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Abstract

An interface-capturing method is used to deduce equations govern-
ing fluid motion in a relativistic two-species flow. These kind of meth-
ods combine simple fluid flow equations, which are the balance law for
particle number and energy-momentum tensor conservation equation
for global fluid, the balance laws for particle number density of each
species, with extra equations. Since equations of multi-species rela-
tivistic fluid are not closed assigning laws of the state of each species,
closure equations are necessarily introduced. A model based on the ax-
iom of existence of a temperature and an entropy for the global fluid,
which verify an equation analogous to that holding in the case of a
simple fluid, is formulated. Weak discontinuities compatible with such
kind of mixture are also studied.
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1 Introduction

A very large variety of scientific and technological problems are of a two-
species flow. Flows relevant in chemistry, petrolchemical industry, biology,
geophysics, nuclear processes or propulsion technology, for example, are often
considered as two-species flows.

There are several approaches to two-fluid flow processes [1, 2, 12, 23,
27, 36, 37, 39, 40, 41, 42, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60,
61, 62]. In one of these approaches, for example, the governing equations
are directly formulated according to conservation principles and treating
a two-fluid mixture as a set of interacting subregions of individual fluids.
Another of these approaches derives the governing equations from structural
continuum fluid models and the mathematical model is expressed in terms
of balance equations by treating a two-fluid mixture as one or two averaged
continua.

In recent years the dynamics of two-species relativistic fluids plays an
important role in areas of astrophysics, high energy particle beams, high
energy nuclear collisions and free-electron laser technology. So two-fluid
flows have received increasing attention and they are still the subject of
numerous investigations [3, 4, 5, 6, 7, 8, 9, 10, 13, 14, 15, 16, 17, 18, 19, 20,
21, 22, 24, 25, 26, 28, 29, 30, 31, 32, 33, 34, 35, 38, 43, 44, 45, 47, 48, 63]. For
some of these relativistic flows the hyperbolic aspects of the phenomenon
play a crucial role.

This is the motivation of our interest in a system of governing equations
for a two-species fluid, based on the physical balance of particle number and
energy-momentum tensor, taking into account the interface exchange. This
modeling approach is based on a relativistic two-species flow model, in which
a separate fluid is interacting with the other one by interfacial transfer.

In this paper, a capturing method, which is a relativistic extension of
the method introduced by Wackers and Koren [61] for classical compressible
two-fluid flow, is used.

In order to obtain a closed governing system, it is necessary to examine
the following problem. If we consider a simple relativistic fluid, the con-
servation equations for the particle number and for the energy tensor are
completed by the fluid state law that, for example, allows to express the
pressure in terms of the particle number and the internal energy density.
Whereas, the multi-species conservation equations can not be completed by
giving state laws to each species. Therefore, it is necessary to insert further
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closure equations.
The purpose of this paper, following Lagoutiére [40], Dellacherie and

Rency [23], is to consider same closure laws based on thermodynamic con-
siderations ensuring the hyperbolicity of the system and consists in bringing
to the case of two species and two pressures of the investigation done in
paper [30], in which we consider the case of a single species and two-phases
with single pressure.

Moreover, the weak discontinuities, propagating in this relativistic mix-
ture, are examined.

Finally, a special case in which each fluid-species is supposed to satisfy
the equation of state of a perfect gas is considered.

In what follows, the space-time is a four dimensional manifold V4, whose
normal hyperbolic metric ds2, with signature +,−,−,−, is expressed in
local coordinates in the usual form ds2 = gµνdx

µdxν ; the metric tensor is
assumed to be of class C1 and piecewise C2; the 4-velocity is defined as
uµ = dxµ/ds, which implies its unitary character uµuµ = 1; ∇µ is the
covariant differentiation operator with respect to the given metric; the units
are such that the velocity of light is unitary, i.e. c = 1.

2 Simple relativistic fluid

The standard equations for a simple relativistic fluid [11, 46] are the particle
number conservation

∇α(ruα) = 0 , (1)

and the total energy-momentum conservation

∇αTαβ = 0 , (2)

where uα is the 4-velocity, r is the particle number density and the stress-
energy tensor is given by

Tαβ = rfuαuβ − pgαβ ; (3)

here f is the relativistic specific enthalpy

f = 1 + h = 1 + ε+
p

r
=
ρ+ p

r
, (4)

where h = ε+ p/r is the “classical” specific enthalpy, ε the specific internal
energy, p the pressure and ρ = r(1 + ε) the energy density.
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Moreover, the spatial projection and the projection along uα of equation
(2) give, respectively,

rfuα∇αuβ − γαβ∂αp = 0 , (5)

uα∂αρ+ (ρ+ p)ϑ = 0 , (6)

where

ϑ = ∇αuα , (7)

and γαβ = gαβ − uαuβ is the projection tensor onto the 3-space orthogonal
to uα, i.e. the rest space of an observer moving with 4-velocity uα.

