satisfy the regularity assumptions on the geometry of
Proposition 2. It is possible to “smooth” the corners, but this does not affect
essentially our computations. We shall also allow nonhomogeneous Dirichlet
data in the numerical experiments.

The distance between the left side of the fluid and the left side of the
structure is H (see Figure 3). We denote by Σ1, Σ3 the left and the right
vertical boundaries and by Σ2, Σ4 the bottom and the top boundaries,
respectively.

The mechanical proprieties of the building assumed to be an elastic struc-
ture are: mass density ρS = 160 Kg/m3, Young modulus ES = 2.3 ×
108 N/m2, Poisson’s ratio νS = 0.25, the applied volume forces on the
structure fS : ΩS

0 → R2, fS = (0,−9.81ρS) N/m3.
The fluid is the air with: mass density ρF = 1.25 Kg/m3, dynamic

viscosity µF = 7.03× 10−2 N · s/m2, the applied volume forces on the fluid
fS : D → R2, fF = (0,−9.81ρF ) N/m3. The inflow velocity profile is

g(x1, x2) = 100
(x2

H

)0.19
m/s.

The considered boundary conditions for the fluid are more natural from the
point of view of applications and differ slightly compared with the previous
sections. We impose: vε = g on Σ1 ∪Σ4, vε = 0 on Σ2 and σF (v, p) nF = 0



Existence and approximation for fluid-structure interaction 143

on Σ3. In this case, the space of fluid pressure is Q = L2(D).
The numerical tests have been produced using the software FreeFem++

[16].

Figure 3: The mesh of the structure domain and the boundary of the fluid
domain.

We use a fixed mesh for the fluid domain of 17054 triangles and 8703
vertices. The mesh of structure domain has 192 triangles and 125 vertices.
For the approximation of the fluid velocity and pressure we have employed
the triangular finite elements P1+bubble and P1 respectively. The finite ele-
ment P1 was used in order to solve the structure problem. The characteristic
function was approached by P0 finite element.

Remark 8 The fluid and structure meshes are not compatible, for example,
a vertex on the structure boundary is not necessary a vertex on the fluid
mesh.

We have performed the simulation using the Algorithm 1 described in
the previous section. For the stopping criterion at the Step 4, we have used
the tolerance tol = 0.01.

First, we have used the initial displacement u0 = (0, 0) at the Step 1.
The stopping criterion holds after 2 iterations

∥∥u1
ε − u2

ε

∥∥
0,ΩS0
≤ tol.

The maximal structural displacement is 0.12 m. We observe in Figure 4
that the deformation is due to the fluid flow and under the action of gravity.
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The penalization parameter is ε = 10−3. We remark that in the de-
formed structure domain, the fluid velocity is almost zero (see Figure 5),
more precisely

‖vε‖0,ΩSuε =

√∫
D
χSuεvε · vε dx = 0.009443

Figure 4: The initial and the deformed structure mesh (detail of the top of
the building). We have used a magnification factor 50 for visibility.

We can observe in the Table 1 that ‖vε‖0,ΩSuε decreasing when ε goes to
0, but ‖vε‖0,ΩSuε /ε is bounded.

ε ‖vε‖0,ΩSuε ‖vε‖0,ΩSuε /ε
0.00100 0.009443 9.44397
0.00050 0.004723 9.44766
0.00010 0.000949 9.49400
0.00005 0.000607 12.1533

Table 1: The fluid velocity in the fictitious domain.

We have also tested the initial displacement u0 = (0.0003 · x2
2, 0) at the

Step 1. We obtain the same solution, but after 4 iterations.
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Figure 5: The fluid velocity around the final position of the structure (detail).
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FOR STEM-LIKE HEMATOPOIETIC

CELLS DYNAMICS IN LEUKEMIA

UNDER TREATMENT ∗
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Abstract

A one dimensional delay differential equation modeling leukemia
under treatment is investigated to decide over the stability of equilib-
ria and existence of Hopf bifurcations. All three types of stem cell
division (asymmetric division, symmetric renewal and symmetric dif-
ferentiation) are considered. The effect of drug resistance is considered
through the Goldie-Coldman law.
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1 Introduction

The population of cells whose evolution is modeled in the paper consists of
stem cells and progenitors that preserve the capacity of self-renewal. The
model is adapted from the Mackey-Glass model where, besides differentiation
and self-renewal, asymmetric division is included. Thus, a percentage η1

of population is supposed to undergo asymmetric division: one daughter
cell proceeds to differentiation and maturation while the other one re-enters
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the stem cell compartment. A percentage η2 of the population differentiate
symmetrically with both daughter cells going to a phase of maturation. The
percentage (1 − η1 − η2) of the population is supposed to self-renew: both
cells that come out of mitosis are stem cells (see [26]).

The same duration τ of the cell cycle is supposed for all types of division.
Let Q denote the density of the stem-like cell population. The equation

that describes its evolution is

Q̇ = −γQQ− η2k0Q− η1k0Q− (1− η1 − η2)β(Q)Q+

+ 2(1− η1 − η2)e−γQτβ(Qτ )Qτ + η1k0e
−γQτQτ

(1.1)

where Qτ (t) = Q(t− τ),

β(Q) = β0
θn

θn +Qn
(1.2)

is the rate of self-renewal (see [20], [21]), γQ is the instant mortality rate and
k0 is the rate of differentiation and of asymmetric division. Actually, k0 de-
pends on different exogen factors: the number of mature cells in circulation,
growth factors, etc (see [10], [2], [4], [5]) but in this model will be considered
constant. When a scaling is done through Q = θx equation (1.1) becomes

ẋ = −γQx− η2k0x− η1k0x− (1− η1 − η2)
β0

1 + xn
x+

+ e−γQτ

[
2(1− η1 − η2)

β0

1 + xnτ
+ k0η1

]
xτ

It is convenient to introduce

γ = γQ + η1k0 + η2k0 (1.3)

so the equation to be studied becomes

ẋ = −γx− (1− η1 − η2)
β0

1 + xn
x+

+ e−γQτ

[
2(1− η1 − η2)

β0

1 + xnτ
+ k0η1

]
xτ .

(1.4)

One can easily see that if x(θ) > 0 for all θ in [−τ, 0] then x(t) > 0 for
all t > 0. Indeed, if x(T ) = 0 for some T > 0 then

ẋ(T ) = e−γQτ
[
2(1− η1 − η2)

β0

1 + xn(T − τ)
+ k0η1

]
x(T − τ) > 0
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and this is a contradiction to the fact that x must decrease in order to
become zero.

In what follows the stability of equilibria of (1.4) will be investigated,
through the use of the linear approximation. The main references for the
stability in the first approximation are [15] and [17]. It will be also proved
that if the delay depasses a certain threshold, a Hopf bifurcation appears.
The stability of the limit cycles will be studied by computing the first Lya-
punov coefficient (see [18]). In section 4, the treatment with Imatinib will
be incorporated in the model. Effects of drug resistance are taken into con-
sideration through the Goldie-Coldman law ([16]). Numerical results and
simulations in Section 5 illustrate the theory in previous sections. Some
Concluding remarks will end the paper.

2 Stability of equilibria

An equilibrium point x∗ of (1.4) verifies

γx∗ + (1− η1 − η2)
β0

1 + x∗n
x∗ = e−γQτ

[
2(1− η1 − η2)β0

1 + x∗n
+ k0η1

]
x∗.

The first equilibrium point is x∗1 = 0. It corresponds to the extinction of
the cell population. Another equilibrium point is given by

x∗n =
(1− η1 − η2)β0(2e−γQτ − 1)

γ − η1k0e−γQτ
− 1

so, if the later expressions is greater then zero, a second equilibrium point
will be given by

x∗2 =

[
(1− η1 − η2)β0(2e−γQτ − 1)

γ − η1k0e−γQτ
− 1

]1/n

. (2.1)

For convenience, introduce

h(x) =
x

1 + xn
.

Since h′(0) = 1 the linearization of (1.4) around x = 0 is

ẋ = −γx− (1− η1 − η2)β0x+ e−γQτ [k0η1 + 2(1− η1 − η2)β0]xτ .
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Denote, as in [15], [11],

a = −γ − β0(1− η1 − η2), b = e−γQτ [2(1− η1 − η2)β0 + k0η1].

Obviously a < 0 and b > 0 so, if a+ b > 0 the zero solution is unstable and
if a+ b < 0 the zero solution is asymptotically stable. Remark that

a+ b = (1− η1 − η2)β0(2e−γQτ − 1) + eγQτk0η1 − γ.

If there exists the solution (2.1) then a + b must have the same sign as

γ − e−γQτη1k0 so a+ b > 0 if and only if γ > e−γQτη1k0. Since
η1k0

γ
< 1 it

follows that eγQτ >
η1k0

γ
for every τ ≥ 0 so a+b > 0 and the zero solution of

the linear system is unstable. By [17] Ch.9, Corollary 2.3, the zero solution
is unstable for (1.4) too. We have thus proved the following

Proposition 2.1. If equation (1.4) has a nonzero equilibrium point the
zero solution is unstable.

Consider now that a second equilibrium point x∗2, given by (2.1), exists.
Denote

β1 = h′(x∗2). (2.2)

The linearization of (1.4) around x∗2 is

ẋ(t) = −[γ + (1− η1 − η2)β0β1]x(t)+

+ e−γQτ [2(1− η1 − η2)β0β1 + k0η1]x(t− τ)
(2.3)

Introduce
a(τ) = −γ − (1− η1 − η2)β0β1

b(τ) = e−γQτ [2(1− η1 − η2)β0β1 + k0η1]
(2.4)

The characteristic equation of (2.3) is

∆(λ, τ) := λ− a(τ)− b(τ)e−λτ = 0 (2.5)

The study of stability for (2.3) will follow the approach in [8], [12].
Define P (z, τ) = z − a(τ) and Q(z, τ) = −b(τ).
Then obviously P (iy, τ) 6= Q(iy, τ), P (−iy, τ) = P (iy, τ), Q(−iy, τ) =

Q(iy, τ).
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Suppose that a(τ) + b(τ) 6= 0. Then P (0, τ) + Q(0, τ) 6= 0. Also

lim
|λ|→∞

∣∣∣∣Q(λ, τ)
P (λ, τ)

∣∣∣∣ = 0, the equation

F (y, τ) := |P (iy, τ)|2 − |Q(iy, τ)|2 = 0

has a finite number of roots and if y(τ) is such a root it is a C1-function
due to the implicit function theorem. The stability of the zero solution of
(2.3) (thus of x∗2) relies on the relation between |a(τ)| and |b(τ)|. Namely,
if |a(τ)| > |b(τ)|, ∀τ ∈ [0, T ], T > 0, then F (y, τ) = 0 has no real zeros so,
if x∗2 is asymptotically stable for τ = 0, it remains so for τ ∈ [0, T ) (see [8],
[12]).

Suppose now that |a(0)| < |b(0)|. Then |a(τ)| < |b(τ)| for τ ∈ [0, T1),
T1 > 0.

If b(τ) > 0, since −a(τ) ≤ |a(τ)| < b(τ) it follows that a(τ) + b(τ) > 0
and x∗2 is unstable (see [11], [15]).

Suppose b(τ) < 0, ∀τ ∈ [0, T1). The equation F (y, τ) = 0 has a positive
root ω.

Then ∆(iω, τ) = 0 if and only if

sin τω = − ω

b(τ)

cos τω = −a(τ)
b(τ)

.

(2.6)

Since |a(τ)| < |b(τ)| the system (2.6) has the solution

τω(τ) = arccos
(
−a(τ)
b(τ)

)
def
= α(τ) ∈ (0, π).

Let τ0 be a solution of (2.6) corresponding to ω0 > 0 (so λ = iω0 is a
root of (2.5) for τ = τ0) such that x∗2(τ) is locally asymptotically stable for
τ ∈ [0, τ0).

Then the following theorem holds true
Theorem 2.2. Suppose that β1 < 0 and that b(τ) < 0, ∀τ ∈ [0, T1).

Then there exists τ0 > 0 such that the equilibrium x∗2 is locally asymptotically
stable for τ ∈ [0, τ0) and becomes unstable when τ = τ0. The Hopf bifurcation
theorem ensures that periodic solutions of equation (1.4) exist for τ = τ0.

Proof. By [12], Re λ′(τ0) > 0 so one can apply [17] Ch. 11, Theorem
1.1.
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Remark. A more detailed analysis, on the lines in [27] may prove that
other bifurcating points τj can exist. Namely if

Sj(τ) = τ − λ(τ) + 2jπ
ω(τ)

satisfies
S′j(τj) 6= 0 (2.7)

for
S(τj) = 0 (2.8)

then a Hopf bifurcation appears for τj ∈ [0, T1). See [27], Th. 2.7 and also
[8].

The periodic solutions given by Hopf Theorem are limit cycles. Their
stability will be investigated in the next paragraph.

3 Stability of the limit cycles

Denote by τ0 the solution that verifies

ω0τ0 = α(τ0) = arccos
(
−a(τ)
b(τ)

)
(3.1)

If condition (2.7) is satisfied all the reasonings can be transfered to τc that
is a solution of (2.8).

