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THE CLASSICAL MAXIMUM
PRINCIPLE. SOME OF ITS
EXTENSIONS AND APPLICATIONS.”

Cristian - Paul Danet |

Abstract

The intention of this paper is to survey some extensions (the P
function method) and applications of the classical maximum principle
for elliptic operators.

MSC: 35B50, 35G15, 35J40.

keywords: maximum principle, P function method, higher order elliptic
equations, plate theory.

1 Introduction

The intention of this paper is to survey some extensions (the P function
method) and applications of the classical maximum principle for elliptic op-
erators.

The maximum principle is one of the most useful and best known tools
employed in the study of partial differential equations. The maximum prin-
ciple enables us to obtain information about the uniqueness, approximation,
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274 Cristian-Paul Danet

boundedness and symmetry of the solution, the bounds for the first eigen-
value, for quantities of physical interest (maximum stress, the torsional stiff-
ness, electrostatic capacity, charge density etc), the necessary conditions of
solvability for some boundary value problems, etc.

The first chapter specializes the maximum principle for partial differential
equations to the one variable case. We present the one dimensional classical
maximum principle and a new extension.

In chapter two, we present the classical maximum principle of Hopf for elliptic
operators and some possible extensions (the P function method (in honour
of L. Payne, see [43]) and give a number of applications.

The maximum principle occurs in so many places and in such varied
forms that is impossible to treat all topics. We treat here only the classical
maximum principle and one of its extensions, namely the P function method
for the elliptic case.

2 The one dimensional case

The one dimensional maximum principle represents a generalization of the
following simple result: Let the smooth function u satisfy the inequality u” >
0 in Q = (a,B). Then the mazimum of u in Q occurs on 0Q = {a, B} (on
the boundary of ), i.e.,

max u = max{u(«a),u(f)}.
Q

Theorem 1. (one dimensional weak mazimum principle) Let u € C?Q)n
CY(QY) be a nonconstant function satisfying Lu = u” + b(z)u’ > 0 in Q, with
b bounded in closed subintervals of Q). Then,

maxu = maxu.
Q 99

Drawing the graph of a function u satisfying v’ > 0 (u” # 0) reveals us
the interesting fact that at a point on 9 (where u attains its maximum),
the slope of w is nonzero. More precisely, du/dn > 0 at such a point. Here
d/dn denotes the outward derivative on 09, i.e.,

du , du
(o) = —w(a), T
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The next theorem is an extension of this result:

Theorem 2. (one dimensional strong mazimum principle) Let u € C?(2) N
CY(2) be a nonconstant function satisfying Lu = u” +b(x)u’+c(z)u > 0 in Q,
with b and ¢ bounded in closed subintervals of Q1 and ¢ < 0 in Q. Then a
nonnegative mazimum can occur only on 98, and du/dn > 0 there. If ¢ =0
in § then, u takes its maximum on 02 and du/dn > 0 there.

The following simple counterexample shows that we have to impose some
restrictions to ¢: The function u(z) = e™* sin x satisfies

Lu=vu"+2u"+3u>0inQ = (0,7).

We see that the nonnegative u vanishes on 92 and hence there can be no
maximum principle. A result can still be proven if ¢ > 0. The result is a
version of Theorem 5 on page 9 in [65].

Theorem 3. (one dimensional generalized mazimum principle) Let u €
C%(Q)NCO(Q) be a nonconstant function satisfying Lu = u”+c(x)u > 0 in Q.
Suppose that

2
T (1)
(diam )2°
Then, the function u/we cannot attain a nonnegative maximum in 0 unless
it is a constant. diam §2 represents the diameter of Q) and

sup ¢ <
Q

7 (2x — diam )
2(diam Q +¢)

We = COs cosh(ex),

where € > 0 is small.

The proof follows from Theorem 5, page 9 in [65] and Lemma 2.1. [11].
Although our result is stated only for a particular operator L (b = 0), is it
more precise than the result stated for general operators Lu = u” + b(z)u +
c(x)u (see Theorem 5, page 9 in [65]). The authors do not indicate when a
maximum principle is valid. They state that a maximum principle is valid
for " any sufficiently short interval  ".

The proofs of these theorems as well as their applications (uniqueness
of the solution of the boundary value problem, approximation in boundary
value problems, the classical Sturm- Liouville theory, existence for nonlinear
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equations via monotone methods) can be found in the excellent book of
Protter and Weinberger [65].

Certain solutions of equations of higher order exhibit a maximum princi-
ple:

Theorem 4. Let 1 <k <n—1,n > 2 and u € C*(Q) be a nonconstant
function satisfying Lu = u™ > 0 in §. Suppose that

(=) Fu@(a) > 0,i=1,...,k —1(if such i exist),

(—1)n7k+ju(j)(ﬁ) >0,j=1,...,n—k—1(if such j exist).

Then, in the case n — k even u attains its minimum value and in case
n — k odd u attains its mazimum either at o or 3.

The nontrivial proof is given in [76]. For n—=4, k=2, Theorem 4 generalizes
the maximum principle in [6]: Let u satisfy the inequality u® <0 in Q. If
() <0, u(B) >0, then u attains its mazimum at « or 3.

A maximum principle for general fourth order operators appears in [41].

3 The n dimensional case

In this section, we treat the n dimensional variants of results presented in
section 1, some possible extensions for nonlinear equations and for equations
of higher order as well as their applications.

We consider the linear operator (summation convention is assumed, i.e.,
summation from 1 to n is understood on repeated indices)

Lu = a” (z)u;; + b'(x)u; + c(z)u, ¥ (z) = a’’(z),
where x = (21, ...,2y) € Q, Q is a bounded domain (unless otherwise stated)
_ 0 R
ofR",nZlandui—a—;,uw—Wéij. )
The operator L is called elliptic at a point 2 € € if the matrix [a" (z)] is pos-
itive, i.e., if A(z) and A(x) denote respectively the minimum and maximum

eigenvalues of [a¥/(z)], then
0 < A@)[¢* < a¥(2)€i&; < Mx)IEP,

for all £ = (&1,...,&,) € R™ — {0}. If A > 0, then L is called elliptic in Q. If
A/ is bounded in 2, we shall call L uniformly elliptic in 2.
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Theorem 5. (weak mazimum principle) ([25]). Let L be elliptic in Q. Sup-
pose that [b'|/A < 400 in €, i =1,..,n. IfLu>0inQ, c =0 in Q and
u € C*(Q)NCY%Q), then the mazimum of u in Q is achieved on OS), that is:
max ¢ = max . (2)

Q o0
Remarks: 1). Theorem 5 holds under the weaker hypothesis: the ma-

trix [a¥] is nonnegative and the ratio |b¥|/a** is locally bounded for some
ke{l,..,n}

2). The maximum principle for subharmonic functions goes back to Gauss
(1838) ([17]). The first proof of a maximum principle for operators more gen-
eral than the Laplace operator was proved in two dimensions by Paraf in 1892

(142]).

Theorem 6. (the strong mazximum principle of E. Hopf) ([30]). Let L be
uniformly elliptic, ¢ = 0 and Lu > 0 in Q (not necessarily bounded), where
u € C%(Q). Then, if u attains its mazimum in the interior of ), then u is
constant. If ¢ < 0 and ¢/ is bounded then u cannot attain a nonnegative
mazimum in the interior of ), unless u is constant.

The proof is a consequence of the following useful result known as Hopf’s
lemma [30]:

Lemma 1. Suppose that L is uniformly elliptic in Q, ¢ =0 in Q2 and Lu > 0
in Q. Let xg € 0Q be such that

i) u is continuous at x,

it) u(xo) > u(x) for all x € Q,

iii) OS) satisfies an interior sphere condition at xo (i.e., there exists a ball
B C Q with xg € 0B).

Then the outer normal derivative of u at xqg, if it exists, satisfies the strict
nequality

5 (20) > 0. (3)

If ¢ <0 and ¢/X is bounded in Q, then the same conclusion holds provided
u(zo) > 0, and if u(zg) = 0 then, the same conclusion holds irrespective of
the sign of c.

We now restrict ourselves to the case b’ = 0 and prove Danet, [11]:
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Theorem 7. (generalized maximum principle) Let u € C?(Q)NC°(Q) satisfy
the inequality Lu = Au + c(x)u > 0, where ¢ > 0 in . Suppose that

4dn + 4

S?zpc<01zm. (4)

Then, the function u/w; cannot attain a nonnegative mazimum in €2,
unless it is a constant.
Similarly, if Q lies in a slab of width d and

2
=" 5
sgpc< 2= (5)

we obtain a similar result for u/ws. Here

wi(x)=1- (Stglzpc/2n)(x% 4+ +CL‘%)

and

21‘1
w9 = COS ——— H cosh(ex;),

for some i € {1,...,n}, where e > 0 is small.

Comments

1. A broad class of domains satisty 2 C Bgjamq/2- For these domains Cy
may be replaced by C3 = 8n/(diam)?.

2. We may improve the constant C3 (i.e., choose a larger constant) if
Q={reR"|0< R <|z|< R+ ¢}, where ¢ > 0 is sufficiently small. A
maximum principle holds if

2(n —1
_2n-1) (6)
(€ + d)diam2
For sufficiently small € we have Cy > Cj.

3. A similar result was given in [65], Theorem 10, p.73. for general
operators. The authors proved that if

supc < Cy =
Q

4
SUpY < 53 (7)

then a similar maximum principle is valid. Here Lu = Au + ¢(z)u, ¢ > 0 in
2 and € is supposed to lie in a strip of width d. Of course, Theorem 7 (valid
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only for the case b* = 0, ¢ > 0) is sharper that their result, but does not hold
for general operators.

4. We have to impose some restrictions to ¢. Otherwise, as the following
example shows, the maximum principle (Theorem 7) is false. The function
u(z,y) = sinxsiny satisfies v = 0 on I and is solution of the equation
Au+2u=01in Q= (0,7) x (0,7). Of course, (4) does not hold.

The maximum principles that we have presented above are valid only for
the class C?() N C%(Q), i.e., the results are valid for classical solutions. We
may consider operators L of the divergence form

Lu = (a¥ (z)ju + b (z)u); + ¢ (2)u; + d(z)u,

whose coefficients a¥, b, ¢*, d, i,57 = 1,2, ...,n are assumed to be measur-
able functions on a domain 2 C IR".

The divergence form has the advantage that the operator L may be de-
fined for a significant broader class of functions than the class C?().

Assume that u is weakly differentiable and that a” Dju + b'u and that
c;Diu + du, i = 1,2, ...,n are locally integrable. Then u satisfies in a weak
sense Lu=0(>0, <0)in Q if :

L(u,p) = /Q [(aijuj + b'u)p; — (c'u; + du)g] dz =0(<0, > 0),

for all non-negative ¢ >€ C3(Q).
We shall assume that L is strictly elliptic in © and that L has bounded
coefficients, i.e. there exists some constants A and v > 0 such that:

Sl < A, A2Y (2 + ) + A7 d] < w2 ()
i ‘

is valid in €.
We state now the weak maximum principle for weak solutions.

Theorem 8. ([4], [25]) Let u € W12(Q) N C%(Q) satisfy Lu > 0 in Q. If

/(d(p Cede <0,V >0, ¢ € CHQ) )
Q
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then,

sup u < sup ut.
Q o0

Here ut = max{u,0}.

Extensions and application of this result are presented in the book of
Gilbarg and Trudinger [25].

We now deal with a possible extension of the maximum principle, namely
the P function method. The method consists in determining a function
P = P(z,u, Vu,...), satisfying a maximum principle, i.e.,

max P = max P,
Q a0

where w is a solution of the studied equation (boundary value problem). This
powerful method has many applications of interest and represents the core
of the paper.

I. The second order case

1. The St.-Venant problem. (the torsion problem)

First, we examine one of the simplest cases, the problem of the torsional
rigidity of a beam

u=0 on 0f). (10)

{ Au= -2 inf
Theorem 9. The function Py = |Vu|? + 4u takes its mazimum value either
at a critical point of w or at some point on the boundary, unless Py is a
constant. If Q is convex and smooth (02 € C**¢), then Py cannot take its
mazimum value on 0. Moreover, if Q) degenerates to an infinite strip, then
Py = const. Similarly the function Py = |Vu|? attains its mazimum on OS2.

The proof is due to L.E.Payne, [43] and follows from the differential
inequality
1

AP
1+ |Vu]2

1
{4VP; - Vu + 5|VPl|2} >0inQ,

and the maximum principle.
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Theorem 10. (/83])

The function P3 = |Vul?> + (4/n)u takes its mazimum value at some
point on the boundary, unless P3 is a constant. Moreover, Ps is identically
constant in Q if and only if Q is a n dimensional ball.

Remarks. 1. The simplest P function is P = u (the classical maximum
principle).
2. There are no general methods to determine P functions. Sometimes we
can check the one dimensional case in order to get an idea of what types of P
functions we have to look in the n dimensional case. For example considering
the one dimensional equation

u'+2=0inQ=(0,a)
and multiplying it by «’ and then integrating it we get that
P = (u/)* 4 4u = const. in Q.

This function is the one dimensional version of Pj.

Applications

a). Upper bound for the stress function u, if Q is convex.

Let M be the unique critical point of © and @ a point on 02, nearest to
P. Let r measure the distance from M along the ray connecting M and Q.

Hence J
_di?f < |Vu| in Q. (11)

From Theorem 9 we have |Vu|? < 4(up — u(x)) in Q, where uy; = supg u.
Using (11) we get

/uM du /Md IMQ)
— < r = .
0o 2Vum —u " Jg

Vun < [MQ| < p,

where p is the radius of the largest ball contained in €.
Note that the following bound was also obtained using similar methods

([15])

Hence

SR
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where a > 1+ /2 and 0 < 3 < 72 /4p?.

A lower bound for uys was given in [54] (in the case 2 convex and bidi-
mensional). Further isoperimetric inequalities as well as bounds in terms of
the stress function for the curvature of the level curves u=const are presented
in [54].

b). Upper bound for the maximum stress.

An important quantity is the maximum stress o = maxgq | Vul|. Since Py
and P3 attain their maximum value on the boundary of €2 and using standard
calculations (see [78]) we get,

2
Vul? <o < < 12
[Vul SOSIRD) S ik (12)
where K, = mingg K, K represents the average curvature of 99 (the

curvature if n = 2) and P is a point on the boundary where P assumes its
maximum.

c). Upper bound for the average curvature of 9.

Integrating (12) over 2 we obtain

09|

where P is defined above, |0€2| stands for the n — 1 dimensional measure and
|©2| stands for the n dimensional measure.

Equation (13) tells us that at a point of maximum stress, the boundary
must be sufficiently flat.

d). Upper bound for the torsional rigidity.

The torsional rigidity of Q is T' = 2 [y udz = [, |[Vu|*dz. We have the
following bound:

(13)

4 4
T< -0 < Z1Q|p2.
_3! \UM_3\ lp

e). An overdetermined St. - Venant problem.
We consider the problem (10) overdedermined by the boundary condition

K|Vu|® = const. > 0 on 99, (14)

where € is a simply connected domain in IR? and K the curvature of 9.
Makar-Limanov ([34]) introduced the function

Py = ujjuiu; — |Vul> Au+ u((Au)? — uijug;),
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(u is a solution of St. - Venant problem (10)) and showed that it satisfies
a maximum principle. A consequence is the convexity of level lines {u =
const.}. Moreover, we have P = K|Vu|? > 0 on 0Q. and Py is constant in
if and only if 2 is an ellipse. The next theorem (Henrot and Philippin, [32])
tells us that ellipses are the only domains for which condition (14) holds.

Theorem 11. The over determined problem (10), (14) is solvable only if Q
is an ellipse.

The proof follows from the implication:

P4 = const. on 99 = P4 = const. in Q.

Standard methods of investigation for overdetermined problems may not
work (Serrin’s moving plane method). In this case, we can take advantage
of the P function method.

2. The membrane problem.

We are concerned now with eigenvalues of elastically supported membrane
problem:

{Au+)\u:O in Q c IR? (15)
Ou/On +au =0 ondf,

where 9/0n is the outward normal derivative operator, « is a positive con-
stant and is 2 simply connected, smooth and convex .

If «v is large, Payne and Schaefer [53] derived a lower bound for the first
eigenvalue \;

M > p % (tan o/ V/A))?, (16)

using that the P function P5 = |Vui|?> + A\u? takes its maximum either
on Of) or at an interior point at which Vu = 0. Here u; represents the first
eigenfunction and p the radius of the largest inscribed disc. We see that the
bound (16) involves Aj, the first eigenvalue for the problem,

(17)

Av+Av=0 in{)
v=20 on 0f).

If necessary, we can use upper bounds for A;. A known bound for convex
regions was given by Hersch 28]
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2
T
A > —. 1
ey (18)
On the other hand if « is small we have
A1 > p 2 (tan~ A/ L)Y/?)?, (19)

where L is the perimeter of €} and A its area.
Bounds for eigenvalue of (15) have been previously obtained by Sperb
[77], [78], |[79], Payne and Weinberger [55].

Bounds for the first positive eigenvalue in the free membrane problem

Au+pu=0 inQcIR?
% =0 on OS2,
are discussed in the book of Sperb |78|.
3). A classical problem of electrostatics.

We consider the exterior Dirichlet problem

Au=20 nQ*=R3>-Q
u=1 on 02 (20)
u=0(L) asr— cc.
u is the electrostatic potential of the conductor and r measures the distance
from some origin inside Q.

The following useful result was proven by Payne and Philippin [49].

Theorem 12. Let H and h be harmonic functions in Q, where H € C*(Q),
h € C%Q) and let f(h) be a positive C? function. Assume that f satisfies

[fn—2/2(n—1)]// <0, an >3,

log 1" <0, if n =2.

Then the function
_ VH-VH

Po="Jm

assumes 1ts mazimum on OS).



The classical maximum principle 285

Theorem 12 tells that the function

_ Vu-Vu

" ,r e

Pg
satisfies

6 max g, ( )
With eqllality lf Q is a S[)hele. Moreover

c2< max Pg, (22)

with equality if €2 is a sphere where, C is the capacity C' = fﬂ* |Vu|?dz.
At the point Py € 92, where Pg assumes its maximum it follows from
Hopf’s lemma (lemma 1) that either  is a sphere or

OPg Ou 0 4<6u>2 _

6 _ gl g2
on On On? on

For a smooth hypersurface S in IR"™ we have on S the relation (see 78],
p.62)

ou , ot
on  On?’
where Azu is the Laplacian in the induced metric of S and K the mean

curvature (the curvature if n = 2).
From (23) we obtain on 02

Au=Agu+ (n—1)K (23)

0% ou
a2 = o
Now it follows that
ou( P,
a(nO) < K(Ry).

Since Pg and g—z take their maximum at the same point on the boundary
it follows that either 2 is a sphere or

ou -
max =~ < K(Ry) < r%%xK = Kp. (24)
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A bound for the capacity C' follows now from (22) and (24)

C> Kt (25)

where the equality sign holds if 2 is a sphere.
An upper bound for the capacity is also given in [49]:

3|9 K3
47
where the equality sign holds if € is a sphere (|Q2] = vol(£2)).

Bounds for the derivatives of Green’s function are also a consequence of
Theorem 12. See for details [49].

4). Estimates for capillary free surfaces without gravity.

In the paper [36], Ma studied (using the P function method) the influence
of boundary geometry and constant contact angle 6y, 0 < 6y < 7/2 (against
the wall of the tube) on the size and shape for the capillary free surface
without gravity.

Let Q be a bounded, smooth and convex domain in IR? and let K =
cos 0y|092|/2|Q2| be a given constant.

Consider the problem:

C< (26)

{ (71+|1Vu|2)7; =2K in ) (27)
Ou/On = cosby/1+ |Vu|?> ondQ,

where Ou/On denoted the directional derivative of u along the outer unit
normal.

The graph of solution u of (27) describes a capillary free surface (having
the nonparametric form x3 = u(x,22), (x1,22) € ) without gravity over
the cross section 2. We have the following result (Xi- Nan Ma)

Theorem 13. If u € C3(Q) is a solution of (27), then
1 —sinfg K

u(4) —u(C) < T k) £ (28)
w(B) — u(C) > # K(B) > Cof = (29)

If the equality sign holds in (28) and (29), then Q is a disk of radius
costy/K.
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Here A € 0X) is a point that corresponds to the minimum boundary value
of u, B € 00 is a point that corresponds to the mazimum boundary value of
u and C € Q is the unique critical point of u.

If S = [o+/1=|Vu|?dz is the area of the free capillary surface and
V= fQ udx the volume of the liquid in the vertical tube, then we have the
bound:

Theorem 14.
(sinfy + 3Ku(A))|Q2| —3KV < S < (sinfy + 3Ku(B))|Q2| — 3KV.