The five equations system (1), (5) and (6) in the six unknown variables
uα, r, ε, p is completed by an equation of state. For example, pressure p
can be expressed in terms of particle number density r and specific internal
energy ε:

p = p(r, ε) . (8)

Moreover, we state the general hypothesis that there exist two functions
T (r, ε) and S(r, ε) such that

TdS = dε+ pd
1

r
. (9)

More precisely, T is the temperature and S is the entropy of the fluid. This
last equation, well-known as the Gibbs’ equation, resumes the first and the
second principle of thermodynamics for a system subject to a reversible
transformation.

Using equations (6) and (9), it is possible to deduce that

∇α(ruα) = 0 ⇔ uα∂αS = 0 . (10)

3 The central hypothesis for a fluid mixture

Let us consider a two-species fluid mixture, flowing with a unique velocity.
Each fluid species has its own particle number density, rk, its specific internal
energy, εk, and its pressure, pk, that can be expressed in terms of rk and εk:

pk = pk(rk, εk) , (k = 1, 2) . (11)
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Also, let us suppose that each species k admits a thermodynamic tem-
perature, Tk = Tk(rk, εk), and an entropy density (strictly convex), Sk =
Sk(rk, εk), which satisfy the Gibbs’ relation:

TkdSk = dεk + pkd
1

rk
, (k = 1, 2) . (12)

Now, we introduce another field variable, the mass fraction Y of fluid 1,
which is defined by

Y =
r1

r
, (13)

where
r = r1 + r2 (14)

is the particle number density for the global fluid.
Let ε be the specific internal energy of the fluid mixture. Since it is an

extensive variable, we have

ε = Y1ε1 + Y2ε2 , (15)

with
Y1 = Y , Y2 = 1− Y , (16)

and we suppose that the equations (5) and (6), for a simple relativistic fluid
flow, are also valid for the two-species fluid model.

Using the partial densities rk (k = 1, 2), the balance laws for particle
number density of each species write as

∇α(rku
α) = 0 , (k = 1, 2) . (17)

Let us observe that, together with (14), equations (17) yields the balance
equation for the bulk particle number density (1).

Equation (17)1 can also be written as

∇α(Y ruα) = 0 , (18)

which, taking into account (1), gives the following equation

uα∂αY = 0 . (19)

Thus, searching for regular solutions, the mathematical study of the
model can be performed in terms of a set of 10 independent field variables,
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uα, r, ε1, ε2, p, p1, p2 and Y . The governing system (5), (6), (11), (13)
and (19) is a set of 8 equations in 10 unknown variables. Thus, two further
equations are needed in order to close the system.

According to Lagoutiére [40], a criterion for choosing this closure re-
lations is to suppose that there exists a priori the temperature T of the
mixture, function of all the thermodynamic variables of the problem, such
that

TDS = Dε+ pD
1

r
, (20)

where p and S, given by

S = Y S1 + (1− Y )S2 , (21)

are the pressure and the entropy of the whole fluid and D = uα∂α. This
hypothesis is called “central hypothesis”.

Multiplying (12) by Yk and summing over k, using (19) and the mixture
law (13), the following equation is obtained

Y1T1DS1 + Y2T2DS2 = Dε+ (p1 + p2)D
1

r
, (22)

and, for the central hypothesis (20), equation (22) gives the compatibility
conditions

Y1T1DS1 + Y2T2DS2 − TDS = (p1 + p2 − p)D
1

r
. (23)

Now, we assume an additional hypothesis: the closure relation must be
verify the vanishing of both sides of (23). So, it gets

Y1T1DS1 + Y2T2DS2 − TDS = 0 , (24)

p1 + p2 − p = 0 . (25)

It is noted that (25) implies that the pressure is closed

p = p1 + p2 , (26)

that is the well-known Dalton’s law.
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The last closure relation must be satisfy eq. (24). Hence, it is possible
impose one of the following closures

DS1

S1
=
DS2

S2
,

T1DS1 = T2DS2 ,

DS1 = DS2 , (27)

Y1DS1 = Y2DS2 ,

T1 = T2 .