Define for t ≥ 0, y(t) = x(t) − x∗2 and define µ = τ − τ0. Then (1.4)
translates into

ẏ(t) = Gµ(yt) (3.2)

where yt(θ) = y(t + θ) and for ϕ ∈ Cµ := C([−µ − τ0, 0],C), Gµ is defined
by

Gµ(ϕ) = −γ[ϕ(0) + x∗2]− (1− η1 − η2)β0
ϕ(0) + x∗2

1 + [ϕ0 + x∗2]n
+

+e−γQ(τ0+µ)

[
2(1− η1 − η2)β0

1 + [ϕ(−µ− τ0) + x∗2]n
+ k0η1

]
[ϕ(−µ− τ0) + x∗2].

(3.3)

The linearized equation, for y = 0, corresponding to (3.3) is

ẏ(t) = Lµyt (3.4)
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where Lµ = (DϕGµ)(0), the Frechét derivative of Gµ in ϕ = 0. Explicitly

Lµϕ = a(µ)ϕ(0) + b(µ)ϕ(−µ− τ0) (3.5)

with a(µ) and b(µ) defined in (2.4) for τ = µ+ τ0. If

Fµ = Gµ − Lµ (3.6)

then Fµ(0) = F ′µ(0) = 0 and (3.2) becomes

ẏ(t) = Lµyt + Fµ(yt) (3.7)

Following [18], [3],[25], introduce X0 : [−µ− τ0, 0]→ R through

X0(θ) =

{
0 −µ− τ0 ≤ θ < 0

1 θ = 0

For c ∈ R define (X0c)(θ) = X0(θ)c, θ ∈ [−µ − τ0, 0] and then define the
space

〈X0〉 = {X0c|c ∈ C}

By [17], the linear equation (3.4) gives a C0-semigroup with generator Aµ
defined by

D(Aµ) = {ϕ ∈ C1([−µ− τ0, 0],C), ϕ′(0) = Lµϕ}, Aµϕ = ϕ′, ϕ ∈ D(Aµ).

Define C̃µ = Cµ ⊕ 〈X0〉. The extension Ãµ of Aµ to C̃µ given by

D(Ãµ) = C1([−µ− τ0, 0],C)

Ãµ(ϕ) = ϕ′ +X0(Lµϕ− ϕ′(0)), ϕ ∈ D(Ãµ)

is a Hille-Yosida operator on C̃µ (see [1]).
If y is a solution of (3.7) on [0, T ) with an initial condition ϕ ∈ Cµ then

the function u : [0, T ]→ Cµ, t 7→ yt verifies

d

dt
yt = Ãµyt +X0Fµ(yt)

u(0)(θ) = y0(θ) = ϕ(θ), θ ∈ [−µ− τ0, 0]
(3.8)

and conversely if u : [0, T ]→ Cµ is such that

du

dt
= Ãµu(t) +X0Fµ[u(t)]
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u(0) = ϕ

then u(t) = yt, ∀t ∈ [0, T ] with

y(t) =

{
u(t)(0), t ∈ [0, T ]

ϕ(t), t ∈ [−µ− τ0, 0].

By [7] and [14] the Banach space Cauchy Problem for the ODE (3.8) is well
posed for ϕ ∈ D(Ãµ) = Cµ. Consider now the space C0

µ = C([0, µ + τ0],C)
and define, according to [17], the bilinear form

〈ψ,ϕ〉 = ψ(0)ϕ(0)−
∫ 0

−µ−τ0

(∫ s

0
ψ(θ − s)ϕ(θ)dθ

)
dη(s) =

= ψ(0)ϕ(0) + b(µ)
∫ 0

−τ0−µ
ψ(θ + µ+ τ0)ϕ(θ)dθ.

(3.9)

Here dη(·) corresponds to the distribution

a(µ)δ0 + b(µ)δ−µ−τ0 .

Define C̃0
µ = C0

µ ⊕ 〈X0
0 〉 where

X0
0 (θ) =

{
0, 0 < θ ≤ µ+ τ0

1, θ = 0,
(X0

0c)(θ) = X0
0 (θ)c, c ∈ C

and 〈X0
0 〉 = {X0

0c|c ∈ C}
(3.9) extends to C̃0

µ through

〈ψ +X0
0a, ϕ+X0

0b〉 = 〈ψ,ϕ〉+ ab, a, b ∈ C.

The adjoint operator Ã∗µ defined with respect to this bilinear form verifies
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〈ψ, Ãµ0ϕ〉 = ψ(0)Lµϕ+

+b(µ)
∫ 0

−τ0−µ
ψ(s+ µ+ τ0)ϕ′(s)ds = ψ(0)[a(µ)ϕ(0)+

+b(µ)ϕ(−τ0 − µ)] + b(µ)[ψ(s+ µ+ τ0)ϕ(s)|0s=−τ0−µ−

−
∫ 0

−µ−τ0
ψ
′(s+ µ+ τ0)ϕ(s)ds] =

= ψ(0)[a(µ)ϕ(0) + b(µ)ϕ(−τ0 − µ)] + b(µ)ψ(µ+ τ0)ϕ(0)−

−b(µ)ψ(0)ϕ(−µ− τ0)− b(µ)
∫ 0

−µ−τ0
ψ
′(s+ µ+ τ0)ϕ(s)ds =

= ϕ(0)[a(µ)ψ(0) + b(µ)ψ(µ+ τ0)]−

−b(µ)
∫ 0

−µ−τ0
ψ
′(s+ µ+ τ0)ϕ(s)ds = 〈Ã∗µψ,ϕ〉.

So D(Ã∗µ) = C1([0, µ+ τ0],C) and

Ã∗µψ = −ψ′ +X0
0 [a(µ)ψ(0) + b(µ)ψ(µ+ τ0) + ψ′(0)]

Take q(s) = eiω0s. Then (Ã0q)(s) = iω0q(s) for s > 0,

(Ã0q)(0) = a(0)q(0) + b(0)q(−τ0) = iω0

and this is equation (2.5) and is verified since τ0ω0 is a solution of (2.6). It
follows that q∗(s) = deiω0s is an eigenvector of Ã∗0 associated to the eigenvalue
(−iω0). d ∈ C is choosed such that the norming condition 〈q∗, q〉 = 1 is
satisfied. It is not difficult to see that this gives

d̄ =
1

1 + τ0b(0)e−iω0τ0
(3.10)

and that for this d, 〈q∗, q〉 = 0.
Let y be a solution of (3.7).
To compute the coordinates of the section C0 of the center manifold

corresponding to µ = 0, define, following [18],[25] for t ≥ 0

z(t) = 〈q∗, yt〉 = dy(t) + b(µ)
∫ 0

−τ0
e−iω0(s+τ0)y(t+ s)ds
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z and z will be used as local coordinates in the directions q∗ and q∗.
Define next, for t ≥ 0 and s ∈ [−τ0, 0],

w(t, s) = yt(s)− z(t)q(s)− z(t)q(s) =

= yt(s)− 2Re [z(t)q(s)] = W [z(t), z(t), s]
(3.11)

where

W (z, z, s) = w20(s)
z2

2
+ w11(s)zz + w02(s)

z2

2
+ . . .

not= w(s). (3.12)

Since for real y, w is also real, one must have w02 = w20. Remark also
that

〈q∗, w〉 = 〈q∗, yt〉 − 〈q∗, zq〉 − 〈q∗, zq〉 =

= z(t)− z(t)〈q∗, q〉 − z(t)〈q∗, q〉 = 0

(recall 〈q∗, q〉 = 1, 〈q∗, q〉 = 0). Since C0 is locally invariant under (3.8) (see
[18], [9]), for yt ∈ C0 one has

ż(t) = 〈q∗, ẏt〉 = 〈q∗, Ã0yt +X0F0(yt)〉 =

= 〈Ã∗0q∗, yt〉+ 〈q∗, X0F0(yt)〉 = iω0〈q∗, yt〉+

+ dF0[W (z(t), z(t), ·) + 2Re [z(t)q(·)]|s=0 =

= iω0z(t) + g[z(t), z(t)]

(3.13)

where g is defined by

g(z, z) = dF0[W (z, z, ·) + 2Re [zq(·)]|s=0. (3.14)

From (3.3), (3.5) and (3.6) it follows that

F0(ϕ) = −(1−η1−η2)β0
h′′(x∗2)

2
ϕ2(0)+e−γQτ02(1−η1−η2)β0

h′′(x∗2)
2
·ϕ2(−τ0)+

+
1
6

[−(1−η1−η2)β0h
′′′(x∗2)ϕ3(0)+e−γQτ02(1−η1−η2)β0h

′′′(x∗2)·ϕ3(−τ0)]+. . .

It is convenient to introduce the following notations:

β2 = h′′(x∗2), β3 = h′′′(x∗2)

c12 = −(1− η1 − η2)
β0β2

2
, c22 = e−γQτ02(1− η1 − η2)β0β2

C13 = −1
6
β0β3, c23 =

1
3
e−γQτ02(1− η1 − η2)β0β3

(3.15)
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With these notations F0 becomes

F0(ϕ) = c12ϕ
2(0) + c22ϕ

2
τ0(0) + c13ϕ

3(0) + c23ϕ
3
τ0(0) + . . . (3.16)

(3.14) and (3.16) imply that

g(z, z) = d{c12[w(0) + z + z]2 + c13[w(0) + z + z]3+

+ O(|w(0) + z + z)4|+ c22[w(−τ0) + ze−iω0τ0 + zeiω0τ0 ]2+

+ c23[w(−τ0) + ze−iω0τ0 + zeiω0τ0 ]3+

+ O(|w(−τ0) + ze−iω0τ0 + zeiω0τ0 |4) :=

=
g20

2
z2 + g11zz +

g02

2
z2 +

1
2
g21z

2z + . . .

(3.17)

These coefficients of z2, zz, z2 and z2z in (3.17) are essential for the com-
putation of the first Lyapunov coefficient.

It follows directly from (3.17) that

1
2
g20 = d(c12 + c22e

−iω0τ0)

g11 = 2d(c12 + c22)

1
2
g02 = d(c12 + c22e

iω0τ0)

1
2
g21 = d[c12(2w11(0) + w20(0))3c13 + c22(2w11(−τ0)

e−iω0τ0 + w20(−τ0)eiω0τ0) + 3c23e
−iω0τ0 ]

so one needs to find the expressions of w20(0), w20(−τ0), w11(0) and w11(−τ0).

Recall from (3.12) that w(s) = w20(s) +
z2

2
+w11(s)zz+w02(s)

z2

2
+ . . . Tak-

ing the derivative with respect to t in (3.11) and taking into account (3.8)
and (3.11) it follows that

d

dt
w(t, ·) =

d

dt
yt −

d

dt
[z(t)q(·) + z(t)q(·)] =

= Ã0yt +X0F0(yt)− 2Re [ż(t)q(·)] =

= Ã0[w(t, ·) + 2Re z(t)q(·)] +X0F0[w(t, ·)+

+ 2Re (z(t)q(·))]− 2Re [ż(t)q(·)].
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But Ã0(2Re z(t)q(·)) = 2Re [iω0z(t)q(·)] and from (3.13) it follows that

Re[ż(t)q(·)] = Re iω0z(t)q(·) + Re[g(z(t), z(t))q(·)].

Finally
d

dt
w(t, ·) = Ã0w(t, ·) +H(z, z, ·) (3.18)

where

H(z, z, s) = −2Re[g(z, z)q(s)] +X0(s)F0[W (z, z, s) + 2Re(zq(s))]. (3.19)

Then, for s ∈ [−τ0, 0)

H(z, z, s) = −2Re[g(z, z)q(s)] =

= −
(
g20

z2

2
+ g11zz + g02

z2

2
+ . . .

)
q(s)−

−
(
g20

z2

2
+ g11zz + g02

z2

2
+ . . .

)
q(s) =

= H20(s)
z2

2
+H11(s)zz +H02(s)

z2

2
+ . . .

(3.20)

It follows that
H20(s) = −g20q(s)− g02q(s)

H11(s) = −g11q(s)− g11q(s)

H02(s) = H20(s)

(3.21)

From (3.12), (3.13), (3.18) and (3.21) we infer that

Ã0w(t, ·) +H[z(t), z(t), ·] = w20(·)z(t)ż(t)+

+w11(·)[ż(t)z(t) + z(t)ż(t)] + w02(·)z(t)ż(t) + . . . =

= w20(·)z(t)[iω0z(t) + g(z(t), z(t)]+

+w11(·)z(t)[iω0z(t)] + g(z(t), z(t))]+

+w11(·)z(t)[−iω0z(t) + g(z(t), z(t))]+

+w02(·)z(t)[−iω0z(t) + g(z(t), z(t))].

(3.22)
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Identification of the coefficients of z2, zz and z2 in (3.22) yields

(Ã0 − 2iω0)w20(s) = −H20(s)

Ã0w11(s) = −H11(s)

(Ã0 + 2iω0)w02(s) = −H02(s)

(3.23)

so, for s ∈ [−τ0, 0) one has

ẇ20(s) = 2iωw20(s) + g20e
iω0s + g02e

−iω0s

whence
w20(s) = − g20

iω0
eiω0s − g02

3iω0
e−iω0s + C1e

2iω0s.