Here and in the above mentioned result A € 9€) is a point where u
assumes its minimum on 92, B € 911 is a point where u assumes its maximum
on 012, C' is the unique critical point of u and K is the curvature of 0.

The proofs follow from

Theorem 15. If u € C3(Q) is a solution of (27), then the function
P; =2 - 2Ku—2(1 + |Vu|?) "2
attains its minimum on the boundary of €.

Similar problems are treated in the paper of Payne and Philippin [46],
e.g. equation of a surface of constant mean curvature, equation of the fluid
in a capillary tube, equation of thin extensible film under the influence of
gravity and surface tension. The authors obtain various bounds in terms of
boundary data and geometry of 2.

5). Equations of Monge - Ampére type.

We consider a class of Monge - Ampére equations

det D*u = f(z,u, Vu) (30)

with a prescribed contact angle boundary value on a bounded convex
domain in two dimensions.

du/On = cos Oz, u)\/1+ [Vul?2 on H9,

where D?u is the hessian matrix and 6(z,u) € (0,7/2) is the wetting angle.
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The existence of solutions for such boundary value problems is still open.
Even the particular case is untreated in the literature.

det D?u = ¢ in Q C IR? (31)
Ou/dn = cosbp/1+ |[Vul?  on 9Q,

where  is convex, ¢ > 0 is a constant and 6y € (0,7/2) .

Ma Xi-nan [35] gave a necessary condition of solvability for the problem
(31).

Theorem 16. Letu € C2(Q)NC3() be a strictly convex solution of problem
(81). Under the above stated hypotheses on 2, ¢, Oy we must have the relation

Ko < max{\/c- cosfy,/c-tanby},

where
Ko=minK >0
o0

and K is curvature of 05).

The proof is achieved by using the P function Pg = |Vu|? — 2+/cu (which
satisfies a maximum principle) and introducing a curvilinear coordinate sys-
tem.

Bounds for solutions and gradient of general Monge - Ampére equations
(30) are presented in the work of Philippin and Safoui [58].

II. The higher order case

Miranda [39] was the first that showed that for the biharmonic equation
A2y = 0, where u € C*(Q)NC?(Q) is a function defined on a bounded plane
domain the function Py = |Vu|? — uAu takes its maximum value on the
boundary of the domain, i.e.,

Py = Po.
mﬁax 9 I%%X 9

Since then many authors have extended the Miranda’s result. For exam-
ple, maximum principles for fourth order equations containing nonlinearities
in u or Au can be found in works of Payne [44], Schaefer [67], [70],[71]. Sim-
ilar results are proved by H. Zhang and W. Zhang [84], Mareno [37], [3§]
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(studied some equations from plate theory), Danet [8], Tseng and Lin [80],
[10], [11] etc. (see the references). We will list only a few as an indication of
the types of results that can be obtained.

1). Equations of fourth order arising in plate theory.

a). Von Kéarmén equations.

Assume that  is a bounded domain in the plane. We consider the von
Karman equations:

{ A%¢ = — 1w, w] in

A2 = [w, ¢] + f(x,y) in Q. (32)

The equations (32) govern the equilibrium configuration of a thin elas-
tic plate under stress. f(z,y) represents nonconstant perpendicular loading
terms. The function w denotes the deflection of the thin plate and ¢ repre-
sents the stress function. The operator [-, -] is defined as follows:

[w, ¢] = wxz¢yy - 2wxy¢my + wyy¢m:~

Mareno [38] proved (the first that proved a maximum principle for such
equations) that the P function

Py = [V20]? + [V2w|? — ¢ Ad; — wiAw; + h(z, y)[|[Vw|? + Vo] + f2(z,y)

satisfies a maximum principle and as a consequence obtained the following
bound:

2
o /Q (IV20(w. ) + [Vl ) 2 )dady < [9%6(0,u0)l? + T 20(z0,y0)
+£% (0, 90),

for some point (zg,yp) on 99, if p = w = d¢/In = Ow/In = 0 on IN. Here
|V2w| = w;jw;j, and h(z,y) is a smooth function.

b). An equation arising in plate theory.

We deal with the following equation

A*u+ku+ku®=0 inQc R n>2, (33)

where ki1, kg > 0 are constants.
The equation (33) arises in the plate theory and in the bending of cylindrical
shells [67].
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The next maximum principle ([10]) will be used to obtain solution and
gradient bounds for the equation (33)

Theorem 17. Let u be a classical solution of (33). Then the function

k
Py = (Au)® + ?271,4 + kyu?

attains its mazimum value on OS).

If u satisfies (33) then, we have the following bounds

a).
max |u| < ,/i max |Aul + 4/ ke max u® + \/k; max |u) (34)
Q ~—V ki \ o0 2 80 1596 ’

where n > 2.
b).

3+k1 2 k2
AR T TS

max |Vu|? < max |Vul? +
a o9

where n = 2.

The hypothesis that is assumed over and over again in plate theory is

convexity. Under this assumption, Schaefer [67] proved the uniqueness for
the solution of

{ A?u+kiu+kou? =0 inQ (36)

u=Au=20 on 012,

where Q € IR? is a convex domain.

An application the maximum principle (Theorem 17) shows that the con-
vexity assumption is redundant. Moreover, our result holds for n > 2.

The result reads as follows:

Theorem 18. Let u be a classical solution of (36), where Q& C IR" is an
arbitrary domain. Then u =0 in Q.

Maximum principles for fourth and six order equations are presented in
the author’s paper [10] and [11].
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2). The m (> 4) order case.
We conclude this paper with a result for the general case due to the
author [11].

Theorem 19. Let u be a classical solution of equation

A™u+agu =10

in Q, where Q C R", m even,n > 2.
Suppose that ag > 0, Aag < 0 in €.
We define the function Pqg

Py = ((A”Hu)2 + (A 2)? u2> Jag.

a). If
A
max{1 + sup agp, 2} + sup 249 <0, (37)
Q Q ao
then, the function P1o attains its mazimum value on 02.
b). If
A 4
max{1 + sgp ag,2} + sgp a—aoo < o2 (38)

and if there exists i € {1,...,n} such that B%i(%) > 0 in Q, then, the
function P1a/ws attains its mazimum value on O, where wy = 1—Fe**i, [ =

supg ¢/a? and o > 0 is a constant.

The proof follows from the generalized maximum principle, Theorem 7
and works also for the case m odd.

As an immediate consequence of the above mentioned maximum principle
we obtain the uniqueness of the classical solution (C?™(Q)NC?*™=2(Q), m >
3) of the boundary value problem

(39)

Ay + (=1)"agp(z)u = f inQ
u=g1, Au=go,..., A"ty =g, ond.

Moreover the following classical maximum principle holds for solutions of

(39),ifga=-+=¢gn=00n 0N and f =0 in Q.

max |u| < C'max |ul, (40)
Q o0
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where C' > 1 is a constant.

Note that the problem was solved for a more general problem, but under

the restriction § is of class C? (see [73]).

Final remark. Below we collected many papers concerning the P func-

tion method for the interested reader (not all are quoted in this paper).
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Education and Research Romania under Grant no. ID - PCE 1192 - 09.

References

1]

2l

3]

4]

[5]

(6]

7]

8]

19]

N. Anderson, A. M. Arthurs, Upper and lower bounds for the torsional
stiffness of a prismatic bar, Proc. Roy. Soc. London Ser. A 328:295-299,
1972.

M. Berger, Geometry I, Springer - Verlag, 1987.

A. Bennett, Symmetry in an overdetermined fourth order elliptic bound-
ary value problem, Siam J. Math. Anal. 17:1354-1358, 1986.

M. Chicco, Principio di massimo forte per sottosoluzioni di equazioni
ellitiche di tipo variazionale, Boll. Un. Mat. Ital. 22:368-372, 1967.

S. N. Chow, D. R. Dunninger, A maximum principle for n-metaharmonic
functions, Proc. Amer. Math. Soc. 43:79-83, 1974.

S. N. Chow, D. R. Dunninger and A. Lasota, A maximum principle for
fourth order ordinary differential equations, functions, J. Differential
FEquations 14:101-105, 1973.

C. Cosner, P. W. Schaefer, On the development of functionals which
satisfy a maximum principle, Appl. Anal. 26:45-60, 1987.

C. - P. Danet, Uniqueness results for a class of higher - order boundary
value problems, Glasgow Math. J. 48: (2006), 547-552.

C. - P. Danet, On the elliptic inequality Lu < 0, Math. Inequal. € Appl.
11:559-562, 2008.



The classical maximum principle 293

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

C. - P. Danet, Uniqueness in some higher order elliptic boundary value
problems in n dimensional domains, El.J. Qualitative Th. Diff. Eq.,
no.54 (2011), p.1-12; http://www/math.u-szeged.hu/ejqt.de/.

C. - P. Danet, On a m metaharmonic boundary value problem, submit-
ted.

D. R. Dunninger, Maximum principles for solutions of some fourth -
order elliptic equations, J. Math. Anal. Appl. 37: 655-658, 1972.

D. R. Dunninger, Maximum principles for fourth order ordinary differ-
ential inequalities, J. Math. Anal. Appl. 82:399-405, 1981.

R. J. Duffin, On a question of Hadamard concerning super-biharmonic
functions, J. Math. Phys. 27:253-258, 1949.

C. Enache and G. A. Philippin, Some maximum principles for a class of
elliptic boundary value problems, Math. Ineq. & Appl., 9:695-706, 2006.

L. E. Fraenkel, An introduction to Maximum Principles and Symmetry
in Elliptic Problems, Cambridge University Press, 2000.

C. F. Gauss, Allgemeine Theorie des Erdmagnetismus. Beobachtungen
des magnetischen Vereins im Jahre 1838, Leipzig, 1839.

S. Goyal and V. B. Goyal, Liouville - type and uniqueness results for
a class of sixth-order elliptic equations, J. Math. Anal. Appl., 139:586—
599, 1989.

V. B. Goyal, Liouville - type results for fourth order elliptic equations,
Proc. Roy. Soc. Edinburgh A, 103:209-213, 1986.

S. Goyal, V. B. Goyal, Liouville - type and uniqueness results for a class
of sixth - order elliptic equations, J. Math. Anal. Appl., 139:586-599,
1989.

S. Goyal, V. B. Goyal, Liouville - type and uniqueness results for a class
of elliptic equations, J. Math. Anal. Appl. 151:405-416, 1990.

V. B. Goyal, P. W. Schaefer, Liouville theorems for elliptic systems
and nonlinear equations of fourth order, Proc. Roy. Soc. Edinburgh A,
91:235-242, 1982.



294

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

Cristian-Paul Danet

V. B. Goyal, P. W. Schaefer, Comparison principles for some fourth
order elliptic problems, in Lecture Notes in Mathematics, 964, 272-279,
Springer, 1982.

V. B. Goyal, K. P. Singh, Maximum principles for a certain class of
semi - linear elliptic partial differential equations, J. Math. Anal. Appl.
69:1-7, 1979.

D. Gilbarg, N. S. Trudinger, Elliptic Partial Differential Equations of
Second Order, Classics in Mathematics, Springer, 2001.

J. Hadamard, Mémoire sur le probléme d’analyse relatif & 1’équilibre des
plaques élastiques encastrées, in: Ocuvres de Jacques Hadamard, Tome
II, 515-641, Centre National de la Recherche Scientifique: Paris, 1968,
Reprint of: Mémoires présentés par divers savants a ’Académie des
Sciences 33:1-128, 1908.

7. Hailiang, Maximum principles for a class of semilinear elliptic bound-
ary - value problems, Bull. Austral. Math. Soc. 52:169-176, 1995.

J. Hersch, Sur la fréquence fondamentale d’une membrane vi-
brante:évaluations par défault et principe de maximum, Z. angew. Math.
Phys. 11:387-413, 1960.

G. N. Hille, C. Zhou, Liouville theorems for even order elliptic systems,
Indiana Univ. Math. J. 43:383-410, 1994.

E. Hopf, Elementare Bemerkungen tiber die Losungen partieller Differ-
ential gleichungen zweiter Ordnung vom elliptischen Typus, Sitz. Ber.
Preuss. Akad. Wissensch. Berlin, Math.-Phys. K1 19:147-152, 1927.

E. Hopf, A remark on linear elliptic differential equations of second
order, Proc. Amer. Math. Soc. 3:791-793, 1952.

A. Henrot and G. A. Philippin, Some overdetermined boundary value
problems with elliptical free boundaries, SIAM J. Math. Anal. 28:309-
320, 1998.

G. N. Hille, M. H. Protter, Maximum principles for a class of first -
order elliptical systems, J. Diff. Fq. 24:136-151, 1977.



The classical maximum principle 295

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

L. G. Makar-Limanov, Solutions of Dirichlet problem for the equation
Ay = —1 in a convex region, Math. Notes Acad. Sci. URSS, 9:52-53,
1971.

X. Ma, A necessary condition of solvability for the capillarity boundary
of Monge - Ampére equations in two dimensions, Proc. Amer. Mat. Soc.
127:763-769, 1999.

X. Ma, Sharp size estimates for capillary free surfaces without gravity,
Pacific J. Math., 192:121-134, 2000.

A. Mareno, Maximum principles for a fourth order equation from plate
theory, J. Math. Anal. Appl. 343:932-937, 2008.

A. Mareno, Integral Bounds for von Karman’s equations, Z. Angew.
Math. Mech. 90:509-513, 2010.

C. Miranda, Formule di maggiorazione e teorema di esistenza per le
funzioni biarmoniche di due variabili, Giorn. Mat. Battaglini 78:97-118,
1948.

C. Miranda, Teorema del massimo modulo e teorema di esistenza e di
unicita per il problema di Dirichlet relative alle equazioni ellitiche in due
variabili, Ann. Mat. Pura Appl. 46:265-311, 1958.

A. Mohammed, G. Porru, Maximum principles for ordinary differential
inequalities of fourth and sixth order, J. Math. Anal. Appl. 146:408-419,
1990.

M. A. Paraf, Sur le probléme de Dirichlet et son extension au cas de
I’équation linéare générale du second ordre, Ann. Fac. Sci. Toulouse 6,
Fasc. 47-Fasc. 54, 1982

L. E. Payne, Bounds for the maximal stressin the Saint Venant torsion
problem, Indian J. Mech. Math. special issue,51-59, 1968.

L. E. Payne, Some remarks on maximum principles, J. Analyse Math.
30:421-433, 1976.

L. E. Payne, G. A. Philippin, Some applications of the maximum princi-
ple in the problem of torsional creep, Siam. J. Appl. Math. 33:446-455,
1977.



296

[46]

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

Cristian-Paul Danet

L. E. Payne, G. A. Philippin, Some maximum principles for nonlinear
elliptic equations in divergence form with applications to capillary sur-
faces and to surfaces of constant mean curvature, Nonlinear Analysis
3:193-211, 1979.

L. E. Payne, G. A. Philippin, On maximum principles for a class of
nonlinear second order elliptic equations, J. Diff. Fq. 37: 39-48, 1980.

L. E. Payne, G. A. Philippin, On gradient maximum principles for quasi-
linear elliptic equations, Nonlinear Analysis 23:387-398, 1994.

L. E. Payne, G. A. Philippin, On some maximum principles involving
harmonic functions and their derivatives, SIAM J. Math. Anal. 10:96-
104, 1979.

L. E. Payne, P. W. Schaefer On overdetermined boundary value prob-
lems for the biharmonic operator, J. Math. Anal. Appl. 187:598-616,
1994.

L. E. Payne, R. P. Sperb, 1. Stakgold, On Hopf type maximum principles
for convex domains, Nonlinear Analysis 1:547-559, 1977.

L. E. Payne, I. Stakgold, Nonlinear problems in nuclear reactor analysis,
Springer Lecture Notes in Mathematics, 322, 1973.

L.E. Payne, P.W. Schaefer, Eigenvalue and eigenfunction inequalities for
the elastically supported membrane, Z. angew. Math. Phys. 52: 888-895,
2001.

L.E. Payne and G. A. Philippin, Isoperimetric inequalities in the torsion
and clamped membrane problems for convex plane regions, SIAM J.
Math. Anal. 14:1154-1162, 1983.

L.E. Payne and H.F. Weinberger, Lower bounds for vibration frequencies
of elastically supported membranes annd plates, J. Soc. Ind. Appl. Math.
5:171-182, 1957.

G. Philippin, Some remarks on the elastically suported membrane,
Z.A.M.P. 29:306-314, 1978.



The classical maximum principle 297

[57]

[58]

[59]

[60]

[61]

|62]

[63]

[64]

[65]

[66]

|67]

[68]

G. A. Philippin, L. E. Payne, On the conformal capacity problem, in
Geometry of Solutions to Partial Differential Equations (Edited by G.
Talenti), Symposia Mathematica, 119-136, Academic Press, 1989.

G. A. Philippin, A. Safoui, Some maximum principles and symmetry
results for a class of boundary value problems involving the Monge -
Ampére equation, Math. Mod. Meth. Appl. Sci. 11:1073-1080, 2001.

G. A. Philippin, A. Safoui, Some minimum principles for a class of el-
liptic boundary value problems, Appl. Anal., 83: 231-241, 2004.

G. A. Philippin, A. Safoui, Some applications of the maximum principle
to a variety of fully nonlinear elliptic PDE’s, Z. angew. Math. Phys.
54:739-755, 2003.

M. H. Protter, H. F. Weinberger, Maximum Principles in Differential
Equations, Prentice Hall Inc., 1967.

P. Pucci, J. Serrin, A note on the strong maximum principle for elliptic
differential inequalities, J. Math. Pures Appl. 79:57-71, 2000.

G.Porru, A. Safoui and S. Vernier-Piro, Best possible maximum prin-
ciples for fully nonlinear elliptic partial differential equations, J. Anal.
and Appl. 25:421-434, 2006.

P. Pucci, J. Serrin, H. Zou, A strong maximum principle and a compact
support principle for singular elliptic inequalities, J. Math. Pures Appl.
78:769-789, 1999.

M. H. Protter and H. F. Weinberger, Maximum principles in differential
equations, Prentice - Hall, Inc., Englewood Cliffs, N. J., 1967.

P. Quittner and P. Souplet, Superlinear parabolic problems, Birkhduser,
2007.

P. W. Schaefer, On a maximum principle for a class of fourth - order
semilinear elliptic equations, Proc. Roy. Soc. Edinburgh Sect. A 77:319-
323, 1977.

P. W. Schaefer, Uniqueness in some higher order elliptic boundary value
problems, Z. Angew. Math. Mech. 29:693-697, 1978.



298

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

(78]

[79]

[80]

[81]

Cristian-Paul Danet

P. W. Schaefer, Some maximum principles in semilinear elliptic equa-
tions, Proc. Amer. Math. Soc. 98:97-102, 1986.

P. W. Schaefer, Pointwise estimates in a class of fourth - order nonlinear
elliptic equations, Z. A. M. P. 38:477-479, 1987.

P. W. Schaefer, Solution, gradient, and laplacian bounds in some non-
linear fourth order elliptic equations, Siam J. Math. Anal. 18:430-434,
1987.

P. W. Schaefer (Editor), Maximum principles and eigenvalue problems
in partial differential equations, Longman Scientific and Technical, 1988.

P. W. Schaefer, W. Walter, On pointwise estimates for metaharmonic
functions, J. Math. Anal. Appl. 69:171-179, 1979.

J. Serrin, The problem of Dirichlet for quasilinear elliptic differential
equations with many independent variables, Philos. Trans. Roy. Soc.
London Ser. A 264:413-496, 1969.

J. B. Serrin, A symmetry problem in potential theory, Arch. Rat. Mech.
Anal. 43:304-318, 1971.

Q. Sheng and R. P. Argawal, Generalized maximum principle for higher
order ordinary differential equations, J. Math. Anal., 174:476-479, 1993.

R. P. Sperb, Untere un obere Schranken fiir den tiefsten Eigenwert der
elastisch gestiitzen Membran, Z. angew. Math. Phys. 23:231-244, 1972.

R. P. Sperb, Maximum Principles and Their Applications, Academic
Press, 1981.

R. P. Sperb, An isoperimetric inequality for the first eigenvalue of the
Laplacian under Robin boundary conditions, General Inequalities 6,
ISNM 103, 361-367, Birkhduser, Basel 1992.

S. Tseng, C-S. Lin, On a subharmonic functional of some even order
elliptic problems, J. Math. Anal. Appl. 207:127- 157, 1997.

J. Urbas, Nonlinear oblique boundary value problem for Hessian equa-
tions in two dimensions, Ann. Inst. Henri Poincaré, 12:507-575, 1995.



The classical maximum principle 299

[82] J. R. L. Webb, Maximum principles for functionals associated with
the solution of semilinear elliptic boundary value problems, Z.A.M.P.
40:330-338, 1989.