Each closure relation defined above, by virtue of equation (24), allows to
define a temperature that verifies (20); respectively, we have

T =
1

S
(Y1S1T1 + Y2S2T2) ,

1

T
=
Y1

T1
+
Y2

T2
,

T = Y1T1 + Y2T2 , (28)

T =
1

2
(T1 + T2) ,

T = T1 = T2 .

Now, we consider system given by the following equations

∇α(ruα) = 0 ,

rfuα∇αuβ − γαβ∂αp = 0 ,

uα∂αε+ puα∂α
1

r
,

uα∂αY = 0 ,

ε = Y1ε1 + Y2ε2 ,

Y1 + Y2 = 1 ⇔ r = r1 + r2 ,

rk = Ykr ,

pk = pk(rk, εk) , (k = 1, 2) ,

(29)
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which we need add the two closure relations p = p1 + p2 and one of (27).
For each regular solution, the system (29), together with relations (26)

and (27), is equivalent to system which is obtained replacing expression of
energy (29)3 with relation

uα∂αS = 0 . (30)

In fact, by virtue of (20) and (21), we have

TDS = Dε+ pD
1

r
= 0 . (31)

Moreover, for every regular solution of the above system of evolution, we
deduce

(27)1 or (27)2 or (27)3 or (27)4 or (27)5 ⇔ DSk = 0 . (32)

Ultimately, the complete system of governing differential equations may
be written in terms of variables uα, r1, r2, S1, S2, Y as

rfuα∇αuβ − γαβ∂αp = 0 ,

∇α(r1u
α) = 0 ,

∇α(r2u
α) = 0 ,

uα∂αS1 = 0 ,

uα∂αS2 = 0 ,

uα∂αY = 0 ,

(33)

where
p = p1(r1, S1) + p2(r2, S2) . (34)

4 Weak discontinuities

In a domain Ω of space-time V4, let Σ be a regular hypersurface, not gener-
ated by the flow lines, being ϕ(xα) = 0 its local equation. We set Lα = ∂αϕ.
As it will be clear below, the hypersurface Σ is space-like, i.e. LαL

α < 0. In
the following, Nα will denote the normalized vector

Nα =
Lα√
−LβLβ

, NαNα = −1 . (35)
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We are interested in a particular class of solutions of system (33) namely,
weak discontinuity waves Σ across which the field variables uα, r1, r2, S1,
S2 and Y are continuous, but, conversely, jump discontinuities may occur in
their normal derivatives (at least one of the partial derivative suffers a jump
across Σ). In this case, if Q denotes any of these fields, then there exists
[11, 46] the distribution δQ, with support Σ, such that

δ̄[∇αQ] = NαδQ , (36)

where δ̄ is the Dirac measure defined by ϕ with Σ as support, square brackets
denote the discontinuity, δ being an operator of infinitesimal discontinuity;
δ behaves like a derivative insofar as algebraic manipulations are concerned.

By virtue of (36), from system (33) we obtain the following linear homo-
geneous system in the distribution δuα, δr1, δr2, δS1, δS2 and δY :

rfLδuβ − γαβNα

[(
∂p1

∂r1

)
S1

δr1 +

(
∂p2

∂r2

)
S2

δr2

+

(
∂p1

∂S1

)
r1

δS1 +

(
∂p2

∂S2

)
r2

δS2

]
= 0 ,

Lδr1 + r1Nαδu
α = 0 ,

Lδr2 + r2Nαδu
α = 0 ,

LδS1 = 0 ,

LδS2 = 0 ,

LδY = 0 ,

(37)

where L = uαNα.
Moreover, from the unitary character of uα we get the relation

uαδu
α = 0 . (38)

Now, we focus on the normal speeds of propagation of the various waves
with respect to an observer moving with the mixture velocity uα. The normal
speed λΣ of propagation of the wave front Σ, described by a time-like world
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line having tangent vector field uα, that is with respect to the time direction
uα, is given by [11, 46]

λ2
Σ =

L2

`2
, `2 = 1 + L2 . (39)

The local causality condition, i.e. the requirement that the characteristic
hypersurface Σ has to be time-like or null (or, equivalently, that the normal
Nα has to be space-like or null, that is gαβNαNβ ≤ 0), is equivalent to the
condition 0 ≤ λ2