For s = 0 the definition of Ã0 and (3.23) give

a(0)
(
− g20

iω0
− g02

3iω0
+ C1

)
+ 2g20 +

2
3
g02 − 2iω0C1+

+b(0)
(
− g20

iω0
eiω0τ0 − g02

3iω0
e−iω0τ0 + C1e

2iω0τ0

)
= −H20(0).

Setting s = 0 in (3.19) gives, by (3.13),

H(z, z, 0) = −2Re [g(z, z)] + F0[W (z, z, s) + 2Re (zq(s))]|s=0 =

= −g(z, z)− g(z, z) +
1
d
g(z, z)

so
H20(0) = −g20 − g02 +

1
d
g20

H11(0) = −g11 − g11 +
1
d
g11

(3.24)

and it follows that

C1 =
1

a(0)− 2iω0 + b(0)e2iω0τ0

[
−g20 +

1
3
g02 −

1
d
g20 +

+a(0)
(
g20

iω0
+

g02

3iω0

)
+ b(0)

(
g20

iω0
eiω0τ0 +

g02

3iω0
e−iω0τ0

)]
.

(3.25)

In a similar way, for s ∈ [−τ0, 0),

ẇ11 = g11e
iω0s + g11e

−iω0s
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whence
w11(s) =

g11

iω0
(eiω0s − 1)− g11

iω0
(e−iω0s − 1) + C2.

For s = 0 (3.23) gives

a(0)w11(0) + b(0)w11(−τ0) = −H11(0)

that is

a(0)C2 + b(0)
[
g11

iω0
(e−iω0τ0 − 1)− g11

iω0
(eiω0τ0 − 1) + C2

]
= −H11(0)

so, by (3.24), C2 is given by

C2 =
1

a(0) + b(0)
{b(0)

[
− g11

iω0
(e−iω0τ0 − 1) +

g11

iω0
(eiω0τ0 − 1)

]
−

− H11(0)} =
1

a(0) + b(0)

{
b(0)

[
− g11

iω0
(e−iω0τ0 − 1)+

+
g11

iω0
(eiω0τ0 − 1)

]
+ g11 + g11 −

1
d
g11

}
(3.26)

Once C1 and C2 are calculated, one has the values w20(0), w20(−τ0),
w11(0) and w11(−τ0) and from (3.17) the following formula is obtained for
g21

g21

2
= d [c12(2w11(0) + w20(0)) + 3c13 + c22(2w11(−τ0)e−iω0τ0+

+w20(−τ0)eiω0τ0) + 3c23e
−iω0τ0 ] (3.27)

The Lyapunov coefficient is given by

l1(0) = Re L1(0)

with
L1(0) =

1
2ω0

(
g20 g11 − 2|g11|2 −

1
3
|g02|2

)
+

1
2
g21 (3.28)

Introduce also
µ2 = − l1(0)

Re λ′(τ0)

T2 = − Im L1(0) + µ2Im λ′(τ0)
ω0

.

(3.29)
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The following theorem summs up the informations on the limit cycle that
can be obtained from the above calculations (see [18]).

Theorem 3.1. If l1(0) < 0 bifurcating periodic solutions exist for τ > τ0,
τ − τ0 small, and are orbitally stable. The period of the cycle is approxi-

matelly
2π
ω0

and is increasing if T2 > 0 and decreasing if T2 < 0. With

ε =
(
τ − τ0
µ2

)1/2

the cycle is given by

x(t) = x∗2(τ0) + 2
(
τ − τ0
µ2

)1/2

Re (eiω0t)+

+
τ − τ0
µ2

Re (C1e
2iω0t + C2) +O(ε3)

for
0 ≤ t ≤ T ≤ 2π

ω0
(1 + T2ε

2 + . . .)

4 The model for treatment of CML with Imatinib

Chronic Myelogenous Leukemia (CML), one of the most frequent types
of leukemia is believed to arise from a precursor in the myeloid line in
hematopoiesis. It is characterized by a reciprocal translocation between
one chromosome 9 and one chromosome 22. As a result, a new chromosome,
called Philadelphia chromosome, appears and with it a fusion gene that
causes the production of an abnormal tyrosine kinase protein BCR-ABL1.

This protein is no longer controlled by the normal mechanisms and un-
regulated activates multiple pathways that are responsible for apoptosis reg-
ulation and cells’ proliferation.

In the last ten years the standard treatment against CML is the use
of Imatinib, a molecular targeted drug that selectively inhibits BCR-ABL1
action ([6]). The standard dose used in adults is 400 mg/day. Imatinib
is well absorbed after oral administration with a bioavailability exceeding
90%. Pharmako-kinetics studies ([22], [23]) show that imatinib exhibits lin-
ear pharmakokinetics.

Imatinib shows a very good therapeutic efficiency induceing complete
hematological remission in almost all pacients and cytogenetic remission in
75% - 80% of cases ([13]). Nevertheless an important problem is represented
by the appearance of resistance to imatinib treatment ( [24]). The generation
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of clone mutations in the ABL1 kinase domain is considered the main cause
of resistance.

Let us suppose that every time a cell traverses the cell cycle there is a
constant probability p that a mutation toward resistance appear in one of
the two daughter cells. This p does not depend on time or on the amount of
drug that is used in the therapy.

Then, following the Goldie-Coldman law ([16]) the population of resistant

cells would be Q

(
1− k1

x0 − k0

x−p+1
0

Qq
)

with q = −p. Thus, the number of

cells susceptible to treatment is k1
x0 −R0

x−p+1
0

Qp+1 where x0 is the number

of infected cells and R0 is the number of resistant cells at the moment of
diagnosis. It follows that the action of the treatment on the stem-like cell

compartment is given by the function k1
x0 −R0

x−p+1
0

Qq+1 with k1 =
1

6, 543
([19]).

Denote k̃ = k1
x0 −R0

x−p+1
0

.

Then equation (1.1) is replaced by

Q̇ = −γQQ− (η1 + η2)k0Q− (1− η1 − η2)β(Q)Q− k̃Qq+1+

+ 2e−γQτ (1− η1 − η2)β(Qτ )Qτ + η1k0e
−γQτQτ .

When the scaling Q = θx is performed one obtains

ẋ = −γQx− (η1 + η2)k0x− (1− η1 − η2)β0h(x)− k̃θqxq+1+

+ 2e−γQτ [2(1− η1 − η2)β0h(xτ ) + k0η1xτ .
(4.1)

Define k = k̃θq =
1

6, 543
x0 −R0

x−p+1
0

θq.

Since q+ 1 > 0 the equation (4.1) will still have x = 0 as an equilibrium
point but this time, since q < 0, one cannot use first approximation stability
analysis.

Consider instead the candidate Lyapunov-Krasovskii functional (see [15])

V (x, t) = x2(t) + 2α
∫ t

t−τ
x(s)2ds, α > 0.
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Write equation (4.1) in the simplified form

ẋ = −c1x− c2h(x) + c3x(t− τ) + c4h[x(t− τ)]− kxq+1.

Then the derivative of V along (4.1) is

V̇ = 2x(t)ẋ(t) + 2αx(t)2 − 2αx(t− τ)2 =

= 2x(t){−c1x(t)− c2h[x(t)] + c3x(t− τ) + c4h[x(t− τ)]−

− kx(t)q+1}+ 2αx(t)2 − 2αx(t− τ)2 =

= −2[(c1 − α)x(t)2 − c3x(t)x(t− τ) + αx(t− τ)2]−

− 2x(t){c2h[x(t)]− c4h[x(t− τ)} − 2kx(t)q+2.

One can conclude that if there exists a Lyapunov-Krasovskii functional
related to the trivial equillibrium, that has a negative derivative along the
system, for the model without treatment (thus the trivial solution is locally
asymptotically stable) then the same holds when treatment is introduced.

The functional V can be generally used to study asymptotic stability for
the trivial solution of (4.1).

The formula for the nontrivial equilibrium point becomes more involved

γ − e−γQτη1k0 + kx∗q =
1− η1 − η2

1 + x∗n
β0(2eγQτ − 1). (4.2)

When (4.2) has a solution x∗ > 0 the linearization of (4.1) around x∗ is the
following equation

ẋ(t) = −[γ + (1− η1 − η2)β0β1 + (q + 1)kx∗q]x(t)+

+ e−γQτ [2(1− η1 − η2)β0β1 + k1η1]x(t− τ).
(4.3)

The reasonings in §2 can be easily adapted with

a(τ) = −γ − (1− η1 − η2)β0β1 − (q + 1)kx∗q (4.4)

and the same b(τ).
When ω0 and τ0 verify

ω0τ0 = arccos
(
−a(τ0)
b(τ0)

)
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one can study the stability of the limit cycles on the line in §3. This time

Gµ(ϕ) = −γ[ϕ(0) + x∗]− (1− η1 − η2)β0h[ϕ(0) + x∗]− k[ϕ(0) + x∗]q+1+

+e−γQ(µ+τ0)[2(1− η1 − η2)β0h[ϕ(−µ− τ0) + x∗] + k0η1(ϕ(−µ− τ0) + x∗)].

One has the same formula for Lµϕ but with a(τ) given by (4.4). Formulas
(3.9) and (3.10) rest unchanged

F0(ϕ) = −(1−η1−η2)β0
h′′(x∗)

2
ϕ(0)2+e−γQτ0(1−η1−η2)β0h

′′(x∗)ϕ(−τ0)2−

−1
2

(q + 1)qx∗q−1ϕ(0)2 − 1
6

(1− η1 − η2)β0h
′′′(x∗)ϕ(0)3−

−1
6

(q + 1)q(q − 1)x∗q−2ϕ(0)3 − 1
3
e−γQτ0(1− η1 − η2)β0h

′′′(x∗)ϕ(−τ0)3 + . . .

so

c12 = −(1− η1 − η2)
β0β2

2
− 1

2
(q + 1)qx∗q−1

c13 = −1
6

(1− η1 − η2)β0β3 −
1
6

(q + 1)q(q − 1)x∗q−2.

(4.5)

These new coefficients are then used in formulas (3.17), (3.20), (3.21), (3.23),
(3.24), (3.25), (3.26) and (3.27) and provide new values for l1(0), µ2 and T2

by (3.28) and (3.29).

5 Numerical results and simulations

In what follows the previous formulae are used for the calculation of the
relevant coefficients for the limit cycles. The tables that follow contain the
values of the parameters of the system and the values calculated for the
nontrivial equilibrium, for the values of τ where bifurcation occur and for
the description of the limit cycles. Simulations in some particular cases
illustrate these computations. The evolution is shown with and without
treatment.
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6 Concluding remarks

One of the main issues of the approach in the paper was the consideration
of asymmetric division in the dynamics of stem cell population. Phenomena
as bifurcations, already known to appear as the delay is varied (see [3], [4],
[5]), are now studied in this new approach. Corresponding formulae for the
stability of the limit cycles are deduced on the lines in [18], [25]. One step
further is the consideration of Imatinib treatment for CML, taking into con-
sideration recent studies of pharmakokinesis as well as the already classical
low Goldie-Coldman, that tries to capture the appearance of resistance to
drug therapy in cancer.
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[20] Mackey, M. C., Mathematical models of hematopoietic cell replication
and control. In H. G. Othmer, F. R. Adler, M. A. Lewis, & J.C. Dallon
(Eds.), The art of mathematical modelling: case studies in ecology,
physiology and bio.uids (pp. 149.178). New Jersey: Prentice-Hall, 1997.

[21] Mackey, M. C., Cell kinetic status of haematopoietic stem cells, Cell
Prolif. 34, 71-83, 2001.

[22] Peng B, Lloyd P, Schran H. Clinical pharmacokinetics of imatinib, Clin
Pharmacokinet; 44:879-94, 2005.

[23] A. Petain, D. Kattygnarath, J. Azard, et al., Population Pharmacoki-
netics and Pharmacogenetics of Imatinib in Children and Adults, Clin
Cancer Res;14:7102-7109, 2008.

[24] Ritchie E, Nichols G, Mechanisms of resistance to imatinib in CML
patients: a paradigm for the advantages and pitfalls of molecularly
targeted therapy. Curr Cancer Drug Targets 6:645- 657, 2006.

[25] G. Stepan, Retarded dynamical systems: stability and characteristic
functions. Pitman Research Notes in Math. Ser., Longman, Harlow,
1989.

[26] C. Tomasetti, D. Levy, Role of symmetric and asymmetric division of
stem cells in developing drug resistance, PNAS 107 (39), 16766-16771,
2010.

[27] A. Wan, J. Wei, Bifurcation analysis in an approachable haematopoietic
stem cells model, J. Math. Anal. Appl.345, 276-285, 2009



MINIMAL INVARIANT SUBSPACES

AND REACHABILITY OF 2D HYBRID

LTI SYSTEMS∗

Valeriu Prepeliţă † Tiberiu Vasilache ‡

Abstract

An algorithm is provided to determine the minimal subspace which
is invariant with respect to some commutative matrices and which
includes a given subspace. Reachability criteria are obtained for 2D
continuous-discrete time-variable Attasi type systems by using a suit-
able 2D reachability Gramian. Necessary and sufficient conditions of
reachability are derived for LTI 2D systems. The presented algorithm
is used to determine the subspace of the reachable states of a 2D system.
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1 Introduction

The multidimensional (nD) systems form a distinct and important branch
of Systems and Control Theory.