[83] H. F. Weinberger, Remark on a preceding paper of Serrin, Arch. Rat.
Mech. Anal. 43:319-320, 1971.

[84] H. Zhang, W. Zhang, Maximum principles and bounds in a class of
fourth - order uniformly elliptic equations, J. Phys. A: Math. Gen.
35:9245-9250, 2002.



Annals of the Academy of Romanian Scientists
Series on Mathematics and its Applications
ISSN 2066 - 6594 Volume 3, Number 2 / 2011

MULTIGRID METHODS WITH
CONSTRAINT LEVEL
DECOMPOSITION FOR VARIATIONAL
INEQUALITIES*

LORI BADEAT

Abstract

In this paper we introduce four multigrid algorithms for the con-
strained minimization of non-quadratic functionals. These algorithms
are combinations of additive or multiplicative iterations on levels with
additive or multiplicative ones over the levels. The convex set is decom-
posed as a sum of convex level subsets, and consequently, the algorithms
have an optimal computing complexity. The methods are described as
multigrid V-cycles, but the results hold for other iteration types, the
W-cycle iterations, for instance. We estimate the global convergence
rates of the proposed algorithms as functions of the number of levels,
and compare them with the convergence rates of other existing multi-
grid methods. Even if the general convergence theory holds for convex
sets which can be decomposed as a sum of convex level subsets, our
algorithms are applied to the one-obstacle problems because, for these
problems, we are able to construct optimal decompositions. But, in
this case, the convergence rates of the methods introduced in this pa-
per are better than those of the methods we know in the literature.

AMS subject classification: 65N55, 656N30, 65J15

Keywords: domain decomposition methods, variational inequalities,
multigrid and multilevel methods

*Accepted for publication in revised form on March 3, 2011.
fInstitute of Mathematics of the Romanian Academy, P.O. Box 1-764, RO-014700
Bucharest, Romania (e-mail: lori.badea@imar.ro)

300



Multigrid methods with constraint level decomposition 301

1 Introduction

The multigrid or multilevel methods for the constrained minimization of
functionals have been studied almost exclusively for the complementarity
problems. Such a method has been proposed by Mandel in [22], [23] and
[11]. Related methods have been introduced by Brandt and Cryer in [8]
and Hackbush and Mittelmann in [14]. The method has been studied later
by Kornhuber in [16] and extended to variational inequalities of the second
kind in [17] and [18]. A variant of this method using truncated nodal basis
functions has been introduced by Hoppe and Kornhuber in [15] and analyzed
by Kornhuber and Yserentant in [20]. Also, versions of this method have been
applied to Signorini’s problem in elasticity by Kornhuber and Krause in [19]
and Wohlmuth and Krause in [27]. Evidently, the above list of citations
is not exhaustive and, for further information, we recommend the review
article [13] written by Gréser and Kornhuber. For the two-level method,
global convergence rates have been established by Badea, Tai and Wang in
[7], and for its additive variant by Badea in [3]. A global convergence rate
has been also estimated by Tai in |24] for a subset decomposition method.

In [2]|, a projected multilevel method has been introduced for the con-
strained minimization of non quadratic functionals. The convex set may
be a little more general than of one- or two-obstacle type. The drawback
of this method is its sub-optimal computing complexity because the convex
set, which is defined on the finest mesh, is used in the smoothing steps on
the coarse levels. Multigrid methods with optimal computing complexity
have been introduced in [4] (see also, [5]) for the two-obstacle problems. In
these algorithms, the convex level sets are recursively constructed for each
smoothing step of the iterations. In the present paper, we introduce four
multilevel algorithms in which the convex set is decomposed as a sum of
convex level subsets. These algorithms, like those introduced in [4], have
an optimal computing complexity, and are combinations of additive or mul-
tiplicative iterations on levels with additive or multiplicative ones over the
levels. Even if the general convergence theory holds for convex sets which
can be decomposed as a sum of convex level subsets, these algorithms are
applied for the constrained minimization problems of the one-obstacle type.
To our knowledge, optimal decompositions as sums of convex level sets for
more general convex sets (two-obstacle convex sets, for instance) is an open
problem. The methods are described as multigrid V-cycles, but the results
hold for W-cycle iterations, for instance.
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Regarding the convergence study of the classical multigrid method, an
estimate of the asymptotic convergence rate of 1 —1/(1+ CJ3), J being the
number of levels, has been proved by Kornhuber in [16] for the complemen-
tarity problems in the bidimensional space. For these problems, the same
estimate, but for the global convergence rate, is obtained for the methods in
[4] which are of the multiplicative type over the levels. The methods in that
paper which are of the additive type over the levels have a global convergence
rate of 1 —1/(1 + CJ*). The global convergence rates of the methods intro-
duced in this paper are better than those of the methods in [4]. We found, for
the complementarity problems in R?, that the convergence rate of the meth-
ods which are of the multiplicative type over the levels is of 1 —1/(1 4 CJ?),
and of 1 — 1/(1 4 CJ3) for the methods of additive type over the levels.

The paper is organized as follows. In Section 2, we state four algorithms in
a general framework of reflexive Banach spaces, and prove their convergence
under some assumptions. In Section 3, we show that these algorithms can
be viewed as multilevel methods for the constrained minimization of non
quadratic functionals, if we associate finite element spaces to the level meshes
and consider decompositions of the domain at each level. We prove that the
assumptions made in the previous section hold for convex sets of one-obstacle
type. If the decompositions of the domain are made using the supports of
the nodal basis functions we get, in Section 4, the multigrid methods. This
particular choice of the domain decompositions allows us to obtain better
estimates for the convergence rate of the methods.

2 Abstract convergence results

We consider a reflexive Banach space V and Vi,...,V;, are some closed
subspaces of V', where V; = V. Let K C V be a nonempty closed convex set,
and we assume that there exist some closed convex sets K; C V;, 7 =1,...,J
such that

K:K1+...+KJ (21)

The algorithms we introduce will be combinations of additive or multiplica-
tive algorithms over levels with additive or multiplicative algorithms on each
level. To this end, we assume that at each level 1 < j < J we have I; closed

subspaces of V;, Vj;, i =1,...,1;, and we shall write I = ma}dj. Also, for a
j€
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fixed o > 1, we assume that there exists a constant C7 such that

J

J I J 1
IS wiill < X0 Hwsill™)= (2.2)

j=1 i=1 7j=11i=1

for any wj; € Vi, 7 = J,...,1, 1 = 1,...,1;. Evidently, we can take, for
instance,
o—1
Ci=(J) =+ (2.3)

but sharper estimations can be available in certain cases. In the case when we
use multiplicative algorithms on the levels 1 < j < J, we make the following

ASSUMPTION 2.1. We assume that there exist two positive constants Co and
Cs, and that any w € K can be written as w = ijl wj, with w; € Kj,
j=1,...,J, such that

- for any v € K,

-and any wj; € Vy satisfying w; + 22:1 wirp € Kj, 7 = 1,...,J,
i=1,...,1;,
there exist vj; € Vi, j=1,...,J, 1= 1,...,1;, which satisfy

i—1
wi+ Y wik+v €K forj=1,...,J i=1,...1I
k=1
J I J I J I
v—w =Y "> v and Y > |logll” < CFllo—wl|”+C§ DY [wjl|-
j=1i=1 j=1i=1 j=11i=1

If we use additive algorithms on the levels 1 < j < J, we assume

ASSUMPTION 2.2. We assume that there exists a constant Co > 0, and that
any w € K can be written as w = ijl wj, with w; € Kj, j =1,...,J,
such that for any v € K,

there exist vj; € Vi, j=1,...,J, 1= 1,...,1;, which satisfy

’wj—{—UjiEKijTj:l,...,J, 1=1,...,1;,

J m J I
o= =33 g and 33l < CElo— i,

j=1i=1 j=1i=1
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REMARK 2.1. In the proofs, for the writing uniformity, we shall consider

in Assumption 2.2 a constant C3 = 0 and inequality Z;I:l ijzl vjil|” <

CYllv — w||” will be written like in Assumption 2.1, ijl Eszl vzl |7 <
J I;

C3llv —wl|” + CF Zj:l >y llwgil|7, for any wj; € V.

Now, we consider a Gateaux differentiable functional F' : V' — R, which
is assumed to be coercive on K, in the sense that % — 00, as ||v|| — oo,
v € K, if K is not bounded. Also, we assume that there exist two real
numbers p, ¢ > 1 such that p_z T <0<p and that, for any real number
M > 0 there exist apr, Bar > 0 for which

ayllv —ullP << F'(v) = F'(u),v —u > and

1F/(v) = F'(w)llvs < Barllo = ulo~* 24)

for any u,v € V with ||ul],||v]| < M. Above, we have denoted by F’ the
Gateaux derivative of F', and we have marked that the constants a; and By
may depend on M. It is evident that if (2.4) holds, then for any u,v € V,
[lul], ||v]| < M, we have

ayllv—ullP << F'(v) — F'(u),v — u >< Ba]jv — ul|9.

Following the way in [12], we can prove that for any u,v € V, ||ull, ||v|]| < M,
we have

< F'(u),v—u >+ —ullP < F(v) — Fu) < o5
<F’(u),v—u>+ﬁTM||v—u||q. (2:5)

Also, using the same techniques, we can prove that if F satisfies (2.4), then
1 < g <2 < p. We point out that since F' is Gateaux differentiable and
satisfies (2.4), then F is a convex functional (see Proposition 5.5 in [10], pag.
25).

In certain cases, the second equation in (2.4) can be refined, and we
assume that there exist some constants 0 < Bjr < 1, B = Brj, J, k =
J, ..., 1, such that

(F'(v 4 vji) = F'(v), vet) < Bar Bl vl |~ [wma| (2.6)

for any v € V, Vji € Vji, v € Vi with HUH, HU—F’UJ'Z‘H, Hvle < M,i=
1,...,I;and | = 1,...,I}. Evidently, in view of (2.4), the above inequality
holds for

Bir=1,j k=J.. .1 (2.7)
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We consider the variational inequality
ueK: < F'(u),v—u>>0, forany v € K, (2.8)

and since the functional F' is convex and differentiable, it is equivalent with
the minimization problem

uwe K : F(u) < F(v), for any v € K. (2.9)

We can use, for instance, Theorem 8.5 in [21], pag. 251, to prove that problem
(2.9) has a unique solution if F' has the above properties. In view of (2.5),
for a given M > 0 such that the solution v € K of (2.9) satisfies ||u|| < M,
we have

a—MHU —ullP < F(v) — F(u) for any v € K, |[v|| < M. (2.10)
p

To solve problem (2.8), we propose four algorithms which are either of
additive or multiplicative type from a level to another one, in combination
with additive or multiplicative iterations on the levels. We first define the
algorithm which is of the multiplicative type over the levels as well as on
each level.

ALGORITHM 2.1. We start the algorithm with a u® € K and decompose it as

in Assumption 2.1 with w = u°, u® = u(l) —|—...+u9, u? eK;,j=1,...,J.
At iteration n+1, n > 0, assuming that we have u'™ € K, we decompose it as
in Assumption 2.1 with w = u", u" = uf + ... +u%, ur € Kj, j=1,...,J.

Then, forje J,...,1
- we successively calculate, the corrections w}”l €V, uj + w;LH € Kj,

by the multiplicative algorithm: we first write w}“ =0, and fori=1,...,1;,
i—1

n X
successively calculate w"+1 € Vji, uf + w, by w?;rl € Kj, the solution of
the inequality

z 1

/ n+1 I n+1 n+1
(F" | u" + Z wy, T 4wl Vi —wi ) >0 (2.11)
k=j+1
n+ —1 n+% n+i L 1
for any vj; € Vi, u? —i—wj —i—vj,, € KJ, and write w; 7= w; g +w"+ ,

+

J—
- then, we write, u" ="t T 4 w}”l.
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The algorithm which is of multiplicative type over the levels and of the
additive type on levels is written as,

ALGORITHM 2.2. We start the algorithm with an v € K and decompose it

as in Assumption 2.2 with w = u°, u¥ = u(l)-i-. . .—l—u(}, ug eKj,j=1,...,J.
At iteration n+1, n > 0, assuming that we have u"™ € K, we decompose it as
in Assumption 2.2 with w = u", u" = uf + ... +u'j, u’; ceK;,j=1,...,J.

Then, for j=J,...,1,
- we successively calculate, the corrections w;-‘+1 eV, u?—l—w}”l € Kj, by
the additive algorithm: we simultaneously calculate w;L-Jrl € Vji, uj + whtt e

[ i
K, the solution of the inequality

J
(F' [ u" + Z witt + wzﬂ ,Vji — w;LZ-H) >0 (2.12)
k=j+1

y oy iy . ; ntl _ r~o ntl
for any vj; € Vji, uj +vj; € Kj, and write w; =7 >l wi with a fized
0<r<1.
‘ J—j+1 J—j
- then, we write, w7 =u"TT + w;LH.

Now, the additive algorithm over levels and which is of multiplicative
type on each level reads,

ALGORITHM 2.3. We start the algorithm with an u® € K and decompose it as
in Assumption 2.1 with w = u°, u® = u(l)—i—. . .—i—u?,, u? cK;,j=1,...,J. At
iteration n+1, n > 0, assuming that we have u™ € K, we decompose it as in
Assumption 2.1 withw = u", u" = ui+.. . +u'}, uy € Kj,j=1,...,J. Then

we simultaneously calculate, for j = 1,...,J, the corrections w;”rl eV,
uy + w}”l € K;, by the multiplicative algorithm.:
— we first write wgl = 0, and for i = 1,...,1;, successively calculate
1—1

n .
w?fl € Vji, uj +w; by w;‘iﬂ € Kj, the solution of the inequality

n+i71
! L 1 1
(F (u” +w; 7+ w?f ) ,Vji — w?f ) >0 (2.13)
i1 i i—1
n mr lfj : n+%j n+lfj n+1
for any vj; € Vj;, uj tw; +vj; € Kj, and write w; = w; +w;",

Then, we write u" = u™ + 5 Z;-Izl w}”l, with a fized 0 < s < 1.
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Finally, the algorithm which is of additive type over the levels as well as
on each level is written as,

ALGORITHM 2.4. We start the algorithm with an u® € K and decompose it as
in Assumption 2.2 with w = u®, u® = uf+.. .+u0J, u? eK;,j=1,...,J. At
iteration n+1, n > 0, assuming that we have u™ € K, we decompose it as in
Assumption 2.2 withw = u”, u™ = ui+...+u’}, uy € Ky, j=1,...,J. Then
we simultaneously calculate, for j = 1,...,J, the corrections w?“ eV,
ul + w}‘“ € Kj, by the additive algorithms:

— we simultaneously calculate w;-lfl € Vji, u} + w;-l;“l € Kj, the solution
of the inequality

(F' (u” + w;;l) Lo — Wl > 0 (2.14)

for any vj; € Vji, uj +vji € Kj, and write w?“ =% ZZIJZI w?;rl, with a fized
0<r<1.
Then, we write u" ™ =u™ + 5 Z;-Izl w}“‘l, with a fized 0 < s < 1.

Like inequality (2.8), inequalities (2.11)—(2.14) are equivalent with mini-
mization problems (see [6]).
The convergence result is given by

Theorem 2.1. We consider that V' is a reflexive Banach, Vj, j =1,...,J,
are closed subspaces of V', and Vj;, i = 1,...,1;, are some closed subspaces of
Vi,g7=1,...,J. Let K be a non empty closed convex subset of V' decomposed
as in (2.1) where K; are closed convex subsets of Vj, j =1,...,J, and F be
a Gateauz differentiable functional on V' which is supposed to be coercive if
K is not bounded, and satisfies (2.4). Also, we assume that Assumption 2.1
holds for Algorithms 2.1 and 2.3, and Assumption 2.2 holds for Algorithms
2.2 and 2.4. On these conditions, if u is the solution of problem (2.8) and u",
n > 0, are its approximations obtained from the above described algorithms,
then there exists M > 0 such that ||u||, |[u"|| < M, n >0, and the following
error estimations hold:
(i) if p = q = 2 we have
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where Cy is given in (2.30), and
(ii) if p > q we have

HU—uanSi F(UO)_F(U)

where Cy is given in (2.34).

Proof. Step 1. We first prove the boundedness of the approximations u™ of
u as well as of the corrections w?“ obtained from the above algorithms. If
K is not bounded, using the coercivity and convexity of F', we get that there
exists a M > 0, such that ||ul[, ||u"]], Hw”HH <M, n>0,j5=1J...,1,
i=1,...,1;, for the four Algorithms 2.1-2. 4 The proof is similar with that
given in [1] [3] or [4], and can be found in [6].

Step 2. Now, we study the boundedness of Z] 1 EZ 1w "+1||p. For
Algorithm 2.1, in view of (2.5) and (2.11), we have

7’L+Z;1
Oz]unn—Fal < F U + E wn-i—l +wj J _
k=j+1
+L
Flu"+ Z w”Jrl g

k=j+1
ie.,
ZHwn-‘ral<F u" + Z wn+1
k=gt (2.19)
Flu"™ +Zw"+1

Also, for Algorithm 2.2, from (2.12), we get

apng
|| n—HHp < Flu + Z wn—H —Flu + Z wn—i—l +w;Li+1
p k=j+1 k=j+1
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But,
1
k=j+1 k=j+1 =1
I;
(1_L Jrzjwnﬂ ZF ” +an+1+w?i+1
k=j+1 k=j+1
From the above two equations, we get
TQMZHwn-i-l”p <F U + Z wn-I—l
h=rtH (2.20)
Flu" —l—Zw"H
By a similar proof, for Algorithm 2.3, using (2.13), we get
Z WP < F () = F (u" +wit) (2.21)
and, in view of (2.14), for Algorithm 2.4, we have,
”MZH P < F @) - F (0wt (222)
Now, let us write
1 for Algorithm 2.1
L for Algorithm 2.2
) I
b= 5 for Algorithm 2.3 (2.23)
51 for Algorithm 2.4

For Algorithms 2.1 and 2.2, in view of (2.19) and (2.20), we can write

I

J
t%M S P < F ") - F (u") (2.24)
7=1

=1 =1
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With ¢ in (2.23), the same equation holds for Algorithms 2.3 and 2.4. Indeed,

J J
n n S n n S n
F(u +1):F ) —{—Jjg_leﬂ §(1—S)F(U)+35:F<u —|—w+1>

j=1

and (2.24) follows from (2.21) and (2.22).
Step 3. We now estimate F(u"!) — F(u). For a given j € .J, we write

@;‘“ = sz 1 w”Jr1 Evidently, for Algorithm 2.1, we have

F(un+1 F U + Z fﬂ"rl
For Algorithm 2.2, we get,

J J
P =F | u"+ 23wt | < (0= DF @)+ 5F (" + Y w "
j=1 j=1

It is clear that for Algorithm 2.3, we have

Flu™h) < (1-2)F@”) +

J
S n —n—+1
J i s Z w;

J ~

Finally, for Algorithm 2.4, we get,

J
n+1 sr
srTr sTr J
2 n 2 n —n+1
(1 JI)F(u )—l—JIF u +Zw]

From the above four equations we conclude that

J
P < (1—t)F(u") +tF (u"+ > w! (2.25)
j=1

where ¢ is given in (2.23). With v = v and w = u”, we consider a decomposi-
tion Z] 1 Zz 1 Vj; of u—u™ as in Assumption 2.1, in the case of Algorithms
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2.1 and 2.3, or as in Assumption 2.2, in the case of Algorithms 2.2 and 2.4.
In Assumption 2.1, we take wj; = wgl;rl, j=4J,...,1,i=1,...,1I;, which
are obtained from Algorithms 2.1 or 2.3. In view of (2.5), we have

J J
Pl 3o mptt | - B+ S+ 3w -l <
j=1

j=1
J
(F/ (wr+ > @t | w4+ Y wli ! —u) = (2.26)
=1 j=1
J I J
33 (e ) o -
k=1 i=1 j=1

1 1
BMZ%ZHUJ"* 197 o, — wi |

j=1

Above, we have added and subtracted the missing terms between

+
F’ (u + Zl i W '+, 5 - w"+1> and F’ (u” + Z}]:1 E;”rl). Also,
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for Algorithm 2.2, from (2.12), we have
J
—(F" (" Y w e - e <
j=1
) J
(F' [ u" + 7 Z w?“ + wist F' | u™+ Z@?H Jop —withy <

wMZﬁkanw"“nq o, —wit|

Here, we have added and subtracted the missing terms between F’(u™) and
F’ (u + % Z] ft 1 w”Jrl + w”“) between F’(u™) and

F’ (u + ijl Ej+ ), and used the fact that 7 < 1. Similarly, we get the

above inequality from (2.13) for Algorithm 2.3, and from (2.14) for Algorithm
2.4. Consequently, in view of (2.26), we can write for all the four algorithms,