Σ ≤ 1.
From the above equations (37), we obtain as first the solution L = 0,

which represents a wave moving with the mixture.
For the corresponding discontinuities, we find

Nαδu
α = 0 ,

δp =

[(
∂p1

∂r1

)
S1

δr1 +

(
∂p2

∂r2

)
S2

δr2 +

(
∂p1

∂S1

)
r1

δS1

+

(
∂p2

∂S2

)
r2

δS2

]
= 0 . (40)

From system (37), we see that the coefficients characterizing the discon-
tinuities have 6 degrees of freedom and this correspond to 6 independent
eigenvectors relevant to L = 0 in the space of the field variables.

From now on we suppose L 6= 0. Equations (37)4, (37)5 and (37)6 give,
respectively, δS1 = δS2 = δY = 0, whereas equation (37)1, multiplied by
Nβ, gives us:

rfLNβδu
β + `2

[(
∂p1

∂r1

)
S1

δr1 +

(
∂p2

∂r2

)
S2

δr2

]
= 0 . (41)

Writing
pk = pk(rk, Sk) = pk[ρk(rk, Sk), Sk] (42)

and taking into account that

(
∂pk
∂rk

)
Sk

=

(
∂pk
∂ρk

)
Sk

(
∂ρk
∂rk

)
Sk

,

(
∂ρk
∂rk

)
Sk

= fk ,

(43)
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equation (41) gives

rfLNαδu
α + `2(f1λ

2
1δr1 + f2λ

2
2δr2) = 0 , (44)

where we denote

λ2
1 =

(
∂p1

∂ρ1

)
S1

, λ2
2 =

(
∂p2

∂ρ2

)
S2

. (45)

Consequently, (44), (37)2 and (37)3 represent a linear homogeneous sys-
tem in the 3 scalar distributions Nαδu

α, δr1 and δr2, which may be different
from zero only if the determinant of the coefficient vanishes.

Therefore, we obtain the equation

H = fL2 − ω`2 = 0 , (46)

where

ω =
2∑

k=1

Ykfk

(
∂pk
∂ρk

)
Sk

= Y1f1λ
2
1 + Y2f2λ

2
2 . (47)

Equation (46) corresponds to two hydrodynamical waves propagating in
such a two fluid system with speeds of propagation, λΣ, given by

rfλ2
Σ = r1f1λ

2
1 + r2f2λ

2
2 , (48)

where λ1 and λ2 represent the speeds of propagation of hydrodynamical
waves in each species.

Now, we assume that each species satisfies the equation of state of perfect
gases:

pk = (γk − 1)rkεk , k = 1, 2 , (49)

where
γk =

cpk
cVk

, k = 1, 2 , (50)

is the ratio between specific heats at constant pressure, cpk , and volume, cVk ,
of the k-th species.

So, we have

λ2
k =

γkpk
rkfk

. (51)

Therefore, from equation (48), the following expression for the velocity
of propagation is obtained

λ2
Σ =

1

rf
(γ1p1 + γ2p2) , (52)
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which coincides with expression (27) found in [31].
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de Paris VI, 2000.

[41] B. Larrouturou. How to preserve mass fractions positivity when comput-
ing compressible multi-component flows. J. Comput. Phys. 95: 59-84,
1991.

[42] B. Larrouturou, L. Fezoui. On the equations of multi-component perfect
or real inviscid flow. In Nonlinear Hyperbolic Problems. Springer-Verlag,
1988.

[43] U. Lee, S. Yoshida. r-modes of neutron stars with superfluid cores. ApJ.
586: 403, 2003.

[44] P. S. Letelier. Anisotropic fluids with two-perfect fluid components.
Phys. Rev. D 22: 807-813, 1980.

[45] P. S. Letelier, P. S. C. Alencar. Anisotropic fluids with multifluid com-
ponents. Phys. Rev. D 34: 343-351, 1986.

[46] A. Lichnerowicz. Relativistic fluid dynamics. Cremonese, Roma, 1971.

[47] L.-M. Lin, G. L. Comer, N. Anderson. Oscillations of general relativistic
multifluid/multilayer compact stars. Phys. Rev. D 78: 083008, 2008.

[48] G. Mendell. Superfluid hydrodynamics in rotating neutron stars. I -
Nondissipative equations. II - Dissipative effects. ApJ. 380:515-540,
1991.



18 Sebastiano Giambò
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