In various problems such as signal and image processing, seismology and
geophysics, control of multipass processes, iterative learning control synthesis
∗Accepted for publication on June 22, 2012
†vprepelita@mathem.pub.ro University Politehnica of Bucharest, Department of

Mathematics, Splaiul Indpendentei 313, ROMANIA
‡tiberiu.vasilache@gmail.com University Politehnica of Bucharest, Department of

Mathematics, Splaiul Indpendentei 313, ROMANIA

177

Ann. Acad. Rom. Sci.
Ser. Math. Appl.

ISSN 2066 - 6594 Vol. 5, No. 1-2 / 2013



178 Valeriu Prepeliţă, Tiberiu Vasilache

[8] or repetitive processes [5], the suitable mathematical model is represented
by the hybrid (continuous-discrete) multidimensional systems ([7], [10], [11]).

The concepts of controllability and observability, introduced by Kalman
for 1D systems were extended to 2D systems for Roesser [13], Fornasini and
Marchesini [4], and Attasi [1] models; in order to keep their relationship with
minimality, new concepts of modal controllability and modal observability
were introduced in [6].

The Geometric Approach is a trend in Systems and Control Theory devel-
oped to achieve a better and neater investigation of the structural properties
of the linear dynamical systems and to provide elegant solutions of problems
of controller synthesis such as decoupling and pole-assignment problems for
linear time-invariant multivariable systems. The geometric approach leads
to a very clear notion of minimality and to geometric conditions for control-
lability, reachability, observability, constructibility and minimality of linear
systems. The cornerstone of this approach is the concept of invariance of a
subspace with respect to a linear transformation.

In 1969 Basile and Marro [2] introduced and studied the basic geomet-
ric tools called controlled and conditioned invariant subspaces which were
applied to disturbance rejection or unknown-input observability. In 1970
Wonham and Morse [15] applied a maximal controlled invariant method to
decoupling and noninteracting control problems and later on Wonham’s book
[14] imposed the name of ”(A,B)-invariant” instead of ”(A,B)-controlled in-
variant”. Basile and Marro, opened the way to new applications by the
robust controlled invariant and the emphasis of the duality [3], [9]. The
LQ problem was also studied in a geometric framework by Silverman, Hau-
tus, Willems. Further contributions are due to numerous researchers among
which Anderson, Akashi, Bhattacharyya, Kucera, Malabre, Molinari, Pear-
son, Francis and Schumacher.

In this paper a class of 2D continuous-discrete time-variable linear sys-
tems is studied, which is related to Attasi’s 2D discrete model and represents
the extension to time-variable framework of the hybrid systems introduced
in [12].

In Section 2 an algorithm is proposed which determines the minimal
(A1, A2)-invariant subspace which includes a given subspace B of a space
Kn, where A1 and A2 are commutative matrices over a field K.

The state and output formulæ for these systems are established in Section
3 and the notions of complete reachability and complete controlability are
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defined. These properties are characterized by means of the full rank of a
suitable 2D reachability Gramian.

Section 4 is devoted to time-invariant 2D continuous-discrete systems and
a list of criteria of reachability is provided. The subspace of the reachable
states of a system Σ = (A1, A2;B) is characterized as the minimal (A1, A2)-
invariant subspace which includes the subspace ImB.

In Section 5 the algorithm presented in Section 2 is used to determine
the subspace of reachable states. A MATLAB Program and an example
illustrate the proposed algorithm.

2 Minimal invariant subspaces with respect to two
matrices

Let K be a field and A1, A2 ∈ Kn×n commutative matrices.

Definition 1 A subspace V of Kn is said to be (A1, A2)-invariant if

∀v ∈ V, A1v ∈ V and A2v ∈ V. (1)

Let B be a proper subspace of Kn. The intersection of the (A1, A2)-
invariant subspaces which include B is the minimal (A1, A2)-invariant sub-
space which includes B. We denote it minI(A1, A2;B).

We consider the subspaces Ak
1A

l
2V = {Ak

1A
l
2v|v ∈ V, k, l ∈ N}, A0

iV = V
and

∑
i∈I

Vi = {
∑
j∈J

vj |vj ∈ Vj , J ⊂ I, J finite sets}, where Vi, i ∈ I are

subspaces of Kn, and the set I is at most countable.

Proposition 1 The minimal (A1, A2)-invariant subspace which includes B
is

minI(A1, A2;B) =
∞∑
i=0

∞∑
j=0

Ai
1A

j
2B. (2)

Proof: Let us denote by W the subspace
∞∑
i=0

∞∑
j=0

Ai
1A

j
2B. Then v ∈ W if

and only if v =
∑
i∈I

∑
j∈J

Ai
1A

j
2vij with vij ∈ B and I, J ⊂ N finite sets. Then

A1v =
∑
i∈I

∑
j∈J

Ai+1
1 Aj

2vij hence A1v ∈ W and similarly A2v ∈ W. Obviously

B ⊂ W, hence W is an (A1, A2)-invariant subspace which includes B.
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Now, let V be an (A1, A2)-invariant subspace which includes B. Then

Ai
1A

j
2B ⊂ V, ∀i, j ∈ N, hence

∞∑
i=0

∞∑
j=0

Ai
1A

j
2B ⊂ V, i.e. the subspace W =

∞∑
i=0

∞∑
j=0

Ai
1A

j
2B is the minimal such subspace.

Proposition 2 The minimal (A1, A2)-invariant subspace which includes B
is

minI(A1, A2;B) =
n−1∑
i=0

n−1∑
j=0

Ai
1A

j
2B. (3)

Proof: Let us denote by V the subspace in the right-hand member of (3).
Obviously, by Proposition 1, V ⊂ minI(A1, A2;B).

Let pk(s) = det(sI −Ak) = sn + an−1,ks
n−1 + · · ·+ a1,ks+ a0,k, k = 1, 2

be the characteristic polynomial of the matrix Ak, k = 1, 2. By Hamilton-
Cayley Theorem, each matrix verifies its characteristic equation, hence

An
k = −an−1,kA

n−1
k − · · · − a1,kAk − a0,kI, k = 1, 2. (4)

Then, for any vector v ∈ B, An
kv = −an−1,kA

n−1
k v−· · ·−a1,kAkv−a0,kv, k =

1, 2. We can prove by induction and by right-multiplication of (4) by
Al

1A
q
2v, l, q ∈ N that Ai

1A
j
2v ∈ V, ∀i, j ≥ n, i.e. minI(A1, A2;B) ⊂ V,

hence minI(A1, A2;B) = V.
The following algorithm determines recurrently the subspace

minI(A1, A2;B).

Algorithm 1
Stage 1. Construct the sequence of subspaces (S0,j)0≤j≤n of the space

X = Kn:

S0,0 = B; (5)
S0,j = B +A2S0,j−1, j = 1, ..., n; (6)

Stage 2. Determine j0, the first index in {0, 1, . . . , n− 1} which verifies

S0,j0+1 = S0,j0 . (7)

If j0 = n− 1, then minI(A1, A2;B) = Kn. STOP
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If j0 < n− 1, GO TO Stage 3.
Stage 3. Construct the sequence of subspaces (Si,j0)0≤i≤n of the space

X = Kn:

Si,j0 = Si−1,j0 +A1Si−1,j0 . (8)

Stage 4. Determine i0, the first index in {0, 1, . . . , n− 1} which verifies

Si0+1,j0 = Si0,j0 . (9)

Then minI(A1, A2;B) = Si0,j0 . STOP

Proof. Let us consider the doubly-indexed sequence of subspaces

S̃i,j =

(
i∑

k=0

Ak
1

) j∑
l=0

Al
2

B, i, j ∈ {0, 1, . . . , n}, (10)

where A0
kB = B, k = 1, 2.

By Proposition 1, S̃i,j ⊆ minI(A1, A2;B) ∀i, j and by Proposition 2,
S̃n−1,n−1 = minI(A1, A2;B). Moreover

S̃i,j ⊆ S̃k,l, ∀k ≥ i, l ≥ j. (11)

Obviously S̃0,0 = A0
1A

0
2B = B = S0,0 and, for any j ∈ {0, 1, . . . , n − 1},

S̃0,j =
j∑

l=0

Al
2B = B +A2

j−1∑
l=0

Al
2B = B +A2S̃0,j−1.

Then, if we assume that S̃0,j−1 = S0,j−1, we get by (6) the following
equality:

S̃0,j = S0,j , ∀j ∈ {0, 1, . . . , n− 1}, (12)

hence

S0,j ⊆ S0,j+1, ∀j ∈ {0, 1, . . . , n− 1}, (13)

Using Hamilton-Cayley Theorem (see (4)) and (13) one obtains S0,n =
S̃0,n = S̃0,n−1 = S0,n−1, hence j0 ≤ n− 1.

In the chain of subspaces

{0} ⊂ S0,0 ⊆ S0,1 ⊆ ... ⊆ S0,k−1 ⊆ S0,k ⊆ ... ⊆ S0,n−1 = S0,n,



182 Valeriu Prepeliţă, Tiberiu Vasilache

dim S0,0 = dimB ≥ 1 since B is a proper subspace of X = Kn. If
j0 = n− 1 is the first index which verifies (7), we have

1 ≤ dimS0,0 < dimS0,1 < . . . < dimS0,n−1 ≤ n
hence dimS0,n−1 = n. Therefore Kn = S0,n−1 ⊆ minI(A1, A2;B) ⊆ Kn,
hence minI(A1, A2;B) = Kn.

If j0 < n − 1 and S0,j0+1 = S0,j0 one obtains by (6) S0,j0+2 = B +
A2S0,j0+1 = B +A2S0,j0 = S0,j0+1 = S0,j0 .

Let us assume that S0,j = S0,j0 for some j ∈ {j0 + 1, j0 + 2, . . . , n − 1}.
Then S0,j+1 = B +A2S0,j = B +A2S0,j0 = S0,j0+1 = S0,j0 hence

S0,j = S0,j0 , ∀j ∈ {j0 + 1, j0 + 2, . . . , n}. (14)

Now, if we assume that S̃i−1,j0 = Si−1,j0 , for some i ∈ {1, 2, . . . , n − 1},
we get by (10),(8) and by the equality V1 + V2 + V3 = (V1 + V2) + (V2 + V3)
for any subspaces Vk, k = 1, 2, 3 the following equalities:

S̃i,j0 =
i∑

k=0

j0∑
l=0

Ak
1A

l
2B =

i−1∑
k=0

j0∑
l=0

Ak
1A

l
2B +

i∑
k=1

j0∑
l=0

Ak
1A

l
2B =

i−1∑
k=0

j0∑
l=0

Ak
1A

l
2B +

A1

i−1∑
k=0

j0∑
l=0

Ak
1A

l
2B = S̃i−1,j0 +A1S̃i−1,j0 = Si−1,j0 +A1Si−1,j0 = Si,j0 ,

hence S̃i,j0 = Si,j0 , ∀i ∈ {0, 1, . . . , n}. It follows by (11) that Si,j0 ⊆ Si+1,j0

and by Hamilton-Cayley Theorem that Sn−1,j0 = Sn,j0 .
Now, let us consider the chain of subspaces

{0} ⊂ S0,j0 ⊆ S1,j0 ⊆ ... ⊆ Sn−1,j0 = Sn,j0 ⊂ Rn.

Since dimS0,j0 ≥ dimS0,0 ≥ 1, if i0 = n − 1 we obtain as above that
dimSn−1,j0 = n, hence Sn−1,j0 = minI(A1, A2;B) = Kn.

If i0 < n − 1, we have by S̃i0+1,j0 = Si0+1,j0 = Si0,j0 = S̃i0,j0 and by (9)
S̃i0+2,j0 = S̃i0+1,j0 + A1S̃i0+1,j0 = S̃i0,j0 + A1S̃i0,j0 = S̃i0+1,j0 = S̃i0,j0 . Let
us assume that S̃i,j0 = S̃i0,j0 for some i ∈ {i0 + 1, i0 + 2, . . . , n − 1}. Then,
again by (9) S̃i+1,j0 = S̃i,j0 + A1S̃i,j0 = S̃i0,j0 + A1S̃i0,j0 = S̃i0+1,j0 = S̃i0,j0 ,
therefore

S̃i,j0 = Si0,j0 , ∀i ∈ {i0 + 1, i0 + 2, . . . , n− 1}. (15)

From (9), (14) and (15) we get
j∑

l=0

Al
2B =

j0∑
l=0

Al
2B, ∀j ∈ {j0 + 1, j0 +

2, . . . , n} and
i∑

k=0

j∑
l=0

Ak
1A

l
2B =

i∑
k=0

j0∑
l=0

Ak
1A

l
2B ∀i ∈ {i0 + 1, i0 + 2, . . . , n}.
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Then, ∀i ∈ {i0 + 1, i0 + 2, . . . , n} and ∀j ∈ {j0 + 1, j0 + 2, . . . , n}, one

obtains S̃i,j =
i∑

k=0

j∑
l=0

Ak
1A

l
2B =

i∑
k=0

Ak
1

 j∑
l=0

Al
2B

 =
i∑

k=0

Ak
1

 j0∑
l=0

Al
2B

 =

i0∑
k=0

j0∑
l=0

Ak
1A

l
2B = Si0,j0 , hence

S̃i,j = Si0,j0 , ∀i ∈ {i0 + 1, i0 + 2, . . . , n}, ∀j ∈ {j0 + 1, j0 + 2, . . . , n}.