J J
1 M —n+1
F(u"+> @) — F(u) + —Hun +ng+ —ulP <
=1

J J I;
28m ZZ Z w97 IZH%—wkHIK
]: : : E
J Ik IJ p
4p=gtl q+1 n+1 l n+1 D
20ul Z Zﬁky levm—wk %)= [|wi | <
= k=1 = =1

-

o

Q \

J Iy
5 (Zﬂm(ZH% ) 1
j=1

o—1

J I o

+1 - -1
Z ZHwn-i-al)io 1 <25MI —14p= qugT_qT maX Zﬁkj
j=1 =1 7
J I J I
(Z | n+1 é Z ’ n+1||p

j=11i=1 J=11=1

<



Multigrid methods with constraint level decomposition 313

Above, we have used the inequality (see Corollary 4.1 in [25])

1Az[lir < (mgXZIAijI)Hfero (2.27)
i

where A = (A;;);; is a symmetric matrix. In view of (2.2), Assumptions 2.1
and 2.2 and Remark 2.1, we have

J Ij 1 J I] J I] )
Q2 2 M = w177 < QU X Mol M)z + QX I ™117) 7
J=11=1 7j=11=1 J=11i=1
J I )
(Cz\lu—unl\%(?sZZHw”“ + Q0D llwiii)e
7j=1 =1 j=11i=1
J 1 )
Collu — u™|| + (1 + Cs) ZZHw”H )o <
J=11=1
J po I )
Collu—u™ = 3" @ + 1+ C1Co + C3) (1) 7 (3D [l |P)»
7=1 =1 1i=1

Therefore, we get

J I
Coflu —u" Z ”“HZZI w7y o
j=1 j=11=1
pP—o J IJ q
(1+C1Cy+ Cy)(IT) ve (D> [[wli|P)»
7j=114i=1

But, for any ¢ > 0, p > 1 and x,y > 0, we have xy < exP + iy%
ep—1
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Consequently, we have

J J
(6
"4 E @) — Fu) + ?Muu” + @t P <

T+p Pl S A
201 T T irllggjgﬁkg)-

J J I
CQEHU_UTL_Zw;H_al_"CQ S0 S sty e
j=1 = =1 i=1
pP—o J IJ q
(1+C1Cy+ Co)(IT) 77 (DD [[wfitP)»
7j=1 =1
for any € > 0. With
1
=M . (2.28)

p p q+1 oc—1 gq—1
20 I o J o ' p .
28Mm v ( R z; Brj)

the above equation becomes,

J anm
F(u® ") — Fu) < 2.
(Y~ Pl <
CQ A p—g L g
——( HwnHHp)p 1+(1+0102+C3 YY) (3D w7y
er=l i1 =1 Jj=11i=1
From this equation and (2.24)
apm Cy a1
(u +Z*"“ )< an | e (P = P )t
@ e

(14 C1Cy + Cs)(I) 5

(230>

F(u™) = F(u™))

with ¢ in (2.23) and ¢ in (2.28). In view of the above equation and (2.25),
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we have
F(u”“) — F(u) < ﬁ(F(u”) _ F(un+1)) 4 2.

t
C: " =
e (F(u) — F(u"h)) T
g7 (t92L) =1 (2.29)
(L+C1Ca+ )TN %

(e23t)?

Step 4. We prove error estimations (2.15)—(2.18). First, using (2.10), we
see that error estimations in (2.16) and (2.18) can be obtained from (2.15)
and (2.17), respectively. Now, if p = ¢ = 2, then ¢ = 2, and from the above
equation, we easily get equation (2.15), where

~ 1—1t 1 C:
Ci=—+— i—i—l—i—Cng—i-Cg with
t Cote | €
aM

J
20581 (, max > fr;)
) b j:l

Finally, if p > ¢, from (2.29), we have

Pty — F(u) < Go(P(um) — F(um+1) (2:31)
where
G = rt) - Py 2 | 2

t 026 Eﬁ(tOéM)z;_}

- (2.32)
po

(1+C1Cy 4 C3)(1J)

(t2a)5

with ¢ in (2.28). From (2.31), we get

(P — F(u)5 < F(u") — F(u),

F(u™) — F(u) +

p=1
oy
and we know (see Lemma 3.2 in [25]) that for any » > 1 and ¢ > 0, if

1
x € (0,z9] and y > 0 satisfy y + cy” < z, then y < (C:m(:__llil + )=,
0
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g—p_g—1

Consequently, we have F(u"t1) — F(u) < [Cy+ (F(u™) — F(u))s=1] s>, from
which,

Futt) = Flu) < [(n+ 100 + (F@O) ~ F@)ii, (239
where _
Cy = Lot — (2.34)
(P — D(F ) = F(u)) =t + (¢ — 1)C5
Equation (2.33) is another form of equation (2.17). O
3 Multilevel Schwarz methods
We consider a family of regular meshes 7j,; of mesh sizes hj, j = 1,...,J

over the domain Q ¢ R?%. We write Qj = Ure,, 7 and assume that 7y, is
a refinement of 75, on Q;, j=1,...,J -1, and D CQC...CcQy=0.
Also, we assume that, if a node of 7, lies on 9€2;, then it lies on 9€2;1, too,
that is, it lies on ). Besides, we suppose that dist(zj41, ;) < Chy, for any
node xjy1 of Ty, .\, j = 1,...,J — 1. In this section, C' denotes a generic
positive constant independent of the mesh sizes, the number of meshes, as
well as of the overlapping parameters and the number of subdomains in the
domain decompositions which will be considered later. Since the mesh 7,
is a refinement of 7p,;, we have ;i1 < hj, and assume that there exists a
constant 7y, independent of the number of meshes or their sizes, such that

B
l<y<—2-<Cy, j=1,...,J-1. (3.1)
hjt1
At each level j = 1,...,J, we consider an overlapping decomposition

{Q§}1§i§ 1; of ©;, and assume that the mesh partition 7, of €2; supplies a
mesh partition for each Q;-, 1 <@ < I;. Also, we assume that the overlapping
size for the domain decomposition at the level 1 < j < J is §;. In addition,
we suppose that if W}H is a connected component of Q§-+17 j=1,...,J—1,
t=1,...,1;, then ‘

diam(wj ) < Ch; (3.2)

Since hji1 < 041, from (3.1), we also have

h,
L <Cr, j=1,...,J -1 (3.3)
dj+1
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Finally, we assume that I; = 1.
At each level j =1,...,J, we introduce the linear finite element spaces,

Vi, ={v € C(y) : v|; € Pi(7), T € Ty;, v =0 on 9Q;}, (3.4)
and, for i =1,...,I;, we write
Vi, ={v € Vi, 1 v=0in Q;\Q}. (3.5)

The functions in Vj,; j =1,...,J —1, will be extended with zero outside ;
and the spaces will be considered as subspaces of W7 1 < ¢ < co. We
denote by || - ||o,s the norm in L7, and by || - ||1, and | - |1 the norm and
seminorm in W17, respectively.

We consider the obstacle problem

we K: < F'(u),v—u>>0, for any v € K, (3.6)

where

K={veV,, : p<u}, (3.7)

with ¢ € V},,. We shall prove that Assumptions 2.1 and 2.2 hold for this type
of convex set, and explicitly write the constants C5 and C5 as functions of
the mesh and overlapping parameters. We can then conclude from Theorem
2.1 that if the functional F' has the asked properties, then Algorithms 2.1-2.4
are globally convergent.

We first introduce the operators Ip, : Vi, — Vi, § = 1,...,J — 1,
defined as follows. Let us denote by zj; a node of 7y, by ¢j; the linear
nodal basis function associated with xj; and 7, and by wj; the support of
¢ji- Given a v € Vj,,,, we write [;;v = minge,,, v(z). Finally, we define
Ihjv = ijinode of Thj (Ijiv)¢ji (.7))

REMARK 3.1. 1) In [24], similar operators, Ij,; : Vi, — Vj,, are defined. For
a v € Vp,, we write as above, [;v = mingey, v(r) and [pv =
Zxﬁnode of T, (Ij;v)¢ji(w). These operators have the disadvantage that Ij;v
can not be computed from Ip,; ,v. For this reason, in the case of the multigrid
method, their definition is modified in [13] by taking I;;v = min, pt,,., v(x)
in the place of I;;v = minge,,, v(x).

2) Since the finite element spaces are linear, for a v € Vj,;, we can take

Lijv = min v(z) in the place of I;;v = minge,; v(z) in our
r€wj;, x node of Thj+1

above definition.
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3) In [2] some more general operators I, : Vj, , — Vj, have been intro-
duced. They coincide with those above defined ones for v > 0.

For a v € V},,, we recursively define

v/ = v and vj:Ihjij, j=J-1,...,1 (3.8)
Writing
1 ifd=0o=1
Ci(H.h orl<d<o<x
do(Hh) = (ln%—l—l)% ifl<d=0<o0 (39)
(H)%5" if 1 <o <d< oo,

we have the following result

Lemma 3.1. Let v/, w’ € Vij, § = J,..., 1 defined as in (3.8) for some
v,w € Vy,, respectively. Then, for j = J,...,1, we have

‘Uj - ’U)jh’g S CCd,a'(hj, h])”l) — w‘l’o' (310)

Proof. Equation (3.10) is evident for j = J. Foraj=J—-1,...,1, let w;(z;)
be the support of the nodal basis function in Vj,; corresponding to the node
x; of Tp,;. Then there exist two nodes of 7, :c}, 1‘32 € wj(z;), such that

09 = 1] gy ) < ORI =) (@) = (07 —w) @) (311)

and let us assume that

0 — () — (F — ) (]| = (0 —w)(a}) — (o —w)(ad)  (3.12)

Now, we have

. - : N oy
W) - W)@ =
(In; 07 = Tnyw? ™) () + (I, w? T — T 07+ ) (2F)

and let

I, w ™ (@h) = wt (2l,,) and I, 07 (22) = 0 (22,)
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jl) and w32'+1 € wj(xg) are two nodes of 75, ,, wj(a:}) and
wj(azjz) being the supports of the nodal basis functions in Vj,; corresponding
1
J

1 .
where z; | € wj(z

to the nodes z; and x?, respectively. Consequently, we get

(07 = w)(z}) = (07 — w)(a?) <

(0 —w ™) (@) — (W =T (2)
Repeating the above reasoning, we get that, for k = j,...,J — 1, there exist
2 € wp(ah) and 25 € wy(25) are two nodes of Thprrs wi(@h) and wy(25)
being the supports of the nodal basis functions in Vj, corresponding to the
nodes :c’f and w‘; , respectively, such that

(0% —wh)(af) — (v —wh)(2}) <

3.13
(Uk+1 _ wkH)(:c’fH) _ (ka _ wkﬂ)(wgﬂ) ( )

From (3.11), (3.12) and (3.13), we get
0 )] o) < O 0 —w)(@h) — (0 —w)@3))7 (3.14)

Since the radius of wy is less than hy, and in view of (3.1), it follows that
dist(zj, z}), dist(2;, 2}) < hj+(hj+.. .4+hs1) < (1+1+%+. : .+ﬁ)hj <
2v—1

) hj. Therefore, if we write

wj(w5) = U T,

reTi,, dista; 1S5y

then z}, 2% € @;(x;). Subtracting and adding (v — w)(x), * € ©j(z;), in the
right hand side of (3.14), integrating over @;(x;), in view of Lemma 4.1 in
[2], we have

(B hy) o) = w7,y < CRG7 [ll(v —w)(z5) = (v = W) (@7, 5, () F

0= w)a) — (0= )@ )] <
Ch;i—a(Q%hj)UCdﬂ(Q%hj, h])0|v — w’im‘:’j(xi)’

ie.,

’UJ - w”l,a,wj(a:j) < CCd,J(hjv hJ)|v - w|1,cr,cf)j(:c]-)
Finally, since the mesh 7j, is regular and v is independent of J and of
the mesh parameters, then w;(z;) and @;(z;) contain a bounded number of
simplexes of 7y, which is also independent of J and of the mesh parameters.
Consequently, we get (3.10). O
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Another result we shall utilize is given by the following lemma.
Lemma 3.2. For any v,w € Vp,,,, j=J —1,...,1, we have

HU —w — Ihjv + IhijO,a < Chde,g(hj, hj+1)|v — wh’(; (315)

Proof. As in the proof of the previous lemma, we denote by w;(x;) the sup-
port of the nodal basis function ¢; in Vj; corresponding to the node z; of
Tp;. For a T €Ty, we have

v —w — In,v + In,wlloer =

Y. v—w— v — Inyw)(@)]dilloer <

z; node of 7

z; node of 7

From the definition of I, there exist two nodes of 7y, , ,, mjl-_H, :1;§+1 € wj(z;),
such that (I, v)(7;) = U(asle) and (Ip,w)(w;) = w(x?_i_l). Therefore,

[[v —w — In;v + In;wllo,0,r <
Yo v —w—v(@fiy) + w@h)loew, e
z; node of 7
Now, let wj(z;)t = {z € wj(z;): v —w — v(xj,,) + w(zF,;) > 0} and
wj(z;)” ={r € wj(z;) : v—w— v(:E}H) + w(mJZH) < 0}. From the above
equation, the definition of Ij, and Lemma 4.1 in [2], we get

Z v —w — v(le'-‘rl) + w(le'—&-l)

z; node of r

[lv—w—Ip.v+ Ih]-wHo,a,—r <

g
0,0',Wj (:17]')+ +

r/a

|lw —v —w(zf,,) + U($§+1)H8,g,wj(zj)—
1/o

ChjCag(hj hjp1) Y ['” ~ Wiyt @] =
z; node of =
ChiCao(hjshjrt) D v = wliewa)

z; node of 7

Since the mesh 7y, is regular, w;(z;) contains a bounded number of simplexes
of 75, which is independent of J and of the mesh parameters. Consequently,
inequality (3.15) can be obtained from the above equation. O
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Now, we consider a decomposition of ¢ = ¢; + ... + ¢1 with p; € V3,
j=4J,...,1, and define
Ki={veVy pj<vh, j=J,...,1 (3.16)
In this way, we get a decomposition of K as in (2.1). For a v € K, with the
notation in (3.8), we write
’szgoj—'—(v_(p)j_(v_(p)jil?j:J7"'72 (317)
v =1+ (v - @)}

Evidently,
v eEKj, j=J,...,1, andv=v5+... +v; (3.18)

We have the following

Lemma 3.3. Ifv;,w; € K;, j =J,...,1, are defined as in (3.17) for some
v,w € K, respectively, then

[vj —wjl1,0 < CCqo(hj—1,hs)lv—w

Lo (3.19)

and
[vj —wjllo,e < Chj—1Cqq(hj, hy)lv —w|1 o (3.20)

where we take hg = hy for j = 1.
Proof. For j = J,...,2, in view of (3.10), we have

v —wile = (v =) = (V=)™ = (w—p) +(w—p) 1o <
ClCao(hj, hy) + Cao(hj—1, hy)l[v — w16

ie., (3.19) holds for j = J,...,2. Also, by a similar proof, we get that (3.19)
for j = 1. Now, using (3.15) and (3.10), for j = J,...,2, we get

10 = wjllo.s = | | |
H(U - 90)] - Ihj71(v - 90)] - (w - SO)J + Ihj—l(w - SO)JHO,U <
Chj-1Cao(hj-1,h))|(v— @) — (w =) |10 <
Chj_lcd,g(hj_l, hj)Cdﬂ(hj, hJ)|'U — wh,a
and therefore, (3.20) holds for j = J,...,2. For j = 1, from the classical
Friedrichs-Poincaré inequality and (3.10), we have

lv1 = willoe = l(v =)' = (w— )00 <
Chil(v — o)t — (w — )10 < Ch1Cyy(h1, hy)lv — w10,

ie., we obtained (3.20) for j = 1. O
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To prove that Assumption 2.1 holds, we associate to the decomposition
{Q }1<z<1 of €, some functions 0% € C(Q;), 05|, € Pi(r) for any 7 € Ty,
t=1,---,1;, such that

O<91<1onQJ, (3.21)

(9 =0on Ul_ZJrl QA\QL, 0 =1on Q\ UL, Q
Also, for Assumption 2.2, we associate a unity partition to each domain
decomposition {Qé}lgiglw j=dJ,...,1,
1
OSH}Sland 29;-:1011 Q; (3.22)
i=1

with 91 € C(y), 9’\7 € Py(r) for any 7 € Tp,;, i = 1,---,I;. Such func-
tions 93 with the above properties exist (see [2| or [26] p. 59, for instance).
Moreover, since the overlapping size of the domain decomposition on a level

j=4J,...,11is d;, the above functions 0; can be chosen to satisfy
|8xk9;\ < C/dj, ae. inQj, forany k=1,...,d (3.23)

Finally, we recall some interpolation properties. For a v € Vj, and a
continuous functions # which is of polynomial form on the elements of 7 € 7, ,
we have (see [9] and [28]),

|0v — Lp,; (6v)[lo,c < Chy|0v]1,, and |Lp;(0v)]1, < ClOv]14

where Lp; is the Pj-Lagrangian interpolation operator which uses the func-
tion values at the nodes of the mesh ’]}Lj. Therefore, we have

14, (80)[11,0 < Cl160]]1,0 (3.24)
Now, we can prove

Proposition 3.1. Assumption 2.1 holds with the constants Co and Cs are
given in (3.29) for the convex sets Kj, j = J,...,1, defined in (3.16).

Proof. Let us consider v, w € K and let vj,w; € Kj, j = J,...,1, be
their decompositions defined as in (3.17), respectively. Also, let wj; € V}fj
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such that w; +wj1 +... +wj; € Kj, 5 =J,...,1,¢=1,...,1;. Now, for
j=4dJ,...,2, we define

vj1 = L, (6 (vj —wj) + (1 0} )wjl)

i—
vji = L, (05(( ;i O wji), i=2,...,1
=1

with 9;. in (3.21). Like in Proposition 3.1 in [2], where we take v = v; and
w = wj, we can prove that

vjiGV}f, w]—i-wjl—{- Awiiertv e Ky i=1,000, 15

Z Yji

We point out that here, the condition w; +wj;1 + ... +wj—1 +vj € K; can
be proved by verifying that it is satisfied only at the nodes of 7p,;. At the
level j = 1, we do not have a domain decomposition, I; = 1, and we take

(3.25)

V11 = U1 — wWq.

From this equation, (3.18) and (3.25), we get that the first two conditions of
Assumption 2.1 are satisfied.

We estimate now the constants Co and (5. Using Lemma 3.3 and the
same techniques as in [2] or [4] (see [6] for details), we can write

I;
l0jill , < CI7 § Cao(hj—1,hy) lu— w5 + > Jwikl7, (3.26)
k=1

forany j = J,...,2and ¢ = 1,...,I;. At the level j = 1, from Lemma 3.3,
we have

lonll7y < CCag(ha, hy)7|v = wiT (3.27)
From (3.26) and (3.27), we get
IJ

J J
YD Millfe SCITF DTN wilf o+

j=1 i=1 j=2i=1

I

; (3.28)
Z Cao(hj-1,hy)”| [u—wl{,

=2
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Consequently, from (3.28), we get that the constants Cy and C3 can be
written as

q =

J
Co=CI% | Cuolhj_1,hs)’| and C3=CI" (3.29)
j=2

O]

Concerning Assumption 2.2 we have

Proposition 3.2. Assumption 2.2 holds with the constants Co and Cs are
given in (3.32) for the convex sets K, j = J,...,1, defined in (3.16).

Proof. Let us consider v, w € K, and let v;,w; € K;, j = J,...,1, be their
decompositions defined as in (3.17), respectively. Now, we define

Vji :th(eé-(vj —wj)), 1= 1,...,Ij, fOI“j:J,...,Q,

and v1] = v1 — wy (3.30)

with 93- in (3.22). In view of (3.18) and (3.30), we get that the first two
conditions of Assumption 2.2 hold.

We estimate now the constants Cy and Cs3. For j = J,...,2, from (3.23)
and (3.24), we get

1
||’UjiHC1T,U < C(|Uj _wj|clf,a+(1+§ COT,U)
J

Using this equation, the proof is similar with that of the previous proposition.
For j =J,...,2, in view of (3.19) and (3.20), we have

vjillT o < CCao(hj—1,h1) v —w|{,

)7 [|vj — w;

and we use (3.27) for the estimation of ||v11]]1,,. From these equations, we
get

<

2.

j=11

l0jill§.5 < CI | D Caolhjmr,hy)” | Jo —wl, (3.31)

I; J
=1 j=2

Consequently, the constants Cy and C3, can be written as

J
Cy = CI=[Y Cao(hj-1,hs)°]7 and Cs =0 (3.32)

=2
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The constants Cy and Bji, j, k = J,...,1, can be taken as in (2.3) and
(2.7), but better choices are available in the case of the multigrid methods in
the next section. As we see form the above estimations, the convergence rates
given in Theorem 2.1 depend on the functional F', the maximum number of
the subdomains on each level, I, and the number J of levels. The number of
subdomains on levels can be associated with the number of colors needed to
mark the subdomains such that the subdomains with the same color do not
intersect with each other. Since this number of colors depends in general on
the dimension of the Euclidean space where the domain lies, we can conclude
that our convergence rate essentially depends on the number J of levels.