By Proposition 2, we obtain

minI(A1, A2;B) = S̃n−1,n−1 = Si0,j0 , q.e.d.

The equality above proves the following result:

Proposition 3 The minimal (A1, A2)-invariant subspace which includes B
is

minI(A1, A2;B) = Si0,j0 =
i0∑

i=0

j0∑
j=0

Ai
1A

j
2B. (16)

3 The state space representation of the
2D continuous-discrete systems

In this section we consider the linear spaces X = Rn, U = Rm and Y =
Rp, called respectively the state, input and output spaces. The time set is
T = R × Z. By (s, l) < (t, k) for (s, l), (t, k) ∈ T we mean s ≤ t, l ≤ k and
(s, l) 6= (t, k) and (s, l) ≤ (t, k) means s ≤ t, l ≤ k.

Definition 2 A two-dimensional continuous-discrete linear system (2Dcd)
is a quintuplet Σ = (A1(t, k), A2(t, k), B(t, k), C(t, k), D(t, k)) ∈ Rn×n ×
Rn×n×Rn×m×Rp×n×Rp×m with A1(t, k)A2(t, k) = A2(t, k)A1(t, k) ∀(t, k) ∈
T , where all matrices are continuous with respect to t ∈ R for any k ∈ Z;
the state space representation of Σ is given by the following state and output
equations (where ẋ(t, k) = ∂x

∂t (t, k)).

ẋ(t,k+1)=A1(t,k+1)x(t,k+1)+A2(t+ 1,k)ẋ(t,k)
−A1(t, k)A2(t, k)x(t, k) +B(t, k)u(t, k) (17)
y(t, k) = C(t, k)x(t, k) +D(t, k)u(t, k). (18)
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We denote by Φ(t, t0; k) or ΦA1(t, t0; k) the (continuous) fundamental
matrix of A1(t, k) with respect to t ∈ R, for any fixed k ∈ Z. Φ(t, t0; k) has
the following properties, for any t, t0, t1 ∈ R:

i) d
dt

Φ(t, t0; k) = A1(t, k)Φ(t, t0; k),

ii) Φ(t0, t0; k) = In,

iii) Φ(t, t1; k)Φ(t1, t0; k) = Φ(t, t0; k),
iv) Φ(t, t0; k)−1 = Φ(t0, t; k),

.

v)Φ(t, t0; k)=I+
∞∑
l=1

∫ t

t0
A1(s1, k)

∫ s1

t0
A1(s2, k)· · ·

∫ sl−1

t0
A1(sl, k)dsldsl−1· · ·ds2ds1.

If A1 is a constant matrix, then Φ(t, t0; k) =
∑∞

l=0
Al

1(t−t0)l

l! = eA1(t−t0).
The discrete fundamental matrix F (t; k, k0) of the matrix A2(t, k) is de-

fined by

F (t; k, k0) =

{
A2(t,k−1)A2(t,k−2) · · ·A2(t,k0) for k > k0

In for k = k0

for any fixed t ∈ R.
If A2 is a constant matrix, then F (t; k, k0) = Ak−k0

2 .
Φ(t, t0; k) and F (s; l, l0) are commutative matrices for any t, t0, s ∈ R

and k, l, l0 ∈ Z since A1(t, k) and A2(t, k) are commutative matrices.

Definition 3 A vector x0 ∈ X is called the initial state of Σ at the moment
(t0, k0) ∈ T if, for any (t, k) ∈ T with (t, k) ≥ (t0, k0) the following conditions
hold:

x(t,k0)=Φ(t, t0;k0)x0, x(t0,k)=F (t0; k,k0)x0. (19)

For (t0, k0) ≤ (t, k) we denote by [t0, t; k0, k] the set [t0, t; k0, k] = [t0, t]×
{k0, k0 + 1, . . . , k}.

From [11], Proposition 2.3 we obtain:
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Proposition 4 The state of the system Σ at the moment (t, k) ∈ T deter-
mined by the control u(·, ·) : [t0, t; k0, k]→ U and by the initial state x0 ∈ X
is

x(t,k)=Φ(t,t0;k)F (t0;k,k0)x0+∫ t

t0

k−1∑
l=k0

Φ(t, s; k)F (s; k, l + 1)B(s, l)u(s, l)ds. (20)

By replacing the state x(t, k) given by (5) in the output equation (2) we
get

Proposition 5 The input-output map of the system Σ is given by the for-
mula

y(t, k) = C(t, k)Φ(t, t0; k)F (t0; k, k0)x0 +

+
∫ t

t0

k−1∑
l=k0

C(t, k)Φ(t, s; k)F (s; k, l + 1)B(s, l)u(s,l)ds+D(t,k)u(t,k). (21)

4 Reachability of time-variable
2D continuous-discrete systems

For the concept of reachability we need only the state equation (17),
hence a 2Dcd system can be reduced to the triplet Σ = (A1(t, k), A2(t, k), B(t, k)).

A triplet (t, k, x) ∈ R×Z×X is said to be a phase of Σ if x is the state
of Σ at the moment (t, k) (i.e. x = x(t, k), where x(t, k) is given by (20)).

Definition 4 A phase (t, k, x) of Σ is said to be reachable on [t0, t; k0, k] if
there exists a control u(·, ·) which transfers the phase (t0, k0, 0) to (t, k, x).

A phase (t0, k0, x) is said to be controllable on [t0, t; k0, k] if there exists
a control u(·, ·) which transfers the phase (t0, k0, x) to (t, k, 0).

If every phase is reachable (controllable) on [t0, t; k0, k], the system Σ is
said to be completely reachable (completely controllable) on [t0, t; k0, k].

Definition 5 For (t0, k0) ≤ (t, k) the matrix

RΣ(t0, t; k0, k)=

=
∫ t

t0

k−1∑
l=k0

Φ(t, s; k)F (s; k, l+1)B(s, l)B(s, l)TF (s; k, l + 1)T Φ(t, s; k)T ds, (22)

is called the reachability Gramian of Σ.
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We have proved in [11]:

Proposition 6 The set of the states of the system Σ which are reachable
on [t0, t; k0, k] is the subspace Xr = ImRΣ(t0, t; k0, k).

It follows that Σ is completely reachable on [t0, t; k0, k] iff ImRΣ(t0, t; k0, k) =
Xr = X = Rn, i.e. iff rankRΣ(t0, t; k0, k) = dim ImRΣ(t0, t; k0, k) = n. One
obtains

Theorem 1 The system Σ is completely reachable on [t0, t; k0, k] if and only
if

rankRΣ(t0, t; k0, k) = n.

5 Reachability of LTI 2D continuous-discrete sys-
tems

Let us consider an LTI system Σ = (A1, A2, B) ∈ Rn×n×Rn×n×Rn×m,
i.e. a system with A1, A2 and B constant matrices. In this case we can
consider the initial moment (t0, k0) = (0, 0) and the time set T = R+ ×Z+.
Then the state formula (20) and the input-output map (21) become

x(t, k) = eA1tAk
2x0 +

∫ t

0

k−1∑
l=0

eA1(t−s)Ak−l−1
2 Bu(s, l)ds, (23)

y(t, k) = CeA1tAk
2x0 +

∫ t

0

k−1∑
l=0

CeA1(t−s)Ak−l−1
2 Bu(s, l)ds+Du(t, k). (24)

Definition 6 The system Σ is called completely reachable if for any state
x ∈ X there exists (t, k) ∈ T such that the phase (t, k, x) is reachable on
[0, t; 0, k] .

We associate to Σ the reachability matrix CΣ =
[B A1B ... An−1

1 B A2B A1A2B... A
n−1
1 A2B... A

n−1
2 B A1A

n−1
2 B...An−1

1 An−1
2 B.]

Theorem 1 gives (see [11],Theorem 4.2)

Theorem 2 Σ = (A1, A2, B) is completely reachable if and only if

rankCΣ = n. (25)
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We can prove by Proposition 6:

Proposition 7 The set of all reachable states of Σ is Xr = ImCΣ.

It follows from Proposition 7 that a state x ∈ X is reachable iff there
exists v ∈ Rnm such that x = CΣv. Taking into account the defini-
tion of the controllability matrix CΣ, this is equivalent to the equality

x =
n−1∑
i=0

n−1∑
j=0

m∑
k=1

αijkA
i
1A

j
2bk, where αijk ∈ R are the corresponding compo-

nents of the vector v and bk, k ∈ {1, 2, . . . ,m} are the columns of the matrix
B. We denote by B the subspace B = ImB. Then Ai

1A
j
2bk ∈ Ai

1A
j
2B, ∀i, j ≥

0, k ∈ {1, 2, . . . ,m} and we get

Proposition 8 The set of all reachable states of Σ is the subspace

Xr =
n−1∑
i=0

n−1∑
j=0

m∑
k=1

Ai
1A

j
2B.

By Proposition 1 one obtains:

Proposition 9 The set of all reachable states of Σ is the minimal subspace
of X which is (A1, A2)-invariant and includes B.

An immediate consequence of Proposition 9 is the following

Theorem 3 Σ = (A1, A2, B) is completely reachable if and only if X is the
minimal subspace which is (A1, A2)-invariant and includes B.

Definition 7 Two systems Σ = (A1, A2, B,C) and Σ̃ = (Ã1, Ã2, B̃, C̃) are
said to be isomorphic if there exists a nonsingular matrix T ∈ Rn×n such
that

Ãi = T−1AiT, i = 1, 2; B̃ = T−1B, C̃ = CT. (26)

Theorem 4 A system Σ = (A1, A2, B) is not completely reachable if and
only if Σ is isomorphic to a system Σ̃ = (Ã1, Ã2, B̃) of the form

Ã1 =
[
A111 A121

0 A221

]
, Ã2 =

[
A112 A122

0 A222

]
,

B̃ =
[
B1

0

]
, (27)

with A111, A112 ∈ Rq×q, B1 ∈ Rq×m, q < n. The triplet Σ1 = (A111, A112, B1)
is completely reachable.
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Proof: We consider the direct sum decomposition of the state space X = Rn

as X = X1 ⊕X2 where Xr = X1. The partitions of the matrices in (27) are
obtained with respect to this decomposition, since by Proposition 8 Xr is
(A1, A2)-invariant and contains the columns of B; q is the dimension of the
subspace Xr.

We can derive other criteria of reachability.

Theorem 5 Σ = (A1, A2, B) is completely reachable if and only if there
is no common left eigenvector of matrices A1 and A2, orthogonal on the
columns of B.

Proof: Let us assume that there exists v ∈ Cn \ {0} such that ∃λ, µ ∈ C
with vTA1 = λvT , vTA2 = µvT and vTB = 0. Then vTAi

1A
j
2B = λiµjvTB =

0 ∀i, j ≥ 0, hence vTCΣ = 0, i.e. Σ = (A1, A2, B) is not completely
reachable.

Conversely, if Σ is not completely reachable, then there exists v ∈ Cn\{0}
such that vTCΣ = 0, hence the subspace S1 = {x ∈ Cn|xTCΣ = 0} contains
a vector v 6= 0. If x ∈ S1, then xTAi

1A
j
2B = 0 for any i, j = 0, n− 1 and by

Hamilton-Cayley Theorem this equality is true for any i, j ≥ 0. Then, for
any x ∈ S1, (AT

1 x)TAi
1A

j
2B = xTAi+1

1 Aj
2B = 0, ∀i, j ≥ 0, hence AT

1 x ∈ S1,
i.e. S1 is AT

1 -invariant; analogously, S1 is AT
2 -invariant. It follows that

S1 contains an eigenvector x of AT
1 ; let λ be the corresponding eigenvalue.

Let us consider the subspace S2 = {x ∈ X|AT
1 x = λx}. If x ∈ S2 then

AT
1 (AT

2 x) = AT
2 A

T
1 x = λAT

2 x, hence AT
2 x ∈ S2, that is S2 is AT

2 -invariant
and so is S3 = S1 ∩ S2. Then S3 contains an eigenvector w of AT

2 and since
S3 ⊂ S2, w is an eigenvector of AT

1 too. Moreover, since S3 ⊂ S1, we have
wTCΣ = 0 and particularly wTB = 0, hence w is a common left eigenvector
of A1 and A2 orthogonal on the columns of B.

The following theorem is an extension to 2Dcd systems of the Popov-
Hautus-Belevitch criterion of reachability.

Theorem 6 Σ = (A1, A2, B) is completely reachable if and only if for any
λ1, λ2 ∈ C

rank[ B λ1I −A1 λ2I −A2 ] = n. (28)

Proof: Obviously, the existence of λ1, λ2 ∈ C such that
rank[ B λ1I −A1 λ2I −A2 ] < n is equivalent to the existence of v ∈
Rn \ {0} such that vT [ B λ1I −A1 λ2I −A2 ] = 0 which means vTB =
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0, vTA1 = λ1v
T , vTA2 = λ2v

T that is, by Theorem 5, to the fact that Σ is
not completely reachable.

Since rank[λI − A] = n ∀λ ∈ C \ σ(A) for any n × n matrix A (where
σ(A) is the spectrum of A), one obtains by Theorem 6

Corollary 1 Σ = (A1, A2, B) is completely reachable if and only if (28)
holds ∀λ1 ∈ σ(A1) and λ2 ∈ σ(A2).

6 The determination of reachable states subspace

Let us consider an LTI system Σ = (A1, A2, B) ∈ Rn×n×Rn×n×Rn×m

with A1, A2 commutative matrices. We will adapt Algorithm 1 to determine
the reachable states subspace Xr of the system Σ.

Algorithm 2
Stage 1. Determine the controllability matrix CΣ.
Stage 2. Compute rankCΣ. If rankCΣ = n, then Xr = Rn. STOP
Stage 3. Construct the sequence of subspaces (S0,j)0≤j≤n−1 of the space

X = Rn:

S0,0 = ImB; (29)
S0,j = ImB +A2S0,j−1, j = 1, ..., n. (30)

Stage 4. Determine j0, the first index in {0, 1, . . . , n− 1} which verifies

S0,j0+1 = S0,j0 . (31)

If j0 = n− 1, then Xr = minI(A1, A2; ImB) = Rn. STOP
If j0 < n− 1, GO TO Stage 5.
Stage 5. Construct the sequence of subspaces (Si,j0)0≤i≤n of the space

X = Rn:

Si,j0 = Si−1,j0 +A1Si−1,j0 . (32)

Stage 6. Determine i0, the first index in {0, 1, . . . , n− 1} which verifies

Si0+1,j0 = Si0,j0 . (33)
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Then Xr = Si0,j0 . STOP
Proof. By Proposition 9, Xr = minI(A1, A2;B) where B = ImB.
If rankCΣ = n, then Σ is completely reachable (by Theorem 2), hence

Xr = Rn. Otherwise, minI(A1, A2;B) = Si0,j0 , hence Xr = Si0,j0 .

The Matlab program presented below and based upon the algorithm
above calculates the dimension and an orthonormal basis of the reachable
states subspace for the bi-dimensional case.

The instructions make use of the m-functions ima and sums included in
the Geometric Approach toolbox published by G. Marro and G. Basile at
http://www3.deis.unibo.it/Staff/FullProf/GiovanniMarro/geometric.htm;
this GA toolbox works with with Matlab 5, Matlab 6 and Matlab 7 and the
Control System Toolbox.

More precisely, given the matrices A1, A2 that commute and the matrix
B, the next commands will compute and display the dimension of a basis
and an orthonormal one in the space S = I(A1, A2;B).

% begin m-file
S = ima(B, 0); [n, dimInv] = size(S);
for j= 0:n-2 % first loop

S = sums(S, A2*S); [n, m1] = size(S);
if m1 == dimInv break; else dimInv = m1; end

end
for i= 0:n-2 % second loop

S = sums(S, A1*S);[n, m1] = size(S);
if dimInv == m1 break; else dimInv = m1; end

end
disp([’The reachable states subspace has the dimension ’, ...
num2str(dimInv)])
disp(’An orthonormal basis for the reachable states subspace
is:’)
disp(S)
% end m-file

For example, given the matrices

A1 =


1 0 0 0
0 2 0 0
0 0 0 0
0 0 0 0

 , A2 =


0 0 0 0
0 0 0 0
0 0 3 0
0 0 0 4

 , B =


1 1
0 2
1 0
0 0

 ,
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the above Matlab program gives the answers:

The reachable states subspace has the dimension 3
An orthonormal basis for the reachable states subspace is:

0.7071 0.2357 - 0.6667
0 0.9428 0.3333

0.7071 -0.2357 0.6667
0 0 0 .

7 Conclusion

The minimal subspace which is invariant with respect to some commuta-
tive matrices and which includes a given subspace is determined by a suitable
algorithm. This algorithm is applied to determine the subspace of the reach-
able states of a hybrid 2D system. The state space representation of these
systems is studied and reachability criteria are obtained. Necessary and suf-
ficient conditions of reachability are derived for LTI 2D systems as well as
the characterization of the reachable states subspace.

These results and the proposed algorithms can be extended to nD sys-
tems with n > 2.
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THE IMPLICIT FUNCTION THEOREM

AND IMPLICIT PARAMETRIZATIONS∗

Dan Tiba†

Abstract

We discuss a differential equations treatment of the implicit func-
tions problem. Our approach allows a precise and complete description
of the solution, of continuity and differentiability properties. The crit-
ical case is also considered.

The investigation is devoted to dimension two and three, but ex-
tensions to higher dimension are possible.

MSC: 26B10, 34A12, 53A05.

keywords: implicit function theorem, differential equations, parametriza-
tion, generalized solutions, variations.

1 Introduction

The implicit function theorem is a classical subject and I just quote two
monographs, Krantz and Parks [14], Dontchev and Rockafellar [9], providing
rich information on this topic, from Dini’s work to recent research results.
Let me mention the constructive approaches of Bridges et al [2], Diener and
Schuster [8], the nonsmooth variants of Robinson [21], Clarke [6], Dontchev
and Rockafellar [9], the continuous locally injective case of Kumagai [15] and
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Jittorntrum [12], the global theorems of Rheinboldt [22], Palais [18], Cristea
[7], Zhang and Ge [10], the power series solutions of Torriani [29], Sokal [25],
etc.

The local character of the implicit function theorem is wellknown and
some papers bring clarifications in this respect, Holtzmann [11], Chang, He
and Prabhu [3] or on the continuous dependence of the solution on the data,
its regularity Ombach [19], Citti and Manfredini [5], etc.

In this paper, we discuss an approach based on the use of differential
equations in dimension two (Section 2) and in dimension three (Section 3).

In the literature, the (ordinary) differential equation of the implicit func-
tions F (t, x) = 0, t ∈ R, x ∈ R

(1.1)
dx

dt
= −(D2F (t, x))−1D1F (t, x)

or the level set equation

(1.2)
∂ϕ

∂t
= v|∇xϕ|

from the level set method (in free boundary or shape optimization problems)
are wellknown, Mirică [16], Krantz and Parks [14], Osher and Sethian [20],
Sethian [24]. In fact, [14] gives a rather complete analysis of (1.1). However,
the equations that we use are different and we shall comment on this in the
next sections.

Our method seems new and (as in [24]) is ”simple and explicit”. It pro-
vides a fairly complete description of the solution as parametrized geometric
objects and may be extended to higher dimension.

We use certain elements of differential geometry, Thorpe [26], and we
also mention the deep characterizations of manifolds or surfaces discussed in
Ciarlet [4] and its references (in connection with shell theory).

Our hypotheses are slightly weaker than in the classical case. We also
introduce generalized solutions in the critical case.

2 The two dimensional case

Let Ω ⊂ R2 be an open subset and g : Ω→ R satisfy g ∈ C1(Ω) and

(2.1) |g(x, y)|+ |∇g(x, y)| > 0 in Ω,
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where | · | denotes both the modulus or the Euclidean norm. We examine
the implicit equation

(2.2) g(x, y) = 0 in Ω.

It is known that ∇g(x, y) is the normal vector to the level lines of g, in
particular to the solution of (2.2). Therefore the vector

(2.3) tg(x, y) =
(
−∂g
∂y

(x, y),
∂g

∂x
(x, y)

)
6= 0

(sometimes called curl in R2) and gives the tangent to the curve (2.2).
We introduce the ordinary differential system

(2.4)
x′(t) = −∂g

∂y (x(t), y(t))

y′(t) = ∂g
∂x(x(t), y(t))

with initial condition

(2.5) x(0) = x0, y(0) = y0

where g(x0, y0) = 0 is assumed.
Note that (2.4) is a Hamiltonian - type system.

Proposition 1 We have

g(x(t), y(t)) = 0, ∀ t ∈ Imax.

Proof. Imax is the maximal existence interval for the solution of (2.4),
(2.5), according to the Peano theorem (and not necessarily unique). Then,
we notice

d

dt
[g(x(t), y(t))] = ∇g(x(t), y(t)) · tg(x(t), y(t)) = 0

on Imax, by (2.3). This ends the proof together with (2.5) and the condition
on (x0, y0).
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Remark 1 Assumption (2.1) amounts to |∇g(x, y)| > 0 in this case. The
same approach may be applied to general level curves g(x, y) = k, k ∈ R,
and ∇g(x, y) = 0 is allowed in this case. Therefore (2.1) is weaker than the
classical condition. However, if ∇g(x, y) = 0, then the system (2.4), (2.5)
provides just the constant solution x(t) = x0, y(t) = y0.

Therefore, the interesting case remains ∇g(x0, y0) 6= 0, and the solution
of (2.4), (2.5) is in fact unique in the class of smooth simple curves (by the
implicit function theorem and an argument involving (2.4)). In particular,
the solution of (2.4), (2.5) may have no self-intersection.

The system (2.4), (2.5) may be studied for g ∈ C1(Ω) or even weaker
assumptions. Then, uniqueness may not be valid or constant solutions may
occur.

Remark 2 The equation (1.1), in this case, becomes

dy

dx
= −gx(x, y(x))

gy(x, y(x))

under hypothesis gy(x0, y0) 6= 0 and is clearly different from (2.4). The same
remark for (1.2).

Remark 3 Assumption (2.1) has been already used in [27], [28] in con-
nection with shape optimization problems. The condition (2.1), in arbitrary
dimension is to be put in connection with an important property due to Stam-
pacchia: if h ∈ H1(Rd) and h = 0 a.e. in E ⊂ Rd (some measurable subset),
then ∇h = 0 a.e. in E. The statement may be found in Brezis [1], p.195 and
a proof in Kinderlehrer and Stampacchia [13], p.51 (inside a more general
theorem).

Proposition 2 If g ∈ H1(Rd), d ∈ N arbitrary, then the level sets of g
have zero measure if |∇g| > 0 a.e. in Rd

Proof. This is a simple contradiction argument based on the Stampacchia
property.

Remark 4 The system (2.4) (and its extensions to dimension three in the
next section) has the capacity to generate the complete solution of (2.2) be-
tween the critical points of g, even in case this is not the graph of a function.
We suggest the name ”implicit parametrization theorem” for such results.
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In [9], the term ”parametrization” is also used, with another sense (see Ch.
2C). In [14], parametrizations constructed in a different way are used in
Thm. 4.2.3., in the application of the homotopy method.

Let Ω1 denote the open subset of Ω

Ω1 = Ω \ {(x, y) ∈ Ω; ∇g(x, y) = 0}.

Proposition 3 For any (x0, y0) ∈ Ω1, let (x(t), y(t)) denote the level line of
g passing through (x0, y0), i.e. the solution of (2.4), (2.5), and let (T−, T+)
denote its maximal existence interval. If (x(t), y(t)) is nonperiodic, then any
accumulation point for t → T± is either the point at infinity or belongs to
∂Ω1.

Proof. This follows by (2.4), (2.5) and standard results for ordinary
differential equations.

The solution is unique by Remark 1.

Remark 5 If the solution of the Cauchy problem (2.4), (2.5) is periodic
(which occurs when the corresponding level line is closed) then (T−, T+) =
(−∞,+∞) and the trajectory (x(t), y(t)) is a compact subset of Ω1.

Let us consider now the perturbed implicit equation

(2.6) g̃(x, y, λ) = 0, (x, y) ∈ Ω, λ ∈ U

where U ⊂ Rm is open, 0 ∈ U and g̃(x, y, 0) = g(x, y).
For each λ ∈ U , we denote by (xλ(t), yλ(t)), t ∈ Iλ ⊂ R, the saturated

solution of the system (2.4), (2.5) applied to g̃(·, ·, λ). We preserve the
notation (x(t), y(t)) for λ = 0 and we assume that g̃(x, y, λ) is in C1(Ω×U)
with locally Lipschitzian gradient.

We introduce the perturbed system:

(2.7)
x′λ(t) = −∂g̃

∂y (xλ(t), yλ(t), λ(t)),

y′λ(t) = ∂g̃
∂x(xλ(t), yλ(t), λ(t)),

λ′(t) = 0,

(2.8) xλ(0) = xλ0 , yλ(0) = yλ0 , λ(0) = λ.
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Proposition 4 Let (T−, T+) be the maximal existence interval of the unique
solution of (2.7), (2.8) corresponding to (x0, y0) ∈ Ω1 and λ = 0 (that is
the solution of (2.4), (2.5)). For any η > 0, there is ε > 0, such that
for any λ with |λ| < ε and any xλ0 , y

λ
0 with |x0 − xλ0 | + |y0 − yλ0 | < ε,

the solution (xλ, yλ, λ) of (2.7), (2.8) is defined in [T− + η, T+ − η] and
the corresponding application is continuous from a ball around (x0, y0, 0) to
C1([T− + η, T+ − η])2.

Proof. This is a standard application of the continuity results with re-
spect to the initial conditions and to the parameters in ordinary differential
equations.

Remark 6 Clearly T− < 0 < T+ and η may be choosen small enough such
that T− + η < 0 < T+ − η.