We first estimate the constants C1—Cjs as functions of J. To this end, in

the remainder of this section, C' will be a generic constant which does not
1

depend on J. Writing Sg,(J) = Z}J:Q Cio(hj—1,hy)?|° from (3.1) and

(3.9), we can consider

(J-1)7 ifd=oc=1
orl<d<o<o

cJ ifl<d=0c< o0

c’ ifl<o<d<oo

Sao(J) = (3.33)

in our estimations. In this general framework, we take C1, and Bj, j, k =
J,...,1,asin (2.3) and (2.7),

J
o—1
— CJ% and E ;= .34
Ci,=CJ s an kglli?(,tfj:l Brj =J (3.34)

Also, from (3.29) and (3.32), we get

C  for Algorithms 2.1 and 2.3

Cy = US40 (J) and Cs = { 0 for Algorithms 2.2 and 2.4

(3.35)

As a consequence of Theorem 2.1 and Propositions 3.1 and 3.2 we have

Corollary 3.1. Let us consider the finite element spaces Vy, defined in (5.4)
which are associated with the levels j = 1,...,J, and their subspaces V}fj,
i=1,...,1;, given in (3.5), which are associated with the level domain de-
compositions. Also, let K be the closed convex subset of V. = Vj given in
(3.7), which is decomposed as a sum of the level closed convez sets K; C Vi, s
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j=J,...,1, defined in (3.16). If F is a Gateaux differentiable functional
on V' which is supposed to be coercive and to satisfy (2.4), then the approz-
imation sequences u™, n > 0 obtained from Algorithms 2.1-2.4 converge to
the solution u of the one-obstacle problem (3.6) and the error estimations in
Theorem 2.1 hold. The constants C’1 and 02 i these error estimations de-
pend on the number of levels J through the constants C1-Cs5 given in (3.34)
and (3.35).

REMARK 3.2. 1) The results of this section have referred to problems in
W1e with Dirichlet boundary conditions, and the functions corresponding
to the coarse levels have been extended with zero outside the domains €2,
7 =J—1,...,1. Let us assume that the problem has mixed boundary
conditions: 02y = I'y U T, with Dirichlet conditions on I'y and Neumann
conditions on I'n. In this case, if a node of 75,, j = J —1,...,1, lies in
Int(T';,), we have to assume that all the sides of the elements 7 € 7, having
that node are included in T,,.

2) Similar convergence results with those ones presented in this section
can be obtained for problems in (W %)<,

4 Multigrid methods

In the above multilevel methods a mesh is the refinement of that one on the
previous level, but the domain decompositions are almost independent from
one level to another. We obtain similar multigrid methods by decomposing
the level domains by the supports of the nodal basis functions. Consequently,
the subspaces foj, i =1,...,1;, are one-dimensional spaces generated by the
nodal basis functions associated with the nodes of 7p,;, j = J,...,1. In
this case Algorithms 2.1-2.4 are V-cycle multigrid iterations in which the
smoothing steps are performed by a combination of multiplicative methods
with additive ones. Evidently, similar results can be given for the W-cycle
multigrid iterations.

In this section, we show that the estimations given in (2.3) and (2.7) for
the constants C7 and B}, j, k = J,...,1 can be improved in the case of the
multigrid methods. Finally, we summarize the previous results by writing
the convergence rates of the four algorithms as functions of the number J of
the levels, for the varied values of the constants p, ¢, 0 and d.

Concerning the constants 3, j,k = J,...,1, in (2.6), we can prove (see
[4] or [5], for instance) that, in the case of the multigrid methods, there exist
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such constants such that

J
max E i =C
k=1,....J 4 Brs
Jj=1

where C' is a constant independent of the meshes and their number. Also,
the constant C in (2.2) is estimated in Lemma 4.1 in [4] or [5],

n—1

4 o
clz(n!)io”#< ihd )

yn =1

wheren € N, n—1 < o <n, and C is a constant independent of the meshes
and their number.

Now, we shall write the convergence rate of the multigrid Algorithms
2.1-2.4 in function of the number J of levels. To this end, we write the error
estimations in Theorem 2.1 of the four algorithms using the above estimations
of C1 and maxy—j 1 Z}]:1 Brj, and Cy and C3 given in (3.35). In order to
be more conclusive, we limit ourselves to a typical example where

F) = |l ~ L(w), v e W (9) (41)

where L is a linear and continuous functional on W7(Q), ¢ > 1. In this
case (see [1], for instance),

p=2,qg=cifo<2; p=2,q=2ifc=2; p=o,q=2ifc>2

Evidently, we can use the same procedure for other problems, too.
For o0 = 2 and p = ¢ = 2, in view of (2.30), (2.23) and (3.35), we get

~ [ CSaa(J)? for Algorithms 2.1 and 2.2
() = { CJSg2(J)? for Algorithms 2.3 and 2.4 (4.2)
and, from Theorem 2.1, we have
[ — 25 < Co (1_¥>n (4.3)
T 1+ Ci(J)

where Cj is a constant independent of .J.
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For 1 < ¢=o0 <2and p=2, in view of (2.32), (2.23) and (3.35), we get

(c—1) (2 o) 2 .
() = CJQ(U . Sao(J)*  for Algor%thms 2.1 and 2.2 (4.4)
cJ Sao(J)? for Algorithms 2.3 and 2.4
From Theorem 2.1, we get that
~ 1
™ —ulff , < Co - = (4.5)
(1 + an(J)> 2o
where, in view of (2.34), we can take
~ 1
CQ(J) = < 1 (4~6)
1+ C3(J)7T
For p =0 > 2 and g = 2, we get
() = CJo1 1Sd U(;])ﬁ for Algor%thms 2.1 and 2.2 (4.7)
CJSqq(J)o1 for Algorithms 2.3 and 2.4
Finally, in this case, we have
n o ~ 1
HU - u||1,a’ S CO _ 1 (48)
(1 + an(J))
where )
2(J) 1+ Cy(J)71 (4.9)

We make now some remarks on the above error estimations of the four
algorithms. First, we point out that the above convergence results give global
rate estimations. As we have expected, the multiplicative (over the levels)
Algorithms 2.1 and 2.2 converge better than their additive variants, Algo-
rithms 2.3 and 2.4. For the complementarity problems, we can compare the
convergence rates of the four multigrid algorithms with the similar ones in
the literature. In this case, p = ¢ = 0 = d = 2 in the above example, from
(4.3) and (4.2), we get that the convergence rate of Algorithms 2.1 and 2.2
isof 1 — Hﬁ’ and that of Algorithms 2.3 and 2.4 is of 1 — ﬁ These
convergence rates are better, with a factor J than those of the similar algo-

rithms introduced in [4], which are of 1 — =7+ and 1 — respectively.

1
1+C 1+CcJ%
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For the truncated monotone multigrid method, an asymptotic convergence
rate of 1 — Hﬁ’ and under some conditions, of 1 — ﬁ, is found in [16]
and [13]. An estimate of 1 — Hﬁ is also obtained in [16] for the asymp-
totic convergence rate of the standard monotone multigrid methods. In [13],
it is mentioned that this asymptotic rate may be of 1 — or even of
1

1
1+CJ?>
- H%’ under some conditions.
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Abstract

We investigate two well-known basic optimal control problems for
chemotherapeutic cancer treatment modified by introducing a time-
dependent “resistance factor”. This factor should be responsible for the
effect of the drug resistance of tumor cells on the dynamical growth
for the tumor. Both optimal control problems have common point-
wise but different integral constraints on the control. We show that in
both models the usually practised bang-bang control is optimal if the
resistance is sufficiently strong. Further, we discuss different optimal
strategies in both models for general resistance.
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1 Introduction

Optimal control problems based on mathematical models for cancer chemo-
therapy have a long history and obtained a renewed interest in the last years
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(cf. [2-6, 10-26]). There are further recent papers on mathematical models
for immunotherapy and mixed immunotherapy and chemotherapy starting
with papers by A. Kuznetsov and coworkers in the nineties (cf. [19,20], for
instance) but which are not in our focus here. Instead the present paper
follows the two pioneering papers by J.M. Murray in 1990 [16,17] (see also
[24]) whose basic problems are modified in the following.

One difficulty in applying the considered optimal control problems in cancer
chemotherapy is the occurance of optimal solutions which are seldom or not
used in medical practice. A desired optimal solution by the physician is
the bang-bang control consisting of a starting interval with maximal dose
of drug followed by an interval of zero-therapy till the end of treatment
(considering one cycle of the chemotherapeutic treatment). In particular,
the therapy should theoretically end with an interval of zero-therapy to have
the required minimum of the tumor cells population also somewhat later
than at the practical end of treatment. To obtain optimal solutions of this
type often a suitable choice of the objective functions is proposed (cf. [14,
17, 19, and 24]).

The aim of the present paper is to circumvent this difficulty taking into
account the resistance of the tumor cells against drug (and further using the
size of the tumor cells population at the final time as the natural objective
function). Acquired and intrinsic resistance of the tumor cells against drug
is an important but very complex phenomen in tumor therapy (cf. [8, 12])
and related deterministic models [4, 12, 14| and stochastic ones [2, 3| in
dealing with it are developed recently. In our highly simplified model we only
consider a summarizing effect of resistance by introducing a time-dependent
“resistance factor” in front of the loss function of the tumor cells in the
deterministic differential equation for the tumor growth. In particular, we
do not distinguish between drug sensitive and resistant tumor cells like in [4,
12, 14].

Further, we deal with two basic problems where in each problem we have
two restrictions, namely the usual pointwise inequality for the control func-
tion (which is in the dose of the drug administered per unit of time) and
an integral inequality for the loss function of the normal cells in the first
problem and for the drug dose itself in the second problem. To keep the
mathematical analysis simple other restrictions like the pointwise limit for
the size of the population of the normal cells like in [15, 17, and 24] are not
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taken into consideration. There is only one dynamic equation for the growth
and suppression of the tumor cells and no one for the normal cells (but which
could be easily supplemented).

Both optimal control problems show the desired effect that for (properly
defined) “strong resistance” the above-named bang-bang control is the unique
optimal control (cp. with the results in [3, 26|, for instance). With respect
to general resistance we have another picture. In the first problem in case of
“weak resistance” the optimal control is the non desired “opposite” bang-bang
control with starting interval of zero-therapy and final interval of maximal
drug dose. On the other hand, in the second problem for general resistance
an optimal control similar to the desired bang-bang control starting and
ending with a subinterval of zero-therapy is to be expected as an example
with Gompertzian growth show (cp. with other forms of optimal solutions
in [14, 17|, for instance). So, especially with respect to weak resistance the
second problem seems preferable to the first problem.

The plan of the paper is as follows. After performing the mathematical mod-
elling in Section 2 we investigate the first optimal control problem in Section
3 and the second optimal control problem with the example for Gompertzian
growth in Section 4.

2 Mathematical Models

We denote the time-dependent number of cancer cells in the tumor by a
function T' = T'(t), t € IR;, which we assume to be differentiable with
derivative T'(t). The temporal development of the tumor cells population
T(t) in a given interval [0,%f] is governed by the differential equation

T(t) = [f(T(8)) — (&) LM ()T (t), t € [0, ], (2.1)
with the initial condition
T(0) =Ty > 0. (2.2)

The function f = f(t), T' > 0 describes the dynamics of the tumor population
F(T) = f(T)T if there is no administration of drugs. We assume f €
CY(IRy) with f(T) > 0, f(T) < 0 for all relevant T' > 0. This is fulfilled for
many of the commonly used dynamics as Gompertz, logistic (Verhulst-Pearl)
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and other growth laws in an interval [0, 8] with maximal tumor population
(cf. [5, 10, 16, 22, 24]).

By L = L(M), M > 0 we denote the destruction rate of the drug level
M. We assume that this loss function L € C?(IR,) satisfies L(0) = 0 and
L'(M) > 0 for all relevant M > 0. This is fulfilled, for instance, for linear
and fractional linear (“saturated”) function L (cf. [10, 16, 24]). The drug
level function M = M (t) obeys the linear differential equation

M(t) = —6M(t) + V(t), t € [0,t7], (2.3)

and the initial condition
M(0) =0 (2.4)

with a positive drug decay rate 6 where V(t) denotes the drug dose that is
administered per unit of time at time ¢ € [0,%y]. In the following we assume
0 > 0, thus including the mathematical limit case § = 0 of no drug decay.

The drug dosis V' = V (¢) per unit of time is considered as the control function
in the model. We assume it to be a bounded measurable function, i.e. V €
L>(0,t¢), and to satisfy the pointwise condition

0<V(t)< A foraa. tel0,ty] (2.5)

where A > 0 is a prescribed constant, the maximum drug dosis per unit of
time. Further, below we require additionally an integral condition which we
regard as responsible for the compatibility of the treatment.

The new feature in this model is the introduction of the function ¢ = ¢(t),
t € [0,ts], which is assumed to be in C'[0,¢f] satisfying ¢(t) > 0 in [0,%5)
and normed by ¢(0) = 1. The factor ¢ in Eq. (2.1) should - in a most simple
way - describe the total effect of inner influences (like drug resistance) and
other ones (like accompanying therapies) on the destruction rate of the tumor
cells by the drug during the treatment. Especially, the influence of the drug
resistance of the tumor cells will be expressed by a function ¢ € Cl[O,tf]
with ¢(0) = 1, ¢(t) < 0in [0,¢f] and @(t) > 0 in [0,t]. (We call such a
function a “resistance factor” in the following).

The integral condition in problem 1 now reads
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ty
/ po(t)Lo(M(8))dt < B (2.6)
0

with a prescribed constant B > 0 where Ly(M) is the destruction rate of the
normal cells for which we assume the same properties as for the loss function
L(M) of the tumor cells above and g € C*[0,tf] with ¢o(t) > 0 in [0,tf),
©0(0) = 1 is a weight function possessing the analogous meaning for the
normal cells as ¢ for the tumor cells. In problem 2 we simply require that

ty
/V(t)dt <B (2.7)
0

with a given constant B > 0.

The aim of chemotherapeutic treatment is to make the tumor cells population
T(ty) at the end of the treatment as small as possible. In view of Eq. (2.1)
this can be written in the usual form of the minimum condition

ty
[F(T(t)) — p(t)L(M(t))]T(t)dt — min. (2.8)
0

We further remark that for a given V'€ L*(0,t¢) the solution of (2.3), (2.4)
has the form

M(t) = M[V](t) = / DV ()ds, t € [0,1]
0

which implies M € C[0,t¢]. By our assumptions on f, ¢, L we then have
T € C10, /] for the corresponding solution 7' = T[V] of Eq. (2.1).

Our optimal control problems are now defined by the minimum condition
(2.8) for the state equations (2.1) - (2.4) with the constraints (2.5), (2.6)
(problem 1) or (2.5), (2.7) (problem 2). Here the integral constraints (2.6)
and (2.7) can be taken, respectively, in the form
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Q(t;) < B or U(t;) <B (2.9)

where the additional state functions @ = Q(t) and U = U(t) are given by
the integrals

¢ ¢
/gpg )Lo(M(s)ds and U(t :/V
0 0

respectively, or equivalently by the additional state equations

Q(t) = po(t)Lo(M(t)), t € [0,t/] (2.10)

with Q(0) = 0 and

U(t) =V (t),t € [0,ty] (2.11)

with U(0) = 0, respectively.

These optimal control problems always have solutions as follows by adapting
the ezistence proof by J.M. Murray in [16] on the basis of Theorem 5.4.4 in
[1] (taking into account that for the admissible control V() = 0 in [0, 7] the
state equation (2.1) has a continuous solution T'(t) in [0, t¢] with finite T'(¢y)
and because of the finite interval [0,¢¢] also the parameter 6 = 0 in Eq. (2.3)
is possible).

Finally, we simplify the mathematical analysis for our problems slightly by
applying the usual substitution y = nT for T" > 0. Then the differential
equation (2.1) is transformed into

9(t) = F(e) = p(t) L(M(2)).t € [0,1] (2.12)
and the initial condition (2.2) reads

y(0) = yo = {nT. (2.13)

The minimum condition (2.8) takes the form
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ty
[F(e¥®D) — () L(M(t))]dt — Min. (2.14)
0

The optimal control problems to be solved are then given by the minimum
condition (2.14) for the state equations (2.12), (2.13), (2.3), (2.4), and (2.10)
or (2.11), respectively, under the constraints (2.5), (2.9).

3 Solutions of the first problem

We determine optimal solutions of problem (2.12 - 2.14), (2.5), (2.9), (2.10)
as usual with the aid of the maximum principle [9]. The Hamiltonian of the
problem is given by

H(t,y,M,Q,V,p1,p2,p3, o)
= (f(e¥) — () L(M))(p1 — Ao) (3.1)
+(V = 6M)pa + @o(t)Lo(M)ps

with the parameter Ay and the adjoint state functions pg, & = 1,2,3. If
(9, M, Q, \7) is an optimal quadruple there exist a number Ag > 0 and three
functions py € C1[0,t], k = 1,2,3 with (Ao, p1, p2, p3) # (0,0,0,0) satisfying
the differential equations

p(t) = _f/(ez?(t))eﬁ(t) (p1(t) — o) (3.2)
pa(t) = @()L/ (M (1)) (p1(t) — Xo) + p2(t) — wo(t) Ly(M())ps(t)  (3:3)

ps(t) =0 (3.4)
in [0,%f] and the transversality conditions in ¢f

pi(ty) = 0,pa(ty) =0, and ps(ts) < 0,p3(t;)(Qtf) — B) =0 (3.5)

such that for a.a. ¢t € [0,t¢] the maximum condition
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A~

V(t)pa(t) = onax [V ()]

339

(3.6)

is valid. From (3.4) and (3.5) it follows that p3 is a nonpositive constant

which vanishes if Q(t;) < B.
We define p;(t) = pi(t) — Ao and

g(t) = _f/(eg(t))el}(t) > 0’ te [O,tf]

Then from (3.2) we have p(t) = g(t)p1(t) which gives
t
p1(t) 0) exp /g , te[0,ty].
0
From p1(tf) = 0 we obtain

Bilty) = 1(0) exp / g(t)dt) = —2g < 0

which shows that pi(t) < 0 for all ¢ € [0,t].
We further put

h(t) = @(t) L' (M (1))P1(t) — po(t) Lo (M (1))ps.

From (3.3) we get

ﬁg(t) = (5p2(t) + h(t), t e [O,tf]

which yields po(t) = e H(t) with

H(t) = p2(0) +/6_§sh(5)d8, t € [0,tg].
0

In view of pa(tf) = 0 we have

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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ty
p2(0) = — / e Oth(t)dt (3.13)
0
which implies
ty
pa(t) = —€5t/655h(s)d8, te[0,ts]. (3.14)

t

Now we distinguish the two cases

ty
B2 Qalt) = [ po®Lo(Ma(0)i (3.15)
0
where
My(t) = ?[1 — e if § > 0, At if § = 0
is the solution of (2.3), (2.4) for V(t) = A a.e. in [0,t¢], and
ty
B<Qulty) = / 20(t) Lo(Ma(t))dt. (3.16)
0

If (3.15) is fulfilled we have the optimal solution V(t) = A a.c. in [0,%;]. So
we can assume (3.16) in the following. In this case the equality

ty
Q(tf) = /tpg(t)Lo(M(t))dt =B (3.17)
0

for the optimal solutions must hold. We prove this by contradiction. If
Q(t;) < B we have p3 = 0. In the anormal case \g = 0 by (3.9), (3.8)
and (3.10), (3.14) this implies p1(t) = p1(t) = 0 and po(t) = 0 in [0, t]
which contradicts the condition (Ao, p1,p2,p3) # (0,0,0,0). In the normal
case A9 > 0 by (3.8) we would have p1(t) < 0 and hence by (3.10) also
h(t) < 01in [0,tf] which by (3.14) yields pa(t) > 0 in [0,¢¢]. The maximum
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condition (3.6) then would give V(t) = A for a. a. t € [0,¢¢]. This implies

Qa(ty) = Q(ty) < B, a contradiction to (3.16). Therefore, (3.17) and p3 < 0
hold true.