Remark 7 The results of Propositions 3, 4 may be immediately transposed
to the implicit equation (2.2) and its perturbations with respect to the initial
conditions (2.5) or with respect to parameters. Some results of this type were
previously obtained by Ombach [19] by different methods.

It is possible to prove the locally Lipschitzian dependence on the initial
conditions and the parameters, as known in the theory of ODE’s. The
hypothesis that ∇g̃(x, y, λ) is locally Lipschitzian is the key point.

We consider now the case of critical points (x0, y0) ∈ Ω, g(x0, y0) = 0,
∇g(x0, y0) = 0. Hypothesis (2.1) is not fulfilled and we assume the existence
of (x̂n, ŷn) ∈ Ω, (x̂n, ŷn)→ (x0, y0) for n→∞ and ∇g(x̂n, ŷn) 6= 0, ∀ n.

Since g ∈ C1(Ω), we have g(x̂n, ŷn) = εn → 0 and ∇g(x̂n, ŷn) → 0. It
may happen that g(x̂n, ŷn) = 0, for certain values of n, even for all (but this
will play no role).

We denote by (xn(t), yn(t)), t ∈ In, the solutions of the system (2.4),
associated to initial conditions xn(0) = x̂n, yn(0) = ŷn and defined on some
maximal interval In.

Let D be a ”small” closed disc centered in (x0, y0) ∈ Ω ⊂ R2. Define the
compact sets (see explanation below)

Tn = {(x, y) ∈ D; (x, y) = (xn(t), yn(t)), t ∈ In}.

Since D is ”small”, it is ”far” from ∂Ω and in the definition of Tn just
some closed subinterval of In is in fact used, in general. However, by Propo-
sition 3, it is possible that the trajectory (xn(t), yn(t)) ends inside intD,
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in some critical point of g(·, ·). In such a case, the graph of the solution
(x(t), y(t)) may be extended with its limit point and the definition of Tn
makes sense.

On a subsequence, we may assume, Tnk
→ Tα in the Hausdorff - Pompeiu

sense, [27]. Denote
T = ∪

α
Tα

where the union is taken after all the subsequences and all the sequences
(x̂n, ŷn) → (x0, y0) with ∇g(x̂n, ŷn) 6= 0. Each Tα is compact in R2, but T
may not be compact.

Proposition 5 T is contained in the level set {(x, y) ∈ Ω; g(x, y) = 0}.

Proof. Let (x, y) ∈ T arbitrary. There is (xn, yn) ∈ Tn such that (x, y) =
lim
n→∞

(xn, yn), due to the definition of the Hausdorff - Pompeiu metric.
Then g(x, y) = lim g(xn, yn) = lim εn = 0.

Definition 1 If g(x0, y0) = 0 and ∇g(x0, y0) = 0, we call the set T defined
above as a local generalized solution of (2.2) in Ω ⊂ R2.

Remark 8 The definition may be extended to higher dimension (see next
section). The converse of Proposition 5 is not necessarily true.

The construction of T around a critical point (x0, y0) cannot provide, in
principle, all the components in Ω of the null level set of g. In many critical
cases (for instance at local extremum points of g(·, ·)) T is just that point
and coincides in such cases with the solution of (2.4), (2.5).

It is also clear that by enlarging D → Ω (D may be just a compact
set with nonvoid interior), we can extend T and obtain what we call the
generalized solution of (2.2) in Ω.

Remark 9 Notice as well that the solution of (2.4), (2.5) (and, conse-
quently, of the implicit parametrization theorem) in the nondegenerate case
is a generalized solution too. If (xn, yn) → (x0, y0) and ∇g(x0, y0) 6= 0,
then ∇g(xn, yn) 6= 0, the obtained trajectories will satisfy locally the above
Hausdorff-Pompeiu convergence property by the continuity with respect to
the initial conditions. We get that T (see Def.1) is contained in the trajec-
tory of (2.4) associated to (x0, y0). The equality follows by taking (xn, yn)→
(x0, y0), g(xn, yn) = 0,∇g(xn, yn) 6= 0. Then, the corresponding solution to
(2.4) coincides with that associated to (x0, y0) by the uniqueness property.
By Def.1, we see that T is exactly the trajectory associated to (2.4), (2.5).
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Example 1 The construction in Proposition 5 is motivated by the example

g(x, y) = x2 − y2

around (0, 0). Clearly one obtains the complete solution of g(x, y) = 0 by the
above construction.

Notice the ”nonuniqueness” of the solution, in the classical terminology.

We shall continue our study with differentiability properties. We consider
the following simplified setting:

(2.9) g(x, y) + λh(x, y) = 0

where λ ∈ R and h : Ω→ R is of class C1 and we assume

(2.10) h(x0, y0) = 0.

The implicit relations (2.9), (2.10) may be viewed as a perturbation of
(2.2), (2.5). The aim is to associate to the implicit equation (2.2), an ”equa-
tion in variations” as in the theory of ODE’s. More general perturbations
may be considered instead of (2.9). The condition (2.10) is somewhat nec-
essary - in this way the perturbed trajectories defined by (2.9) are in some
”neighbourhood” of the solution of the problem (2.2), (2.5).

Remark 10 The equation (2.2) may have at least two solutions ”far” from
each other, one satisfying g(x0, y0) = 0 and another one satisfying g(x1, y1) =
0 with (x0, y0) 6= (x1, y1) and ”far away”. If (2.10) is not valid and, for in-
stance, h(x1, y1) = 0, then (2.9) would approximate clearly the second com-
ponent of the solution of (2.2) and not the solution of (2.2), (2.5). However,
it is possible to work even without condition (2.10), by performing certain
modifications in what follows. For simplicity, we discuss here just the rela-
tions (2.9), (2.10).

To them, we associate the differential system

(2.11) x′λ = −∂g
∂y

(xλ, yλ)− λ∂h
∂y

(xλ, yλ),

y′λ =
∂g

∂x
(xλ, yλ) + λ

∂h

∂x
(xλ, yλ),



Implicit parametrizations 201

(2.12) xλ(0) = x0, yλ(0) = y0

that is a direct extension of (2.4), (2.5).
By Proposition 4, there is some compact interval I with 0 ∈ IntI such

that the solutions of (2.4), (2.5) and of (2.11), (2.12) (for |λ| sufficiently
small) are defined on I.

Denote by zλ =
xλ − x
λ

, wλ =
yλ − y
λ

, t ∈ I, λ 6= 0.

Proposition 6 Assume that g ∈ C2(Ω) and h ∈ C1(Ω) with locally Lip-
schitzian derivatives of the highest order. We have zλ → z, wλ → w in
C1(I).

Moreover, we get (2.20), (2.21) as the system in variations satisfied by
(z, w) and defined on the same interval as the solution in (2.4), (2.5).

Proof. Subtracting (2.11), (2.4) and dividing by λ, we infer

(2.13) z′λ = − 1
λ

(
∂g

∂y
(xλ, yλ)− ∂g

∂y
(x, y)

)
− ∂h

∂y
(xλ, yλ), t ∈ I,

w′λ =
1
λ

(
∂g

∂x
(xλ, yλ)− ∂g

∂x
(x, y)

)
+
∂h

∂x
(xλ, yλ), t ∈ I,

(2.14) zλ(0) = wλ(0) = 0.

By Proposition 4, we have that (xλ, yλ)→ (x, y) in C1(I)2, for λ→ 0.
Under our assumptions, (2.13) may be rewritten as follows

(2.15) z′λ = −∇
[
∂g

∂y
(θλ, µλ)

]
· (zλ, wλ)− ∂h

∂y
(xλ, yλ),

w′λ = ∇
[
∂g

∂x
(θ̃λ, µ̃λ)

]
· (zλ, wλ) +

∂h

∂x
(xλ, yλ),

where (θλ, µλ) and (θ̃λ, µ̃λ) are some intermediary points on the segment
between (xλ, yλ), (x, y) and the mean value theorem is applied. Moreover,
(θλ, µλ)→ (x, y), (θ̃λ, µ̃λ)→ (x, y) uniformly in I, for λ→ 0. We also get

(2.16) ∇
[
∂g

∂y
(θλ, µλ)

]
→ ∇

[
∂g

∂y
(x, y)

]
,

(2.17) ∇
[
∂g

∂x
(θ̃λ, µ̃λ)

]
→ ∇

[
∂g

∂x
(x, y)

]
,
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(2.18)
∂h

∂y
(xλ, yλ)→ ∂h

∂y
(x, y),

(2.19)
∂h

∂x
(xλ, yλ)→ ∂h

∂x
(x, y),

in C1(I)2, respectively C(I), due to the hypotheses on g, respectively h.
From (2.15) - (2.19), by the Gronwall lemma, we get that (zλ, wλ) is

bounded in C(I)2 and in C1(I)2, again by (2.15). Then, on a subsequence,
by the Arzela - Ascoli theorem, zλ → z, wλ → w in C(I). The convergence
is valid in C1(I), due to (2.15).

One can pass to the limit in (2.15) and infer:

(2.20) z′ = −∇
[
∂g

∂y
(x, y)

]
· (z, w)− ∂h

∂y
(x, y), in I,

w′ = ∇
[
∂g

∂x
(x, y)

]
· (z, w) +

∂h

∂x
(x, y), in I,

(2.21) z(0) = w(0) = 0.

All the above convergences are valid without taking subsequences since
the solution of (2.20), (2.21) is unique.

The system (2.20), (2.21) is the system in variations corresponding to
(2.4), (2.5) and the variations (2.9); it is linear and its unique solution is
defined exactly on the domain of definition of the solution to (2.4), (2.5).

Remark 11 More general perturbations, as in Proposition 4, may be dis-
cussed instead of (2.9) and ”equations in variations” may be obtained. It
is not clear how to express the equation in variations (2.20) as an implicit
function relation. It is in fact the equation in variations associated to (2.2).

The choice (2.9) of the perturbations of (2.2) is motivated by possible
applications in shape optimizations problems, Tiba et al. [27], [28] (the so-
called ”functional variations” in shape optimization). We underline that, in
this setting, the two dimensional case plays a particularly important role.

3 Dimension three

There are two subcases that we shall consider here. The first one can be
treated via ordinary differential equations:

(3.1) F (x, y, z) = 0, G(x, y, z) = 0
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where F,G : Ω ⊂ R3 → R are in C1(Ω), Ω open and

(3.2)
D(F,G)
D(y, z)

6= 0 in Ω.

By (3.2), the mappings in (3.1) are independent Nicolescu [17], Rudin
[23]. The implicit function theorem can be applied, but we shall construct
an implicit parametrization solving (3.1).

Let n1 = ∇F (x, y, z), n2 = ∇G(x, y, z) denote the normal vectors to the
two ”surfaces” defined by F , respectively G. They are not colinear due to
(3.2) and θ = n1 × n2 is nonzero in Ω.

Intuitively, θ represents the tangent to the ”curve” obtained as the in-
tersection of the two ”surfaces” mentioned above.

We introduce the ordinary differential system

(3.3)

x′(t) = θ1(t),

y′(t) = θ2(t),

z′(t) = θ3(t)

with the initial condition

(3.4) x(0) = x0, y(0) = y0, z(0) = z0,

where (x0, y0, z0) satisfies (3.1). By the Peano theorem, the system (3.3),
(3.4) has at least one solution defined on some maximal existence interval
Imax, around 0.

Proposition 7 We have

F (x(t), y(t), z(t)) = G(x(t), y(t), z(t)) = 0, ∀ t ∈ Imax.

Proof.

d

dt
G(x(t), y(t), z(t)) = Gxθ1(t) +Gyθ2(t) +Gzθ3(t) =

= Gx(FxGz − FzGy) +Gy(FzGx − FxGz) +Gz(FxGy − FyGx) = 0

by the definition of the vector product. Similarly for the first relation and
the proof is finished.
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Remark 12 In fact, the hypothesis used in Proposition 7 is that n1, n2 are

not colinear, that is the rank of the matrix
D(F,G)
D(x, y, z)

is equal to 2. This case

is considered in Mirică [16] as well and the equation (1.1) is different from
(3.3).

The system (3.3), (3.4) makes sense even without the rank 2 condition,
but in this case the solution is constant.

We discuss now the second case (of just one equation):

(3.5) f(x, y, z) = 0

which is assumed to be satisfied at least in some (x0, y0, z0) ∈ Ω and f ∈
C1(Ω).

Relation (3.5) has as solution a surface S contained in Ω, under appro-
priate assumptions that we don’t detail here.

Assume that S has the parametrization (ϕ(u, v), ψ(u, v), ξ(u, v)), (u, v) ∈
ω ⊂ R2 open subset.

The tangent vectors to S are (ϕu, ψu, ξu) and (ϕv, ψv, ξv) and the normal
vector is obtained as their vector product. It is colinear with ∇f(x, y, z).
We consider the system (formally):

(3.6)

ψuξv − ξuψv = fx(ϕ,ψ, ξ),

ξuϕv − ϕuξv = fy(ϕ,ψ, ξ),

ϕuψv − ψuϕv = fz(ϕ,ψ, ξ),

together with the condition

(3.7) ϕ(u0, v0) = x0, ψ(u0, v0) = y0, ξ(u0, v0) = z0

in some point (u0, v0) ∈ ω. In relation (3.6), the variables (u, v) ∈ ω are
omitted.