We further show because of the condition (3.17) the abnormal case A\g = 0
cannot occur. Namely, from Ao = 0 as before we obtain p;(¢) = pi(t) = 0 in

[0,2f] implying
h(t) = —@o(t) Lo(M(t))ps > 0, t € [0, t]

from (3.10). By (3.14) it follows that pa(t) < 0 in [0,t¢]. Then (3.6) yields
V(t) = 0 for a.a. t € [0,¢7] which by (2.3), (2.4) leads to M(t) = 0 in [0, ]
and by L(0) =0 to Q(tf) = 0, a contradiction to (3.17). Summing up, in the
case (3.16) equality (3.17) is valid and we have A9 > 0, p1(t) < 0 in [0, /]
and p3 < 0.

We introduce the functions

s A(E) = (t)p1(t) — o(t)q(t)ps (3.18)
so that by (3.10) we have h(t) = L'(M(t))A(t) with signh(t) = signA(t).
Now we make the assumption that A is a strictly increasing function in [0, t ]
which is fulfilled if

d d
ZAMR) = —
dt ®) dt

[p()p1(t) — wo(t)q(t)ps] > 0 in (0,t ). (3.19)

We distuingish the three cases
(i) A0) =0
(i) A(0) <0,A(ty) <0
(iii) A(0) < 0,A(ty) > 0.
(

In case (i) we have A(t) > A(0) > 0 in [0,¢f] implying A(t) > 0in (0,¢f] and
p2(t) < 01in [0,¢f) by (3.14). The condition (3.6) then yields the solution
V(t) = 0 a.e. in [0,¢;] which is not possible.

In case (ii) we have A(t) < A(ty) < 0in [0,ty] which gives h(t) < 0 in [0, ]

and po(t) > 0 in [0,¢;] by (3.14) again. In view of (3.6) then V(t) = A a.e.
in [0,%f] which is also not allowed in the case of (3.16).
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It remains the case (iii). By the strict monotonicity of A there exists exactly
one t1 € (0,t¢) with A(¢1) =0, A(t) < 01in [0,21), and A(t) > 0 in (t1,ty].
This implies the analogous inequalities for h. Therefore the function H in
(3.12) is strictly decreasing from H(0) = p2(0) to H(t1) < p2(0) and then
strictly increasing from H(t1) to H(ty) = 0. If now p2(0) < 0 were true
we would get H(t) < 0 and hence po(t) < 0 in (0,¢f). This would imply
V(t) = 0 ae. in [0,t] again. Therefore, it must be pg(0) > 0. Then
there exists exactly one ty € (0,t1) with H(tg) =0, H(t) > 0 in [0,%y) and
H(t) < 0in (to,ty] which implies pa(t) > 0in [0,%9) and pa(t) < 0 in (to,ty].
The maximum condition (3.6) yields the unique optimal solution

(3.20)

R A foraa. tel0,t
V(t):{ [0, t0)

0 fora.a. te(to,ty]

where tg € (0,t7) can be defined as the (unique) solution of the equation

ty
/apo(t)Lg(M(t))dt =B (3.21)
0
with
R A1 —e if §>0,At if §=0 for €0,
M(t) =
dleo — 1]’ if §>0,Aty if §=0 for te (to,ty]

following from (3.17) and (2.3), (2.4) with (3.20).
We summarize the result in

THEOREM 3.1

(1) Let (3.15)be fulfilled. Then problem 1 has the unique optimal solution
V(t)=A a.e in [0,tf].

it) Let (3.16) be fulfilled and the function A in (3.18) strictly increasing.
Then problem 1 has the unique optimal solution (3.20) with (3.21).

REMARKS. The monotonicity assumption on A in Theorem 3.1 is an im-
plicit condition on ¢ (and g) since the functions p1by (3.8) and ¢ by (3.18)
in general depend on the optimal solution V' of the problem with the function
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¢ in (2.1) (and g in (2.6)). But this dependence can be well derived from
(3.20) with (3.21) and Egs. (2.1), (2.3). Moreover, in the important partic-
ular case L = cLg with a constant ¢ > 0 and Ly € C*(IRy) (cf. [16, 17])
we have ¢(t) = ¢ and for o(t) = 1 in [0,%f] the sufficient condition (3.19)
reduces to the simple condition

@(t) + g(t)p(t) <0in (0,tf) (3.22)

with the positive function g = — f/(T)T by (3.7). Further, in the special case
of Gompertzian growth f(71") = )\Kn%()\,O > 0) we have g = A, a constant

which is independent of the optimal solution V.

Condition (3.22) is for instance satisfied, if

(1) = exp(~( / g(s)ds + 1)), t € 0,11,
0

for some v > 0.

In general, it remains the dependence of A on the (negative) parameter ps3
or equivalently on the (positive) quotient ps/p1(0) which are not directly
expressed by the optimal solution V. To avoid this dependence we derive a
further sufficient criterion for the optimal solution (3.20) in the sequel.

LEMMA 3.2
Under the conditions (3.16) and

d .
a[p(t)pg(t)] < 01in (0,t) (3.23)
with a nonnegative function p € C* (0,t¢) the optimal solution of problem 1

is uniquely determined and has the form (3.20).

Proof. Because of (3.23) the optimal solution cannot contain singular parts
in subintervals where pa(t) = p2(t) = 0 and parts of the form

. 0 ae. in [t1,7)
Vi(t) =

A ae.in (7,t9]
with 0 <t < 7 <ty <ty where pa(t) < 0in (¢1,7), p2(7) = 0, p2(t) > 0
in (7,t3) and po(7) > 0. Further, the solutions V(t) = 0 a.e. in [0,2f] and
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V(t) = A ae. in [0,tf] are not possible in view of (3.16) with (3.17). This
proves the lemma.

In view of (3.11) the condition (3.23) can be written in the form

[6(t) + dg(t)Ip2(t) + p(t)h(t) < 0 in (0,ty) (3.24)

with h defined in (3.10). Taking

t
—exp/u ), e C(0,ty)
0

and r(t) = p(t) + 0 € C(0,ty) condition (3.24) simply writes
r(t)p2(t) + h(t) < 0in (0,%y).

By (3.10) and (3.14) this means

Aq(t) + paa(t) < 0in (0,t5) (3.25)
where
Ai(t) = @O L(M()pi(t) - f D=2 p(s) L/ (M (s))p1 (s)ds,
ty

Ao(t) = r(t) [ eI o(s)Lo(M (s))ds — wo(t) Ly(M(2)).

Then (3.25) simplifies to the condition A;(t) < 01in (0,t¢) or defining further
the quotient

]7311((3)) = exp(— / F(T(s)T(s)ds) > 0 (3.26)
0

q(t) =
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by (3.7), (3.8) to the integral inequality

1 (0)p(t) | e~ (s) L (N1 (s))ds

‘L (3.27)

> q(t)po(t) fe’asw(S)L’(M(S))m(S)dS

in (0,tf) where ¢ is defined in (3.18). A sufficient condition for (3.27) is the
differential condition

t (3.28)

< gla®)po(t)] tfe_‘ssw(S)L'(M(S))m(S)dS in 0, (ty).

Summing up we obtain

THEOREM 3.2

i) Let (3.16) and (3.27) with (3.18), (3.26) be fulfilled. Then problem 1
has the unique optimal solution (3.20) with (3.21).

il) The integral condition (3.27) is satisfied if the differential condition
(8.28) is valid.

REMARKS. The conditions (3.27) and (3.28) do not contain the unknown
parameters ps and p1(0). In the particular case L = c¢Lg with ¢(t) = 1 from
(3.28) we get the condition (3.22) again.

Finally, we briefly deal with the cases where in Theorem 3.1 the function
A is strictly decreasing and the inequalities (3.19) and (3.27) in Theorems
3.1 and 3.2, respectively, are fulfilled with the opposite signs. In particular,
this is the case if L = cLg and ¢(t) = ¢o(t) = 1 on [0,t¢]. Then the above
analysis shows that the unique optimal solution of problem 1 is

5 {0 for a.a.t €[0,t) (3.29)

V(t) = A for a.a.t € (ty,ty]
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where t € (0,t¢) is the (unique) solution of the equation
ty
[ eoto)Latiit(0)de = B
tx
with M(t) = 0 for ¢ € [0,t,] and

M(t) = ?[dé(t**t —1]if 6 >0, At —t,)if 6 =0

for t € [ts,tf] following from (3.17) and (2.3), (2.4) with (3.29) again.

In case of the conditions (3.19) or (3.27), (3.28) for a resistance factor ¢ (with
some associated ) we say that we have strong resistance of the tumor cells
against the drug, and in case of these conditions with the opposite sign weak
resistance.

4 Solutions of the second problem
Problem (2.12 - 2.14), (2.5), (2.9), (2.11) possesses the Hamiltonian

H(t7y7M7 U7V7p17]727p37>\0)

4.1
() — ¢ OLOD) 1 — o)+ (V — 6V 4 Vg D

with the parameter )y and the adjoint state functions pg,k = 1,2,3. If
(7, M, U, V) is an optimal quadruple, by the maximum principle [9], there
exist a number Ao > 0 and three functions p, € C! [0,tf], £ = 1,2,3 with
(Mo, p1,p2,p3) # (0,0,0,0) satisfying the differential equations

pr(t) = —f' (e D)edD (py () — Ao) (4.2)
pa(t) = @(t) L (M (£))(p1(t) — Xo) + dpa(t) (4.3)
p3(t) =0 (4.4)

in [0,%f] and the transversality conditions in ¢f
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pi(ts) =0,pa(ty) =0, and ps(ty) < 0,ps(ty)(U(ty) — By =0 (45
such that for a.a. ¢t € [0,t¢] the maximum condition

A

V(t)(ps(t) + p3) = [nax [V (p2(t) +p3)] (4.6)

holds. By (4.4), (4.5) ps is a nonpositive constant which vanishes if

Ul(ty) < B.

We remark that in the limit case § = 0 in view of (2.3), (2.4) and (2.11) the
quantities U and M coincide. Hence U, p3 could be omitted and formally
pa2(t) + p3 replaced by a new pa(t).

We define the functions p; and ¢ as in problem 1 with the relations (3.7) -
(3.9). Further we have the relations (3.11) - (3.14) for ps if we replace the
function A in (3.10) by

ho(t) = @(t)L'(M(t),py(t), t € [0, ). (4.7)

Discussing the optimal solutions of problem 2 we distinguish the two cases
B >t;A and B < tyA. For B > TyA the obvious solution is V' (t) = A for
a.a. t € [0,ty]. For B < t;A we have the equality

tr
O(t;) = / V(t)dt = B (4.8)
0
and the inequalities p3 < 0, Ag > 0, and pi(t) < 0 in [0,t¢] which can be
shown as above in problem 1. By (4.7) this implies ho(t) < 0 in [0, ¢;] which
by (3.11) and (3.14) gives

Po(t) — 0p2(t) < 0,p2(t) > 0 in [0,y). (4.9)

If additionally ¢(t¢) > 0 then also ho(ty) < 0 and consequently pa(ts) < 0.

From (4.9) we obtain a first result about the form of the optimal solutions
in the case B < t;A.

LEMMA /.1
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For B <ty A the optimal solutions of problem 2 do not contain a solution
part of the form

V(t) = Aae. for t € [r,t5],7 € [0,1)) (4.10)
and if p(tg) > 0 they do not contain singular parts in intervals of the form
[7‘, tf] with T € [O,tf).

Proof: The assertion (4.10) for 7 = 0 follows from (4.14). For 7 > 0 we have
p2(t) +p3 > 0 in (7,t7] and po(7) + ps = 0 implying po(7) > 0, but since
p2(7) = —[p2(ty) + p3] <0 by (4.9) it must be pa(7) < dpa(7) and pa < 0.

The proof for the singular parts is a consequence of the condition ps(t) = 0
in [7,t¢] which leads to a contradiction to pa(ty) < 0 from (4.9).

Lemma 4.1 shows that the optimal solutions of problem 2 end with an interval
of zero-therapy if ¢(ty) > 0.

We now give a sufficient condition for the optimal solutions being of the (in
practice desired) bang-bang control type.

LEMMA 4.2
Under the conditions B < t;A and

pa(t) < 0 in (0,7) (4.11)

the optimal solution of problem 2 is uniquely determined and has the form

. {Abmatemm (4.12)

V(t) = 0 fora.a. te€ (to,ty]

where to = B/A € (0,t5).

Proof. Since pa(t) # 01in (0, ts) the optimal solution does not contain singular
parts. Further, it does not contain parts of the forms

N

V(t) =0 for a.a. t € [0,7],7 € (0,]

and

N { 0 for a.a. tE(tlaT) (0§t1<7<t2§tf)

Vi) = A foraa. te(r,t2)
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The first one is impossible for 7 = ¢; because of (4.8) and for 7 < t; since
we could have pa(t) +ps < 01in (0, 7) and pa(7) +p3 > 0 implying pa(7) > 0.
For the second one we obtain pa(t) + ps < 0 in (¢1,7) and pa2(t) + p3 > 0 in
(7,t2) yielding pa(7) > 0 again. This proves the form (4.12) of the optimal
solution V' with unique value ¢y following from (4.8).

The proof can also be given directly by using the fact that (4.11) implies
p2(t) > 0 for all ¢t € [0,t¢) and discussing the two cases p2(0) + p2 < 0 and
p2<0) + p3 > 0.

By equations (3.11) and (4.7) the condition (4.11) is equivalent to

dpa(t) < ¢(t) in (0,t5)

where
$(t) = —ho(t) = —p(t)L' (M (t)p1(t) > 0 in [0,tf) (4.13)

with ¢(ty) > 0 and by (3.14) equivalent to the integral inequality

P(t) = ¢ 5/ (t=9)p(s)ds > 0 in (0,t). (4.14)

If (4.14) holds the optimal solution is given by (4.12). In particular, this is
fulfilled for all positive functions ¢ in the limit case § = 0 suggesting that
(4.14) is not a too strong condition on ¢ for sufficiently small 6 > 0.

This can be underlined in the simple case of Gompertz growth (cf. [7, 10,
17, 23 - 25]) where

f(r) = Aén%T >0,(A>0,6>0)

and a linear loss function

In this case we find that

g(t) = —f' (@)D = X ho(t) = k()i (0)eN, ¢ € [0,t],

and (4.14) turns out to be equivalent with
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eP o)t —5/ )eP=9sds > 0 for all t € (0,1;). (4.15)

If we put
p(t) = e 0t e [0,t],

and assume that A > §, then it follows that ¢ € C1[0, /],
©(0) =1,¢(t) < 0 and p(t) > 0 for all t € [0,t¢].
Further (4.15) turns out to be equivalent to
(1—=06(ty —t)>0forallte (0,tf)) < dt1 <O.

This shows that (4.15) can be satisfied for sufficiently small 6 > 0 and a
suitable choice of ¢.
The inequality (4.14) is fulfilled if we have

d(t) < 0in (0,t;), (4.15)
since integration by parts of the integral in (4.14) yields

ty

t

due to ¢(t;) > 0 and (4.15). Differentiating (4.13) and using p; = gp1 we
further have

o(t) = =D ()L (M (1) [2(t) + {g(t) +m(t)}o(t)]

where

m(t) = —— Lipryy = MM

_ ! (4.16)
L' (M (u) dt L'(M(t))

Therefore, in view of pi(t) < 0in [0,t¢] and L'(M) > 0, condition (4.15) is
equivalent to the differential inequality
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(t) + [g(t) + m()]p(t) < 0 in (0,tf) (4.17)

where m = m(t) is given by (4.16) and g = g(T) by (3.17), i.e.

g(t) = —f(T()T(t) < 0,t € [0,ty]. (4.18)
Condition (4.17) has the same form as condition (3.22) and is like this in
general an implicit condition on .
Summing up, by Lemma 4.2 and (4.14) - (4.18) we obtain
THEOREM 4.3

(i) Under the conditions B < tyA and (4.14) the optimal solution of prob-
lem 2 is uniquely determined and has the form (4.12).

i) Asumption (4.14) is satisfied if the condition (4.17) with (4.18) and
(4.16) holds true.

REMARKS. For a linear loss function L we have m(t) = 0 in [0,%] and the
condition (4.17) reduces to (3.22). As for problem 1 we say in case of (4.14)
for a resistance factor ¢ that there is a strong resistance of the tumor cells
against the drug.

We conclude the paper working out the simple case of Gompertz growth (cf.
[7, 10, 17, 23 - 25])

F(T) = Mn%()\ > 0,6 > 0) (4.19)

with a linear loss function L(M) = kM (k > 0) as an example for what can
happen for general resistance.

In this case we have for y = ¢nT the explicit expression

y(t) = InTy-e M4+ Mnb[l — e M

¢
— k[ e A=) p(s)M(s)ds
0
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and the minimum condition for y(¢;) leads to the maximum condition

tr
e*o(s)M(s)ds — max
0

which can be written in the form

ty
/ POV (£)dt —> max (4.20)
0
where
ty
p(t) = e&/e()‘_‘s)sgo(s)ds. (4.21)
0

The maximum problem (4.20) where V' € L>(0,t;) satisfies the restrictions
(2.5) and (2.7) is a linear problem of the form of the Neyman-Pearson lemma
and can be solved in explicit form. Let be B < t;A. For (4.19) the condition
(4.17) is equivalent to the inequality

d .
d () <0 (0,17).
If this is fulfilled the problem has the solution (4.12). We consider further

the opposite case that

%[e%(t)] > 0in (0,4) (4.22)

incorporating the limit case of non-resistance that ¢(¢) = 1 on [0,t¢]. For
0 > 0 the function (4.21) has the derivative

B(t) = " [F(t) = C],t € [0, 1]

where
ty

€= P Ir(tg), F(e) = [ 5L
t
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Under the assumption (4.22) the function F' is strictly decreasing in [0, ]
from the value

ty
F(0) = / e*ésdii[e%(s)]ds >0
0

to F(ty) = 0. Hence we have two cases (i) F'(0) < C where p(t) < 01in (0,t¢)
so that p(t) is strictly decreasing in [0,t¢] and (ii) F'(0) > C where there
exists a unique ¢ty € (0,%f) such that p(t) is strictly increasing in [0, to] and
strictly decreasing in [to,tf] till p(tf) = 0. In case (i) the optimal solution is
given by (4.12). In case (ii) the optimal solution has the form

. {0 a.c. in [0,t1) and (ta,tf] (4.23)

V(t): A a.e. in (tl,tg)

where t1,f2 with 0 < ¢ < tg < to < ty are uniquely determined by the
equations
At —t1) = B,p(t1) = p(t2).

In the particular case ¢(t) =1 on [0,¢s] we have

(e(A—J)tf _ e(/\—é)t)eét fASS
p(t) = (tp —t)et if A\ =6
(e(’\_‘s)t — e(’\_‘s)tf)eét ifA<o
and
25[eP 0 — 1] if XN £
Aty if A = 0.

Therefore, case (i) occurs if Aty <1 for A =6, deP=0tr < X for A > 4, and
Ae0=Nts < § for X\ < 6, and case (ii) under the opposite inequalities.

C =0k F(0) = {

We remark hat the optimal solution (4.23) in case (ii) starts and ends with
an interval of zero-therapy.
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Abstract

In 1957 Ky Fan gave in [5] a necessary and sufficient condition,
known as Fan’s Consistency Condition, for a finite system of convex in-
equalities to have a solution. This result has been somewhat overshad-
owed by the famous Fan’s Inequality which is equivalent to Brouwer’s
Fixed Point Theorem. Another result which bears Fan’s name, but
which is not due to him, is Fan’s Lopsided Inequality which Aubin and
Ekeland prove in [1] using Fan’s Inequality.

We first prove a fairly general, but elementary result, Theorem 2.1.1,
from which we derive both Fan’s Theorem for finite systems of convex
inequalities and Fan’s Lopsided Inequality whose proof, therefore, does
not require Brouwer’s Fixed Theorem. We show that Theorem 2.1.1 is
equivalent to Fan’s Theorem for finite systems of convex inequalities;
consequently, the Lopsided Inequality is a consequence of Fan’s Theo-
rem for finite systems of convex inequalities.

A number of well known and important results are proved along the
way. The paths leading from Fan’s 1957 theorem to those results are,
we hope, simple enough to demonstrate that it deserves to be as well
known as its younger and powerful cousin, Fan’s Inequality.
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1 Introduction

Apart from Theorem 2.1.1, very little that is not already very well known
will be found in this note. From Theorem 2.1.1 one proves Fan’s Theorem on
systems of inequalities for convex functions, Theorem 2.2.3. This result of
Ky Fan is over half a century hold and it has been somewhat left aside after
the appearance of Ky Fan’s Inequality which, in its many different forms, has
become a standard tool from mathematical economics to partial differential
equations. But, as long as one does not deal with results that are at least
as strong Brouwer’s Fixed Point Theorem, Fan’s result on finite systems
of convex inequalities can be very versatile. We give rather simple proofs,
starting from Theorem 2.2.3, or an equivalent formulation, of such results
as the Kakutani Fixed Point Theorem for commutative families of continous
affine maps, from which one can derive Day’s Theorem on the existence of
invariant means on compact topological semigroups and the Mazur-Orlicz
Theorem. Proposition 2.2.6, whose proof from Fan’s theorem is short and
direct, leads to simple proofs of Stamppachia’s and Lax-Milgram’s Theorems
(details are left to the reader).

In the last section, we give a proof of Fan’s Lopsided Inequality, Theorem
3.0.6 using Theorem 2.1.1, and therefore Fan’s Theorem.

2 A lopsided minsup inequality

2.1 The main result

Theorem 2.1.1 Let X be a compact topological space and f : X x X — R
such that:

(1) for ally € X x — f(x,y) is lower semicontinuous;

(2) for all nonempty finite subset S C X and for all (x1,z2) € X X X there
exists 3 € X such that

WES f(es) < L f(enn) + o ).

(3) for all (z,y) € X x X

flz,y) + f(y,x) <0.
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Then

min sup f(z,y) < 0.
rzeX yeX

Proof. Let us begin with two remarks:

(A) The set D, of dyadic elements of the standard n-dimentional simplex A,
is dense in A, where by D,, we mean the set of elements (dy,--- ,d,) € A,
such that each d; is of the form k; /2™ where k; and m; are positive integers.

(B) Hypothesis (2) can be generalized as follows: for all nonempty finite
subset S C X, for all (zg,--- ,z,) € X" and for all (dg,--- ,d,) € D,
there exists x,4+1 € X such that, for all y € S,

f(@ny1,y) < Zdif(%', y). (2.1)
i=0

To prove (2.1) one can proceed by induction starting with n = 1: we have
to see that if d is dyadic number then there exists z3 € X such that, for all

y €S, f(xzs,y) < df(z1,y) + (1 — d) f(22,y).
Let D be the set of dyadic numbers in the interval [0, 1] and let D;, i € N

be those dyadic numbers which can be written as 5 with k£ being an integer
not greater than 2¢; we have D = UjenD;. Since Dy = {0,1} there is
2
either holds trivially or by hypothesis (2). If d € Dgyq but d € Dy, we can
1 1
write d = le + §d2 with d; and do in D;. By the induction hypothesis

1
nothing to prove if d € Dy. Also, since D; = {O, -, 1} the existence of x3

we can find x3; and w32 such that, for all y € S, f(z3,,v) < dif(z1,y) +

(1 — d;) f(z2,y); by hypothesis (2) there exists x3 such that, for all y € 5,
1 1

f(zs,y) < §f($3,1,y) + 5f($3,2,y). This concludes the proof of (2.1) for

n=1.

For n = m + 1 we can assume that dp,+1 # 1 and we set for i < m,
’ di
di = =
ijo d;
Yoo dif(xi,y). Since a sum of dyadic numbers is a dyadic number we can
find 42 € X such that, for all y € S,

f(xm+2a y) < (E;n:[) dj)f(l‘;n—i-b y) + dm+1f($m+1a y)

and we find z;,,, € X such that; for all y € S, f(x],,1,y) <
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Let us now proceed with the proof. Let S = {yo,--- ,yn} be an arbitrary
nonempty finite subset of X and define on the standard n-dimensional sim-
plex A, a bilinear form as follows: Bg(u,v) = >, ;u;if(yi,y;)v;. From
condition (3) we have,

Vu e A, Bgs(u,u) <0 (2.2)

From Von Neumann’s Minimax Theorem for bilinear forms, there exists a
saddle point (ug,vg) € A, x A, for Bg. From

YV (u,v) € Ay x Ay, Bg(ug,v) < Bg(u,vg)

and
Bs(vs,vs) <0

we obtain
Yo € A, Bs(US,U) <0 (2.3)

Let € > 0 be an arbitrary positive number. Since the elements of D,, are
dense in A,, one can find ug € D, such that

Vv e A, Bg(us,v) <e (2.4)

which can also be written as
Vi€ {0, nt > tsif(yi,ys) <e. (2.5)
i=0

From (B) with z; = y; there exists zg. € X such that,

Vye S f(rse y) <e. (2.6)

To complete the proof let, for all € > 0 and all y € S,

[f(=y) <el={z e X: flx,y) <e}.

We have shown that the family of sets {[f(—,y) <] : y € X} has the finite
intersection property; by hypothesis (1) all the sets in question are closed. By
compactness of X the set Nyex[f(—,y) < €] is not empty, and also compact.
For 0 < &’ < ¢ we obviously have Nyex[f(—,y) < €'] C Nyex|[f(—,y) < ¢
and consequently N.>o Nyex [f(—,y) < €] # 0. This concludes the proof. O
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An equivalent, but more general, formulation of Theorem 2.1.1 can be
given without hypothesis (3).
[l y) + [y, x)
Let A = sup, yexxx

assume that A # +o0o. Now let g(x,y) = f(x,y) — A and notice that (1) and
(2) hold for g if they hold for f and that (3) holds for g.

and, to obtain a non trivial result,

Theorem 2.1.2 Let X be a compact topological space and f: X x X — R
such that:

(1) for ally € X x — f(z,y) is lower semicontinuous;

(2) for all nonempty finite subset S C X and for all (x1,z2) € X x X there
exists 3 € X such that

WeS flrs) < g flonn) + o ()

Then

dzg € X such that Yy € X  f(xo,y) < sup fay) + f(y,x)

(z,y)eX xX 2

Let us say that a function f : X x Y — R defined on the product of two
arbitrary sets X and Y is finitely midconvex in its first variable if
condition (2) of Theorem 2.1.1 holds; one can similarly define what it means
to be finitely midconcave in its second variable.

A given function f : X x Y — R is finitely midconvex in its first variable
exactly if the family {S(a:1,x2 :y) : y € Y} has the finite intersection
property, where
S(x1,z05y) = {z € X : f(z,y) < 5f(x1,9) + 5 f(22,9)}.

Furthermore, if X is a compact topological space and if f : X xY — R
is lower semicontinuous in its first variable then, for all y € Y and for all
x1,x9 € X, the set S(x1,x2 : y) is compact.

In conclusion, if X is a compact topological space and if f : X xY —
R is finitely midconvex and lower semicontinuous in its first variable then
Nyey S(z1,x2;y) # 0, that is, there exists 3 € X such that, for all y € Y,

f(z3,y) < 3f(z1,y) + 3 (2, Y).

Assume now that f is both lower semicontinuous and finitely midconvex in
its first variable.
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Take an arbitrary real number ¢ € [0,1] and a sequence (dy)nen of dyadic
numbers in [0, 1] which converges to ¢; for all n there exists x3, € X such
that, forally € Y, f(z3n,y) < (1—dp)f(21,y)+dnf(22,y) and therefore, by
compactness of X and lower semicontinuity of f(—,y), there exists x3; € X
such that, for all y € Y, f(xss,y) < (1 —t)f(z1,y) + tf(z2,y). In other
words, f is convexlike in its first variable that is; for all x1, 22 € X and
for all ¢ € [0,1], there exists z3 € X such that, for all y € Y, f(z3,y) <
(1 —=t)f(z1,y) + tf(x2,y). In conclusion, assuming compactness of X and
lower semicontinuity in the first variable, being finitely midconvex in the first
variable or being convexlike in the first variable are equivalent conditions and
these are in turn equivalent to

VneN V(zg,---,z,) € X" VueAd, FzcX
such that

Vye X [f(iy) <Y uif(iy). (2.7)

1=0

One could similarly define what it means for f to be concave like in its second
variable and reach a similar conclusion with respect to functions which are
finitely midconcave in the second variable.

2.2 Some results that can be derived from the Main Theorem

Proposition 2.2.1 Let X and Y be two compact topological spaces and
f,9: X XY — R two functions such that:

(1) f is lower semicontinuous and finitely midconver in its first variable;
(2) g is upper semicontinuous and finitely midconcave in its second variable;
(3) V(z,y) € X XY f(z,y) < g(z,y).

Then

I(xo,y0) € X XY such that V(z,y) € X xY  f(zo,y) < g(z,v0)-

Proof. Apply Theorem 2.1.1 to the compact topological space Z = X XY
and the function F((xl, Y1), (:vg,yg)) = f(z1,y2) — g(z2,y1). ]

Taking f = g in Proposition 2.2.1 one obtains Proposition 2.2.2 below. On
the one hand, Proposition 2.2.2 clearly implies Von Neumann’s Minimax
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Theorem, on the other hand, Theorem 2.1.1 was derived from Von Neu-
mann’s Minimax Theorem . Proposition 2.2.2 and Von Neumann’s Minimax
Theorem are therefore equivalent.

Proposition 2.2.2 Let X and Y be two compact topological spaces and let
f: X xY — R be a function which is lower semicontinuous and finitely mid-
convex in its first variable and upper semicontinuous and finitely midconcave
in its second variable. Then,

I(zo,y0) € X XY such that V(z,y) € XXY f(xo,y) < f(zo,%0) < f(z,y0).

Propositions 2.2.1 and 2.2.2, in a somewhat more general version involving
4 functions, are due to Granas and Liu [8].

In [5] Fan proved the following existence theorem for finite systems of in-
equalities:

Theorem 2.2.3 (Fan’s Theorem) Let f; : X — R, i € {0,---,n}, be a
finite family of lower semicontinuous functions defined on a compact convex
subset of a linear topological vector space.

Assume that the following condition holds:

Yue A, FJreX suchthat Zu,fz(x) <0 (2.8)
i=0

then
dxg € X such that Vi€ {0,---,n} fi(zxo) <O.

The proof of Fan’s Theorem can be found on page 41 of [7]. Fan’s Theo-
rem follows from Theorem 2.1.1. We prove a somewhat more general result,
which is implicitely contained in Fan’s paper. First, let us say that a family
of functions f; : X — R, ¢ € [ is a finitely midconvex family if the
function F' : X x I — R defined by F(z,i) = fi(z) is finitely midconvex in
its first variable. In case I is a finite set the adjective “finitely” is dropped.
Let us say that Fan’s consistency condition holds for the family F =
{fi :i € I} if for all finite subsets {fo, -, fn} of F condition (2.8) of Fan’s
Theorem holds.
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Theorem 2.2.4 Let F be a finitely midconvez family of lower semicontin-
wous functions defined on a compact topological space. If Fan’s consistency
condition holds then

drg € X such that sup f(xo) <O0.
fer

Proof. For all f € Flet [f < 0] ={z € X : f(x) < 0}. Since X is
compact and the elements of F are lower semicontinuous we have to show
that the family {[f < 0] : f € F} has the finite intersection property. Given
a finite subfamily {fo, -, fn} of F the function ¢ : X x A,, — R defined
by ¢(z,u) = >.° yuifi(z) is finitely midconvex and lower semicontinuous
in its first variable and finitely midconcave and upper semicontinuous in its
second variable.

By Proposition 2.2.2 there exists (xg,up) € X x A, such that, for all (z,u)
in X x Ay, p(zo,u) < @(xg,u) < p(z,up).

From Fan’s consistency condition, there exists * € X such that ¢(z*,up) <
0 and therefore, ¢(zo,up) < 0; we have shown that sup,ca, ©(2o,u) < 0,
that is x9 € N7_y[f; < 0]. 0

To close this circle of ideas let us see that Theorem 2.1.1 can be deduced
from Theorem 2.2.4.

Given f: X x X — R as in Theorem 2.1.1 take X itself as the set of indices
and let f,(z) = f(z,y). If Fan’s Consistency Condition holds for the family
{fy :y € X} we are done.

If Fan’s Consistency Condition does not hold then there exists a finite subset
{y0, "+ ,yn} of X and there exists u € A,, such that,

Ve e X Zuif(:c,yi) > 0. (2.9)
i=0

From (2.9) and f(x,v;) + f(vi,z) <0 we have

Ve e X Zuif(yi,x) <0 (2.10)
=0

and from (2.7), there exists § € X such that

VeeX f(ix) <) uif (i) (2.11)
=0
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and therefore, from (2.10),
Vee X f(g,x)<0. (2.12)

But (2.12) clearly implies that Fan’s Consistency Condition holds (and it also
implies the conclusion of Theorem 2.1.1). We have reached a contradiction
and therefore Fan’s Consistency Condition holds. |

Fan’s Theorem is a non linear version of Fourier’s Theorem on systems
of linear inequalities, a classical result of linear programming, from which
one can derive Von Neumann’s Minimax Theorem for bilinear forms, or the
well known Farkas Lemma; all these results are equivalent, in the sense that
they can all be derived from any given one of them. Fourier’s Theorem can
be proved in a completely elementary way, as in [11]. Here is a short proof
from Fan’s Theorem.

Theorem 2.2.5 (Fourier) Let A be an m X n matriz and B € R™ then,

either the system of linear inequalities AX > B has a solution or there exists
Y € R} such that A'Y =0 and Y'B > 0.

To see that Theorem 2.2.5 follows from Fan’s Theorem, let f;(X) =
bi — 37—y aijwj, i € {1,--- ,n}. If there is no solution in R to the system
of inequalities f;(X) < 0 then, for all integer k£ > 0, there exists Y € A,,_1
such that, for all X € R™ of norm not exceeding k, > " ; yn 1 fi(X) > 0, that
is, V!B — Y!AX > 0. We can assume that the sequence (Y})ren converges
to some Y* € A,_;. For any given X € R", we will have, for & > || X,
V!B — Y!AX > 0; and consequently Y**B — Y*AX > 0. We must have
Y** A = 0, otherwise we can choose X such that Y**AX > 0, and therefore
Y*A(rX) > 0 for all » > 0. This proves Fourier’s Theorem.

Von Neumann’s Minimax Theorem for bilinear forms is easily derived from
Fourier’s Theorem. There are many elementary proofs of the Von Neumann’s
Minimax Theorem for bilinear forms.

Proposition 2.2.6 (Weak Fan Inequality) Let f : CxC — R be a func-
tion defined on a compact convex subset of some linear space. Assume that
the following conditions hold:

() Vye C xw f(x,y) is lower semicontinuous and convex on C;
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(2) Ve e C yw f(z,y) is concave on C;
B) Ve el f(x,z)<0.
Then, there exists xg € C such that, for ally € C, f(xo,y) < 0.

Proof. Let us see that Fan’s Consistency Condition holds for the fam-
ily F = {f(—,y) : y € C}. Otherwise, there exists yo, -+ ,y, € C and
(ug,- -+ ,up) € Ay such that, for all z € C,

i i f(z,y;) > 0. (2.13)
i=0

Let & = > ju;y; and, in (2.13), take © = Z. From the second hypothesis
we then have f(&,%) > 0 which is contradiction with hypothesis (3). O

Along with Theorem 4.2 of [7] page 65 (which can be seen as an elemen-
tary proof of the weak compactness of closed convex subsets of a Hilbert
space. ), Proposition 2.2.6 can be used to easily prove such results as the
Stampacchia or the Lax-Milgram theorems. In [7] these results are derived
from a weak form of the KKM Lemma.

2.3 Fan’s Theorem and Fixed Points

Lemma 2.3.1 (Markov’s Theorem) A linear map X — PX from A, to
itself has a fized point.

Proof. For (X,Y) € Apx Ay let fy(X) = X' (P'—1I)Y; if Fan’s Consistency
Condition holds for the family F = {fy : Y € A,} then there exists X, €
Ay, such that, for all Y € A, X{(P' —I)Y < 0 which is equivalent to
X§(P"—1) <0or, PXg— Xo < 0. Since both PX, and Xy belong to A,
equality must hold.

For a contradiction, assume that Fan’s Consistency Condition does not hold.
Then, there exists Yy, -+ ,Yr € A, and u € A such that, for all X € A,,
SF purXH(Pt = 1)Y; > 0. With ¥ = 38w, Yy we obtain

VX eA, X{(P'-I)Y >0 (2.14)

which is equivalent to

n
Vi € {1, s ,n} ij,iy}' > ?jz (2.15)
j=1
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Let H?H = max{y1, - ,¥n} and choose ig such that y;, = HY” Since the
entries of P are non negative and since each column sums up to 1 we obtain
fom 215) 7] > 7] -

A similar elementery proof of Markov’s theorem based on Farkas Theorem
can be found in [6]. Farkas Theorem is easily derived from Fourier’s Theo-
rem.

Theorem 2.3.2 (Kakutani) Let C be a convex compact subspace of a lo-
cally convex topological vector space and let F be a commutative family of
continuous affine maps from C into itself. Then the members of F have a
common fixed point.

Proof. (a) Let T be an arbitrary, but fixed, element of F. We show that
T has a fixed point. Let W be an arbitrary convex neighborhood of the
origin. By compactness there is a finite subset {xq,...,z,} of C such that
C c Uy (i +W). For each index i € {0,---,n} choose an index ¢(i) €
{0,---,n} such that

T(z;) € Tp(i) T w. (2.16)
Let Ty be the unique affine map from A,, to itself such that Tyy(e;) =
€ (i) where eq,...,e, are the vertices of A, and let p, = Z?’:O uie; be a

fixed point of Ty. From p, = Tyw(pw) we have Y1 o pie; = Y7L o ficy(s)-
Let Uy : A, — C be the unic affine function such that U(e;) = z;; from
Uw (pw) = Uw (Tw(pw)) it follows that

Z Wi = Z HiZ (i) (2.17)
i=0 i=0
Since W is convex we have from (2.16)
Zlui (T(.%‘l) — xgo(z)) eWw (2.18)
i=0

and since T is affine

D oni (T(wi) = wppy) = T piwi) = ) witps) (2.19)
=0 1=0 =0

=0 =0
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We have shown that for any neighborhood W of the origin there is a point
x € C such that T'(z) —x € W. By the compactness of C' and the continuity
of T' we can infer that T has a fixed point.

For each element T of F let Fix(T') be the set of fixed points of T'. Each
of these sets is closed in C and therefore compact, they are also convex since
each map T is affine and we have shown that they are not empty.

The proof can now be completed as in [7]. The commutativity of F im-
plies that for all finite subsets {11,...,T,} and all Ty of F the inclusion
To (N, Fix (T3)) € (N2, Fix (T3)) holds. Now a straightforward induction
shows that the family {Fix (T') : T' € F} has the finite intersection property
and therefore by compactness the set [{Fix (T") : T € F} is not empty. O

A simple proof of Theorem 2.3.2 making explicit use of Fan’s Theorem
can be found on page 43 of [7].

2.4 Invariant means and the Mazur-Orlicz Theorem

Day’s theorem on the existence of invariant means on compact topological
semigroups is usually proved via the Hahn-Banach theorem, [2], [10]. It is
obtained here as a direct consequence of Kakutani’s Theorem, and therefore,
indirectly, as a consequence of Fan’s Theorem. From Day’s Theorem we
derive, following [3] with a slight adaptation, the Mazur-Orlicz Theorem.
There is a very short step from the Mazur-Orlicz theorem to the Hahn-
Banach theorem.
We give the theorem of Mazur-Orlicz a somewhat geometrical formulation
which is readily seen to be equivalent to the standard formulation.

Let G be an abelian semigroup and let B(G) be the space of all bounded
real valued functions on G. An invariant mean on G is a real valued linear
function m on B(G) such that

and
m(fg) = m(f)
for all f € B(G) and all g € G, where fy(x) = f(gx).
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Theorem 2.4.1 (Day) If G is an abelian semigroup then there is an in-
variant mean on G.

Proof. With the norm || f|| = sup,cq | f(x) | the space of bounded functions
on (G is a Banach space. Let E be the Banach space of bounded linear
functionals on B(G) and let C' be the subset of the unit ball of E consisting
of positive functionals taking the value 1 on the constant function 1 of B(G).
If g € Gand f € B(G) then f +— f(g) defines an element of C'. Consequently
C is not empty and it is obviously a closed and convex subset of the unit
ball of E. For the weak topology C is therefore compact.

Now for ¢ € G, L € C and f € B(G) let T,(L)(f) = L(fg). Then
{T, : g € G} is a commutative family of continuous affine maps on C. By
Kakutani’s theorem there is an element m of C' such that for each g € G one
has Ty(m) = m. This m is an invariant mean on G. O

Theorem 2.4.2 Let p : G—R be a subadditive map defined on an abelian
semigroup G (respectively, an abelian group G) and let C C G x R be an
additive subset (i.e. if (x,r),(x',7") € C then (x+a',r+1") € C). Then, there
exists an additive function (respectively, a group homomorphism) f : G — R
such that

(1) Vx € G f(z) < p(x)
and

(i7) V(z,7) € C r < f(x)
if and only if

V(z,r) e C r <p(z).

The necessity of the condition is obvious. Let us show that this condition is
sufficient.