Proposition 8 If ϕ,ψ, ξ ∈ C1(ω) satisfy the system (3.6), (3.7), then
f(ϕ(u, v), ψ(u, v), ξ(u, v)) = 0, ∀ (u, v) ∈ ω.

Proof. The derivatives with respect to u, v ∈ ω of the composed function
are null. This follows by direct computation as in the previous Proposition 7.
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Remark 13 The existence or the uniqueness of the solution for (3.6), (3.7)
are not easy and we don’t discuss them here. The system (3.6), (3.7) is
clearly different from (1.1) or (1.2).

Remark 14 We notice the supplementary relations

(3.8) ϕufx(ϕ,ψ, ξ) + ψufy(ϕ,ψ, ξ) + ξufz(ϕ,ψ, ξ) = 0,

(3.9) ϕvfx(ϕ,ψ, ξ) + ψvfy(ϕ,ψ, ξ) + ξvfz(ϕ,ψ, ξ) = 0.

They are not independent from (3.6) as one may check by a simple com-
putation. In certain cases according to the form of f(·, ·, ·) one may select
three independent advantageous relations from (3.6), (3.8), (3.9). The equa-
tions (3.6) seem simpler than in Ciarlet [4], p.50 or p.111. Starting with
(1.1), a simpler system than (3.6) is obtained in [14]. The advantage of
(3.6) is that it may be written even in the critical case.

Remark 15 Another approach for the reconstruction of S, is to generate a
family of level curves, corresponding to ”any” fixed z (for instance):

x′(t) = −fy(x(t), y(t), z(t)),
y′(t) = fx(x(t), y(t), z(t)),

z′(t) = 0,
(x(0), y(0), z(0)) = (x0, y0, z) ∈ Ω,

where t ∈ Iz, some interval around 0, depending on z. Notice that the above
system formally generates a parametrization [x(t, z), y(t, z), z] locally around
(x0, y0, z0), for S.

Remark 16 Propositions 7, 8 show one way for the solution of the implicit
function (implicit parametrization) problem in arbitrary (finite) dimension.
Depending on the number of the independent equations (compared with the
space dimension) an appropriate form of the parametrization may be choosen
for the manifold that formally should give the solution. Then normal and tan-
gent vectors may be constructed. The comparison with the gradient (Jacobian
matrix) gives the equations that should provide the solution of the implicit
parametrization problem. The analysis of the existence and of uniqueness
properties of such systems of PDE’s (compare (3.6)) may be rather complex.
A direct solution is indicated in [14], Ch. 4.1., in a simpler case. One may
extend Definition 1 to the degenerate case, both for (3.1) or (3.5).

Acknowledgement. This work was supported by Grant 145/2011 of CNCS,
Romania.



206 Dan Tiba

References

[1] H. Brezis. Analyse Fonctionelle, Théorie et Applications. Masson, Paris
(1983).

[2] D. Bridges, C. Calude, B. Pavlov, D. Ştefănescu. The constructive im-
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A DUALITY ALGORITHM FOR THE

OBSTACLE PROBLEM∗
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Abstract

We consider the obstacle problem in Sobolev spaces, of order strictly
greater then the dimension of the domain. The aim is to propose an
algorithm to find the solution of the obstacle problem, based on the
solution of the dual approximating problem, which is, in fact, a finite
dimensional quadratic minimization problem.
MSC: 65K10, 65K15, 90C59, 49N15.

keywords: obstacle problem, dual problem

1 Introduction

The obstacle problem has been studied by many authors due to its applica-
bility in many fields, such as the study of fluid filtration in porous media,
constrained heating, elasto-plasticity, optimal control, and financial mathe-
matics (C. Baiocchi. [3] and G. Duvaut, J.-L. Lions [6]).

We find the obstacle problem in recent works as well, for example in M.
Burger, N. Matevosyan, M.T Wolfram, [5], in which an obstacle problem is
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formulated as a shape optimization problem. Other references are R. Griesse,
K. Kunisch, [7], C. M. Murea, D. Tiba [9]. Moreover, certain authors test
their algorithms by applying them to the obstacle problem, for instance the
work of L. Badea, [2], in which the one- and two-level domain decomposition
methods are tested on a two obstacle problem.

In his book, R. Glowinski, [8], analyzes the obstacle problem on H1
0 (Ω).

He treats this problem from the numerical point of view, by finite element
methods, and gives some theoretical results of the existence and uniqueness
of the solution, subject to the properties of the obstacle and the input data.

In their book, V. Barbu and Th. Precupanu, [4], studied the obstacle
problem in H1

0 (Ω) from the duality point of view. They apply the Fenchel
duality theorem for the following problem

min
{

1
2

∫
Ω
|∇u|2 −

∫
Ω
fu : u ∈ K

}
(1)

where f ∈ L2(Ω) and K = {u ∈ H1
0 (Ω) : u ≥ 0 a.e. on Ω}. They end up

formulating the dual problem associated to (1) as follows

max
{
−1

2
‖p∗ + h‖2H−1(Ω) : p∗ ∈ H−1(Ω), p∗ ≥ 0

}

Interpreting this problem, using Theorem 2.4, page 188, [4], they restate the
(1) as boundary value problem of unilateral type.

Keeping in mind this argument, we have started our study considering
an approximating problem for the obstacle problem in W 1,p(Ω) for p >
dim Ω. Using the dual of the approximating problem we came upon a finite
dimensional problem which is, in fact, a quadratic minimization problem,
and thus, its solution can be computed much easier then the solution of an
obstacle problem. Thus using the duality mapping we can construct the
solution of the obstacle problem solving only a finite dimensional quadratic
minimization problem.

The algorithm presented here was successfully tested from the numeric
point of view.
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2 Statement of the direct and
approximating problem

We consider the following obstacle problem

min
y∈W 1,p

0 (Ω)+

{
1
2
‖y‖2

W 1,p
0 (Ω)

−
∫

Ω
fy

}
(2)

where f ∈ L1(Ω), p > d = dim Ω, and W 1,p
0 (Ω)+ = {y ∈ W 1,p

0 (Ω) : y ≥ 0}.
We consider that Ω is a bounded open set with a strong local Lipschitz
property.

It can be easily proved that (2) has a unique solution ȳ ∈ W 1,p(Ω), by
using the compact imbedding W 1,p(Ω) → L∞(Ω), which follows from the
Rellich-Kondrachov Theorem (R. Adams [1], Theorem 6.2, Part II, page
144).

Also, knowing that, by Sobolev Imbedding Theorem, we have W 1,p(Ω)→
C(Ω), it makes sense to consider the following problem

min
{

1
2
‖y‖2

W 1,p
0 (Ω)

−
∫

Ω
fy : y ∈W 1,p

0 (Ω); y(xi) ≥ 0, i = 1, 2, . . . , k
}

(3)

where {xi}i∈N ⊆ Ω is a dense set in Ω. For each k ∈ N, we denote

Ck = {y ∈W 1,p
0 (Ω) : y(xi) ≥ 0, i = 1, 2, . . . , k}

the closed convex cone.
We can prove that (3) has also an unique solution ȳk ∈ Ck by using

the same argument as in the proof of the existence and uniqueness for the
solution of problem (2).

Moreover, we can prove the following result

Theorem 1 The sequence {ȳk}k constructed from the solutions of problems
(3), for k ∈ N, is a strongly convergent sequence in W 1,p(Ω) to the unique
solution ȳ of the problem (2).

As a consequence of Proposition 1, we can state that problem (3) is an
approximating problem for (2).

In the following section we shall use the dual of problem (3) to solve
problem (2).



212 Diana Merluşcă

3 The dual problem and the analysis of its solution

We will use Fenchel duality Theorem to state the dual problems associated
to problems (2) and (3). For this purpose we consider the functional

F (y) =
1
2
‖y‖2

W 1,p
0 (Ω)

−
∫

Ω
fy, y ∈W 1,p

0 (Ω)

Using the definition of the convex conjugate and the fact that the duality
mapping J : W 1.p

0 (Ω) → W−1,q(Ω) is single-valued and bijective operator,
we get that the convex conjugate of F is

F ∗(y∗) =
1
2
‖f + y∗‖2W−1,q(Ω)

Considering now the functional g = −I
W 1,p

0 (Ω)+
and using the concave con-

jugate definition we get that

g•(y∗) =
{

0, y∗ ∈ (W 1,p
0 (Ω)+)∗

−∞, y∗ 6∈ (W 1,p
0 (Ω)+)∗

with (W 1,p
0 (Ω)+)∗ = {y∗ ∈ W−1,q(Ω) : (y, y∗) ≥ 0,∀y ∈ W 1,p

0 (Ω)+} =
W−1,q(Ω)+.

Since F şi −g are convex and proper functionals on W 1,p(Ω), the domain
of g is D(g) = W 1,p

0 (Ω)+, and F is continous everywhere on W 1,p
0 (Ω)+ we

are able to apply Fenchel duality Theorem (V. Barbu, Th. Precupanu, [4],
Theorem 2.5, page 189) and obtain

min
{

1
2
‖y‖2

W 1,p
0 (Ω)

−
∫

Ω
fy : y ∈W 1,p

0 (Ω)+

}
= max

{
−1

2
‖f + y∗‖2W−1,q(Ω) : y∗ ∈W−1,q(Ω)+

}
So the dual problem associated to problem (2) is

max
{
−1

2
‖f + y∗‖2W−1,q(Ω) : y∗ ∈W−1,q(Ω)+

}
For the approximating problem (3) we only need the concave conjugated

of gk = −ICk
due to the fact that we minimize the same functional F over

another cone. Thus, the concave conjugate is

g•k(y
∗) = inf {(y, y∗)− g(y) : y ∈ Ck} =

{
0, y∗ ∈ C∗k
−∞, y∗ 6∈ C∗k
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where C∗k = {y∗ ∈W−1,q(Ω) : (y∗, y) ≥ 0,∀y ∈ Ck}.

Lemma 1 The polar cone of Ck is

C∗k =

{
u =

k∑
i=1

αiδxi : αi ≥ 0

}

where δxi are the Dirac distributions concentrated in xi ∈ Ω, i.e. δxi(y) =
y(xi), y ∈W 1,p

0 (Ω).

Since the domain of gk is D(gk) = Ck and the functional F is still conti-
nous on the closed convex cone Ck the hypothesis of Fenchel duality Theorem
are satisfied once again. This implies that

min
{

1
2
‖y‖2

W 1,p
0 (Ω)

−
∫

Ω
fy : y ∈ Ck

}
= max

{
−1

2
‖y∗ + f‖2W−1,q(Ω) : y∗ ∈ C∗k

}
So we obtain the dual approximating problem associated to problem (3)

max
{
−1

2
‖y∗ + f‖2W−1,q(Ω) : y∗ ∈ C∗k

}
(4)

Denoting yk and y∗k as the solution of problems (3) and its dual (4), we
apply Theorem 2.4 (page 188, V. Barbu, Th. Precupanu, [4]) and obtain the
system

y∗k ∈ ∂F (yk), −y∗k ∈ ∂ICk
(yk)

From y∗k ∈ ∂F (yk) yields that y∗k + f ∈ J(yk), where J : W 1,p(Ω) →
W−1,q(Ω) is the duality mapping. So, we conclude that

y∗k = J(yk)− f (5)

From −y∗k ∈ ∂ICk
(yk) we obtain

k∑
i=1

α∗i yk(xi) = 0

which means that
α∗i yk(xi) = 0, ∀i = 1, k
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Then, the Lagrange multipliers α∗i are zero if yk(xi) > 0 and they are
non-zero only if the constraint is active, i.e. yk(xi) = 0.

With the above arguments, we can state the main result as follows:

Theorem 2 To compute the solution y∗k of the dual approximating problem
it is sufficient to compute the coefficients α∗i , due to the formula

y∗k =
k∑
i=1

α∗i δxi

. Moreover, the solution of the approximating problem yk is computed using
yk = J−1(y∗k + f) and α∗i yk(xi) = 0, ∀i = 1, k.

Example 1 Let Ω ⊂ R and p = 2. Then the duality mapping J : H1
0 (Ω)→

H−1(Ω) is, in this case, a linear operator and is define as J(y) = −y′′. Let
us denote J−1(δxi) = di and J−1(f) = yf .

We obtain that the dual approximating problem formulated for dimension
1

min
y∗∈C∗k

{1
2
‖y∗ + f‖2H−1(Ω)}

is, in fact, equivalent to the problem

min
α∈Rk

+

{
1
2
αTAα+ bTα

}
(6)

where A is the matrix of elements aij =
∫

Ω d
′
id
′
jdx for all i, j = 1, 2, . . . , k,

and the elements of b are bi =
∫

Ω d
′
iy
′
fdx, for all i = 1, 2, . . . , k.

Thus, solving problem (6) we find α∗i , for i = 1, 2, . . . , k, we compute the
solution of the approximating problem using the formula

yk =
k∑
i=1

α∗i di + yf

taking into account the complementarity condition that αiyk(xi) = 0 for all
i = 1, 2, . . . , k.
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