For all x € G let P(z) = inf {p(x +y) —r: (y,r) € C}. From the sub-
additivity of p it follows that,

Vz,2' € G Pz +2") — P(2) < p(x). (2.21)
Since C' is an additive subset of G x R we have, from the definition of P,
VeeG Y(y,r),(y,7)eC P@)+r<plx+y+y)-—r. (2.22)
Taking the infimum over (y/,r’) € C gives

Vee G V(y,r)eC r<P(zx+y)— Px). (2.23)
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Let m be an invariant mean on G. For xz € G let f(x) = m (P, — P) where,
for all y € E, Py(y) = P(x 4+ y).

From (2.21) and (2.23) we have
Ve e G f(z)<p(xr) and VY(y,r)€C r< f(z) (2.24)
For all z,2’ € F one has
f(x) = m (P, — P)
= m((Pe = P)y)
= m(Pyiyy = P) = m(Py — P) = f(z +2') = f(2).

We have shown that f is additive and consequently, a group homorphism if
G is a group. a

In Theorem 2.4.2 one does not have to assume that C' is an additive subset
of G x R since, for an arbitrary S C G x R, Theorem 2.4.2 holds with S
instead of C' if and only if it holds with C' being the additive subset of G x R
spanned by S.

Theorem 2.4.3 (Mazur-Orlicz) Let p: E—R be a subadditive and posi-
tively homogeneous map defined on real vector space EE and let C C E XR a
convezr cone. Then there is a linear function f : E — R such that

(1) Vx € E f(z) < p(x)
and

(13) V(z,r) € C r < f(x)

if and only if
V(z,r) e C r <p(x).

Proof A convex cone in F X R is an additive subset. The function f: E — R
defined in the proof Theorem 2.4.2 is a group homomorphism. Lemma 2.4.4
below shows that f is linear. O
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Lemma 2.4.4 Let p : E—R be a subadditive and positively homogeneous
map defined on real vector space E. If f : E — R is an additive map such
that

Vee B f(z) < p(x)
then f is linear.

Proof. Since f is a group homomorphism, we have, for all (z,r) € ExQ,
flrz) =rf(z) .
Take (z,t) € E xR and assume that f(x) > 0; which implies p(x) > 0. Then

tf(x) — f(tx) inf{rf(z):r>treQ}— f(tr)

= inf{rf(z) — f(tx) :r > t,r € Q}
= inf{f((r—t)x):r>t,reQ}
< inf{p((r —t)x):r > t,r € Q}

= inf {(r —t)p(x): 7 > t,r € Q} =0.

We have shown that
V(z,t) € E x R such that f(z) > 0 one has tf(z) < f(tx) (2.25)

which also shows that if ¢ > 0 and f(x) > 0 then f(txz) > 0. Therefore, in
(2.25), for t > 0, we can replace = by tz and t by 1/t to obtain, f(tx) < tf(x).
Since f(0) = 0 we have

V(z,t) € E x Ry such that f(x) > 0 one has tf(z) = f(tz). (2.26)
Finally, f(—x) = —f(x) implies f(tx) =tf(z) for all (z,t) € E x R. O

Another proof of the Mazur-Orlicz Theorem using Kakutani’s Fixed
Point Theorem for commuting families of affine maps can be found in both
[7] on pages 70 to 73, and also in [12]. Those proofs make explicit use of
Tychonov’s Theorem on the compactness of an arbitrary product of compact
spaces.

Proposition 2.2.2 appears in [12] as Theorem 2.1 under the additional
hypothesis that X is a compact convex subset of some topological vector
space
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3 Ky Fan’s lopsided inequality

Lemma 3.0.5 Let ¢ : C x C'— R be a function defined on a convex subset

C of some topological vector space and assume that the following conditions
hold:

(1) Yz € C the partial map p(x, —) is concave;

(2) Y(z,y) € Cx C the map t — p((1—t)y+twz,y) is lower semicontinuous
on [0,1];

B) Ve e C ¢(z,z) <O0.
Then, for all g € C such that infycc(y,z9) > 0 we also have
sup,ec (o, y) < 0.

Proof. Assume that inf,cc ¢(y,20) > 0. Take an arbitrary element y € C
and let n(t) = (1 —t)zp + ty for t € [0,1]. From 0 < o(n(t),zo) and (3) we
obtain, for all 0 < ¢ < 1,

1

0 < p(n(t), z0) — ms@(n(t),n(t))- (3.1)

Since ¢p(n(t), —) is concave we obtain from (3.1)

t
vte[0,1] 0< —mw(n(t%y) (32)
or, equivalently,
vt e [0,1] w(n(t),y) <0 (3.3)
and finally, since t +— @(n(t),y) is lower semicontinuous on [0, 1],

@(z0,y) < 0. O

Theorem 3.0.6 (Fan’s Lopsided Inequality) Let C be a convex subset
of a topological vector space and let ¢ : C' x C' — R be a function such that:
(1) Ve e C o(x,—) is upper semicontinuous and concave on C;

(2) V(z,y) € C? t o((1 —t)y+ta,y) is lower semicontinuous on [0, 1],
(3) Y(z,y) € C* 0 < p(x,y) + p(y, 2);

(4) Ve eC o(z,z)<0;

)
)V
)V
)
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(5) Jyo € C such that {z € C : p(x,yo) < 0} is contained in a compact
and convex subset Kqy of C.

Then

Jzg € C' such that sup p(xg,y) < 0.
yeC

Proof. Let F be the family of compact and convex subsets of C' containing
Ky. To each K € F associate the function fx : K x K — R defined by
fx(z,y) = —p(y,z). By Theorem 2.1.1 there exists xx € K such that
infyex ¢(y,rx) = 0. By Lemma 3.0.5 we also have sup,¢x p(zr,y) < 0.

Let Ax = {z € K : sup,cg ¢(z,y) < 0} and Fg = Ag; from (4) we have
yo € Ko and from (5) Ax C Ky. Fk is therefore a nonempty compact
subset of C. Notice also that if K C K’ then Ag: C Ak since, if x € K’
and sup, e p(7,y) < 0 then x € Ko C K. Consequently, if K C K’ then
Fgr C Fk.

Let us see that the family {F K :KeF } has the finite intersection property.
Let A,, be the standard m-dimensional simplex and, given Kj,--- , K,, in
F, let

K = {thx, : (t(),“- ,tm) € A, and (.To,-" ,:cm) S HK}}
=0 =0

Since K is compact and convex and, for all i € {0,--- ,m}, K; C K we
have K € F and Fx C N Fg,.

We have shown that (NpcrFr # 0. Let 2* be an arbitrary point of
mKe]-‘ Fi.

Forall y € Clet K(y) ={(1 —t)y +tx: z € Ko} and fix an arbitrary ¢ in
C.

From K(y) € F and z* € Fg (5 we have, for all neighborhood U of z* in C,

Un{zeK(y): sup p(z,y) <0} #0.
yeK(9)

Hypothesis (3) implies that inf,c gz @(y, zv) = 0 for all 2y € U such that
SUPyc i (7) o(zy,y) < 0. Since U is an arbitrary neigborhood of z* we have
shown that * belongs to the closure of {x € K(9) : infycx(y) »(y,z) > 0}.
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By hypothesis, for all y € K(y), ¢(y, —) is upper semicontinuous on K (7)
and therefore {z € K(y) : infycx(y) »(y,z) > 0} is closed in C.

We have shown that infyc (g o(y,z*) > 0; another application of Lemma

3.0.5 yields supye gy p(2*,y) < 0 and in particular p(z*,y) < 0. Since y
was an arbitrary element of C' this concludes the proof. O

Ky Fan’s Inequality, fixed point theorems and variational inequalities are
all closely related. Let us give, without proofs, two classical results that can
be derived without much difficulty from Theorem 3.0.6; the first is the Minty-
Browder Theorem on the surjectivity of monotone operators, the second is
the Hilbert space version of the fixed point theorem for nonexpansive maps
of Browder-Goehde-Kirk.

Theorem 3.0.7 Let E be a reflexive Banach space, g : E — R a lower
semicontinuous function and A : E — E* such that:

(1) A is weakly continuous on the finite dimensional subspaces of E;

(2) V(z,y) € EX E (Av — Ay,x —y) = 0;

A _
(3) Jyo € E such that lim (Az, 2 —yo) + 9(x) _

]| —o0 |||

Then, for all y* € E* there exists xg € E such that
VyeE (A(zo) =y, 20 — y) + g(z0) < g(y)-
Proof. Apply Theorem 3.0.6 to ¢(z,y) = (A(x) —y*, 2 —y) + g(x) — g(y). O

Theorem 3.0.8 Let f: C — C be a function defined on a closed bounded
conver subset C of a Hilbert space H. If f is nonexpansive, that is,

V(z,y) e Cx C ||f(x)— f(y)|| < ||z —vyl, then f has a fized point.
Proof. Apply Theorem 3.0.6 to ¢(z,y) = (z — f(x),x — y). a

Acknowledgement. A la mémoire de Ky Fan avec respect et gratitude.
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We establish Filippov existence theorems for solutions of certain
boundary value problems associated to some higher order differential
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1 Introduction

This paper is concerned with differential inclusions of the form
Dx € F(t,x), (1.1)

where D is a differential operator and F(.,.) : [0,1] x R — P(R) is a set-
valued map.

In the last years we observe a remarkable amount of interest in the study
of existence of solutions of several boundary value problems associated to
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problem (1.1). Most of these existence results are obtained using fixed point
techniques and are based on an integral form of the right inverse to the
operator D. This means that for every f the unique solution y of the equation
Dy = f can be written in the form y = Rf, when the operator R has
nonnegative Green’s function.

For a first order differential inclusion defined by a lipschitzian set-valued
map with nonconvex values, Filippov’s theorem ([7]) consists in proving the
existence of a solution starting from a given almost solution. Moreover, the
result provides an estimate between the starting almost solution and the
solution of the differential inclusion.

The aim of this note is to show that Filippov’s ideas can be suitably
adapted in order to obtain the existence of solutions for the following prob-
lems

2™ — Xz e F(t,z), ae. (I) (1.2)

with boundary conditions of the form

and

with boundary conditions of the form
az(0) — Btlir(])rler(t)x’(t) =0, vyz(T)+ 5tlir%1 p(t)z'(t) =0, (1.5)

where I = [0,T], e R, u; € R,i=0,1,...n—1, F: IxR —P(R) isa
set-valued map, p(.) : I — (0,00) is a continuous function and «, 3,7, are

nonnegative reals with ad + B + v fOT % # 0.

Existence results obtained using fixed point techniques for problem (1.2)-
(1.3) may be found in [2,3] and for problem (1.4)-(1.5) may be found in
[4,5,9,10]. The results in the present paper are improvements of previous
existence theorems from our papers [3| respectively, [4].

The paper is organized as follows: in Section 2 we recall some preliminary
facts that we need in the sequel and in Section 3 we prove our main results.
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2 Preliminaries

Let (X, d) be a metric space. We recall that the Pompeiu-Hausdorff distance
of the closed subsets A, B C X is defined by

dp(A, B) = max{d"(A, B),d*(B,A)}, d*(A,B)=sup{d(a,B);a € A},

where d(z, B) = inf cp d(z,y).

In what follows C(I,R) is the Banach space of all continuous functions
from I to R with the norm ||z(.)||c = sup,e; |z(¢)], AC'(I,R) is the space
of i-times differentiable functions z : I — R whose i-th derivative z(9)(.)
is absolutely continuous, AC; (I,R) is the space of continuous functions x :
I — R such that p(.)z’'(.) is absolutely continuous and L!(I, R) is the Banach
space of integrable functions u(.) : I — R endowed with the norm ||u(.)||; =
Jo lu(®)ldt.

A function z(.) € AC™" (I, R) is called a solution of problem (1.2)-(1.3)
if there exists a function v(.) € L'(I,R) with v(t) € F(t,z(t)), a.e. (I) such
that (") (t) — Az(t) = v(t), a.e. (I) and z(.) satisfies conditions (1.3).

We consider the Green function G(.,.) : I x I — R associated to the
periodic boundary problem

™ — Xz =0, x(i)(()) - ZL‘(i)(T) =0, 1=0,1,....,n—1.

For the properties of G(.,.) we refer to [2].
The next result is well known.

Lemma 2.1. (|2]) Ifv(.) : [0,7] — R is an integrable function then the
problem
M (t) = \z(t) = v(t) ae. (I)
2@(0) — 2O(T) = pg, i=0,1,..,n— 1.

has a unique solution x(.) € AC" Y(I,R) given by
T
x(t) = Pyu(t) +/ G(t,s)v(s)ds,
0

where

n—1 o
Put) =) 57 G 0) 1 (2.1)
=0
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A function z(.) € AC}(I,R) is called a solution of problem (1.4)-(1.5) if
there exists a function v() € L'(I,R) with v(t) € F(t,2(t)), a.e. (I) such
that (p(t)2'(t)) = v(t), a.e. (I) and conditions (1.5) are satisfied.

Lemma 2.2. (|9]) If v(.) : [0,7] — R is an integrable function then the
problem

()2 (t)) =v(t) ae. (),
aw(0) = B lim p(t)a’(t) =0, y2(T)+4 lim p(t)z'(t) =0

has a unique solution x(.) € AC}(I,R) given by
T
= / Gi(t,s)v(s)ds
0

Sdu Tdu X
Gi(t,s) = { B+aly )@+ 3 ) if 0<s<t<T

where

B+afy 20+ [, %) if 0<t<s<T

and p —a5+ﬂ’y+’yafT dt 750
Finally, we recall a selectlon result which is a version of the celebrated
Kuratowski and Ryll-Nardzewski selection theorem ([8]).

Lemma 2.3. ([1]) Consider X a separable Banach space, B is the closed
unit ball in X, H : I — P(X) is a set-valued map with nonempty closed
values and g : I — X, L : I — R are measurable functions. If

H(t)N(gt)+L(t)B) #0 a.e.(I),
then the set-valued map t — H(t)N(g(t)+ L(t)B) has a measurable selection.
In the sequel we assume the following conditions on F'.

Hypothesis 2.4. (i) F(.,.) : I x R — P(R) has nonempty closed values
and for every x € R F(.,x) is measurable.

(ii) There exists L(.) € L*(I,R) such that for almost all t € I, F(t,-) is
L(t)-Lipschitz in the sense that

dH(F(tvw)7F(t7y)) < L(t)’x - y’ v x,y € R.
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3 The main results

We are now ready to prove the main result of this paper.
Denote Lg := fo s)ds and My := sup; 41 |G(2, 5)|.

Theorem 3.1. Assume that Hypothesis 2.4 is satisfied and MoLg <
1. Let y(.) € AC™Y(I,R) be such that there exists q(.) € L'(I,R) with

A1) — Ag(), F(t, (1)) < a(t), a.e. (I). Denote iz = y(0) — y)(T),
1=0,1,....,n—1.

Then there exists x(.) : I — R a solution of (1.2)-(1.3) satisfying for all
tel

1 M, /T
2(t) —y(t)| < ———sup | P,(t) — Pi()| + —————— t)dt,
lz(t) —y(t) 1MoLy te?\ u(t) — Pa(t)] 1= MoLo Jo q(t)

where P,(t) is defined in (2.1).

Proof. The set-valued map t — F(t,y(t)) is measurable with closed values
and

F(t,y(1)) 0 {y™(#) = Ay(#) + a(t)[-1,1]} #0 a.e. (1).

From Lemma 2.3 it follows that there exists a measurable selection fi(t) €
F(t,y(t)) a.e. (I) such that

1) = g™ (@) + My (D)] < q(t) e (D) (3.2)
Define x1(t) )+ fo (t,s)f1(s)ds and one has

[21.(8) = y(®)] < sup |Pu(t) = Pa(t)] + Mollalls-

We claim that it is enough to construct the sequences z,(.) € C(I,R),
fn(.) € LY(I,R), n > 1 with the following properties

T
a(t) = Po(t) + /O Gt 8)fuls)ds, tel, (3.3)

fn(t) € F(t,zp-1(t)) a.e.(I), n>1, (3.4)

Fua () = FalD] < LOea(t) — 20a (O] ae.(D)n>1  (35)
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If this construction is realized then from (3.2)-(3.5) we have for almost
allt eI

T
|01 (t) — 2a(t)] < /0 |Gt t) |- fara(tr) = fu(ty)dly <

T T T
M()/O L(t1)|(l}n(t1)—xn_l(tl)‘dtl S MQ/ L(tl)/o ’G(t17t2)|.

0

T T
|Mm—n1wW@gwAzquL@mnm»ﬁmmmM%

T T T
fwméumAL%%ALWmﬂﬂﬁ%WWMﬁ
< (MoLo)"(sup [Pult) = Pa(t)| + Mollal).

Therefore {z,(.)} is a Cauchy sequence in the Banach space C(I,R), hence
converging uniformly to some z(.) € C(I,R). Therefore, by (3.5), for almost
all t € I, the sequence {f,(t)} is Cauchy in R. Let f(.) be the pointwise
limit of fu(.).

Moreover, one has

[wn(t) =y (0)] < la1(t) = y(®)] + 305 Jwipa (8) — 2i(1)] < supyer [Pt

Pa()] + Mollalls + 37— (supye | Pu(t) = Pa(t)| + Mollall) (MoLo)’
Wby 1P ()P () + Mollally
1- M()L()

)=
<

(3.6)
On the other hand, from (3.2), (3.5) and (3.6) we obtain for almost all
tel

[fa(t) = g™ (@) + Ay(6)] < S0 | fia (1) = filt)] + [f1(t) — 5™ (1) +

| <
My(t)] < p(t)2ee BT DRI gy,

Hence the sequence f,(.) is integrably bounded and therefore f(.) €
LY(I,R).

Using Lebesgue’s dominated convergence theorem and taking the limit
n (3.3), (3.4) we deduce that x(.) is a solution of (1.1). Finally, passing to
the limit in (3.6) we obtained the desired estimate on z(.).

It remains to construct the sequences x,(.), fn(.) with the properties in
(3.3)-(3.5). The construction will be done by induction.
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Since the first step is already realized, assume that for some N > 1 we
already constructed z,(.) € C(I,R) and f,(.) € L'(I,R),n = 1,2,..N
satisfying (3.3),(3.5) for n = 1,2,...N and (3.4) for n = 1,2,...N — 1. The
set-valued map ¢t — F(t,xn(t)) is measurable. Moreover, the map ¢t —
L(t)|xn(t) —xn—1(t)| is measurable. By the lipschitzianity of F(t,.) we have
that for almost all t € T

F(t,zn () N {fn(t) + Lt)]en (t) — a1 (8)][-1, 1]} # 0.

From Lemma 2.3 we obtain that there exists a measurable selection fn41(.)
of F(.,zn(.)) such that

[Ina(t) = In(@)] < LO)|en () —2n-a (8] ae. (1),

We define xy11(.) as in (3.3) with n = N + 1. Thus fy1i(.) satisfies
(3.4) and (3.5) and the proof is complete.

Remark 3.2. In [3], using Covitz-Nadler set-valued contraction principle
([6]) one obtains another Filippov type existence result for problem (1.2)-
(1.3). More exactly, according to Theorem 3.1 in [3], for any £ > 0 there
exists x(.) a solution of problem (1.2)-(1.3) satisfying for all ¢t € I

T
o) =(0)] < T s PO Palt)l+ == [ attideee (1)

Obviously, the estimate in (3.1) is better than the one in (3.7). Moreover,
in [3] it is required that the set-valued map F(.,.) satisfy an additional hy-
pothesis, namely d(0, F'(¢,0)) < L(t) a.e. (I).

We are concerned now with the boundary value problem (1.4)-(1.5).
Set My := max; ser |G1(t, 5)|.

Theorem 3.3. Assume that Hypothesis 2.4 is satisfied and MLy <
1. Let y(.) € ACy(I,R) be such that there exists q(.) € L'(I,R) with
d((p(t)y(t))', F'(t, ())) (); a.e. (I), ay(0) — Blimeoy p(t)y'(t) = 0,
(t

vy(T) + 0 limg 7 p(t)y'(t) =
Then there exists x(.) : I — R a solution of (1.1)-(1.2) satisfying for all

tel

T
o) =) < ;=317 | ata (339
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The proof of Theorem 3.3 is similar to the one of Theorem 3.1.

Remark 3.4. In [4], using Covitz-Nadler set-valued contraction principle
one obtains another Filippov type existence result for problem (1.4)-(1.5).
More precisely, according to Theorem 3.1 in [4], for any € > 0 there exists
xe(.) a solution of problem (1.4)-(1.5) satisfying for all t € T

T
0o0) = 90| < Ty [ a0+ (3:9)

Obviously, the estimate in (3.8) is better than the one in (3.9).
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